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upshot 
Perturbations do not grow in radiation dominated era inside the horizon 

Then grow as a power law in matter dominated era 
 

Then do not grow when Λ dominates 



Non relativistic fluids 
(sub horizon scales, after recombination) 

continuity 

Euler 

Poisson 

OR 

continuity 
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Introduce small perturbations 
v = v̄ + �v

⇢ = ⇢̄+ �⇢

p = p̄+ �p

� = �̄+ ��

rp̄ = 0
Where assume that 



Work it out and… 
δ	


Now it is useful to introduce comoving coordinates 

x = a(t)r

v = v̄ + �v = Hx+ a(t)u
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If you do not linearize, for pressureless 
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And if you linearize 

Look for a differential equation which solution gives δ (t) 
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Solutions….. 

�(t) = D(t)�0(x)

Note separability! 

D(t) = a(t)g(t) �! D(z) = a g(z)

+ decaying model 

But you can have endless fun in going to higher order in PT 



What does the separability 
implies? 



Note that  a Gaussian  distribution in linear theory will remain Gaussian  

And this is what it looks like! 

Note that when the Universe 
 is matter-dominated this goes constant, 
as expected. 

In LCDM, for most of the Universe life the universe was matter dominated… 



Linearized, including pressure, in configuration and Fourier space 

�̈ + 2H �̇ = 4⇡G�⇢̄+
cs
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�̈k2H �̇k = �k(4⇡G⇢̄� k2cs)

Now the Jeans length is also clear…. 

+ 



Recall: Fourier space 

In 1 D, but can be done in 2, 3 D 



¨�k + 2H ˙�k = �k(4⇡G⇢̄� k2cs)

solution

�k(t)�k,0 exp(�i!t)

where
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Look at the SIGN (only if negative perturbations grow, 
 if positive then oscillations!) 

�k(t) = �k,0 exp(�iwt)

kJ =

p
4⇡G⇢̄

cs
; �J =

2⇡

kJ
= cs

r
⇡

G⇢̄

Jeans length, again! 



Full non-linear growth: 
computers! 



With some approximations 
�̈ + 2
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In the notes δ is Δ	


But then in the exercises  we sometimes end up using: 

What is ρ? 	


What is δ ? 

Why matter here? 

⌦
x

⌘ 8⇡G⇢̄
x

3H2

Please recall  that a critical Universe always is critical (and an empty is always empty) 
But in general  ρ   and H are NOT constant.  
 In particular a density scales with the scale factor as…. (as long as we are the 3D…) 



So… Summary! 
Perturbations do not grow in radiation dominated era inside the horizon 

Then grow as a power law in matter dominated era 
 

Then do not grow when Λ dominates 



Dark matter interacts weakly, it decouples from radiation at much earlier  
time than the baryons. 

So perturbation in the dark matter component can start growing inside the horizon 
 as a power law,  since matter domination   (z ~ 3000) 

When baryons decouple….. 
 
They fall into dark matter potential wells….. 

As a consequence…… 



Schematic of perturbation growth 





Transfer function  

Matter domination 

A power law becomes …… 

a) Why can one write the equation above? 
b) Explain this shape 

What happens next? 

What does the “break” correspond to? 
Can it change? How? 



The matter power spectrum is  (almost) in shape ~ z~3000 
What happens next?   



The cosmic microwave background 

Planck satellite collaboration 



Two engineers for Bell Labs accidentally discovered the CMB 
radiation, as a uniform glow across the sky in the radio part 
of the spectrum, in 1965.  It is the blackbody emission of 
hot, dense gas (T~3000 K, λmax~1000 nm) red-shifted by a 
factor of 1000, to a peak wavelength of 1 mm and T~3K. 

Radiation dominated the Universe at early time! 

Discovery of the CMB 



The last scattering surface: a snapshot of the early universe 





• Penzias & Wilson saw 
only a uniform glow… 

• Later, Doppler shift 
from Milky Way’s 
motion seen; the 
Galaxy is moving 
towards Hydra/
Centaurus at 620 km/
s… 

• Only in 1992 was any 
nonuniformity in the 
CMB observed—and 
then only about 10-5 K 
worth. 

THREE IMPORTANT RESULTS 



COBE: 2006 Nobel prize in Physics 

“from unexpected noise to precision  science” 

John Mather George Smoot 

blackbody perturbations 



Perturbations 
Baryon-photon plasma  and dark matter 
Dark matter only interacts gravitationally i.e. Only affects the gravitational potentials 

Assume that photon and baryons are tightly coupled (good approx up to a point) 



Where do the perturbations come from? 
How is that  we see the perturbations? 



We see them like temperature 

On scales larger than a degree,  
fluctuations were outside the  
Hubble horizon at decoupling 

Photons need to climb out of potential  
wells before they can travel to us 
 (redshift or blueshift) 

Given by  

Potential hill 
Blueshifted 
Looks hotter 

Potential well 
redshifted 
Looks colder 
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We see them like temperature… 

On smaller scales things get more complicated: 
 baryon and photons were coupled,  
and photons oscillate (sound waves) 

Until the universe is cool enough that H recombines and  photons can  
travel freely to us, giving us a snapshot of the early Universe  

Horizon size at LSS -->  Fundamental mode    (over tones) 



Now in equations 
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If gravity is given by DM 
and pressure by the baryon-photon 
plasma speed of sound 

Simple oscillator equation! 

Can further re-write as: 

⇥̈ = �1

3
k2�k � k2c2s⇥

cstrec = �SSound horizon: 

For simplicity ignore Hubble friction 



There is time between when a perturbation enters the horizon (and starts oscillate) 
And decoupling, when oscillations freeze…. And get imprinted in the CMB. 

The largest scales (sound horizon) can only go through a compression, 
Smaller scales can go through a compression and a rarefaction 
Etc… 

Longer wavelength modes oscillate slower 
The frequency of the oscillation is equal to the 
wavenumber times the speed of sound: ω = kcs. 

Animations courtesy of W. Hu  



Can we see this in the sky? 



Courtesy of WMAP 

Cosmic symphony 
Seeing sound! 



Hot and cold spots ! Tiny ripples in density ! seeds of galaxies 

Detailed statistical properties of these ripples tell us a lot about the Universe 



The Universe back then was made of a very hot and dense “gas”, 
so  it was emitting radiation 
This is the radiation we see when we look at the CMB 

Uniform , but with tiny (contrast x 100000)  density (and temperature) ripples 
Ripples in a gas?    SOUND WAVES! 

We are seeing sound!  Truly a cosmic symphony… 

How’s that? 

These tiny fluctuations, quantitatively, give rise galaxies  

We try to listen to the sound and figure out how the instrument is made 

Fundamental scale! Fundamental mode and overtones 

like blowing on a pipe…. 



Courtesy of WMAP 



Now in equations .. Before we can look at pictures again…. 

We are interested in the statistical properties of the Universe 



Tools:statistics. 



The power spectrum (and the 2 point correlation function) 

What is a power spectrum? 

Think about a graphic equalizer 

How much power at any given wavelength? 



Trebble heavy 



base heavy 



Well balanced 



Courtesy of WMAP 

Cosmic symphony 
Seeing sound! 



Now in equations .. Before we can look at pictures again…. 

Spherical harmonics  Ylm 



Expand in spherical harmonics 

rms 1 in 105 

Legendre polynomials 

Challenge! 

Even bigger 
challenge! 

Spherical harmonics 



Legendre polynomials 

Angular power spectrum 

Power spectra 

We want to know the statistical properties! 

m 



From W. Hu  CMB tutorials: http://background.uchicago.edu/~whu/metaanim.html 

The temperature power spectrum separates 
 the intensity of hot and cold spots in the  
temperature map of different angular scales 





Primordial ripples 

Fundamental mode 

compression 

Acoustic peaks 

(extrema) 

Rarefaction 
compression 

90	
 2	
 0.5	




HOW?     WHY? “Seeing sound” (W. Hu) 

Last scattering surface : snapshot of the photon-baryon fluid 

Photons     radiation pressure 

Gravity     compression 

On large scales : primordial ripples What put them there? 

On smaller scales: Sound waves 

Horizon size at LSS -->  Fundamental mode    (over tones) 

Stop oscillating at  
recombination 

{ } 

Cosmology from the CMB?	




Primordial ripples 

Fundamental mode 

compression 

(extrema) 

Rarefaction 
compression 

90	
 2	
 0.5	


baryons 
Potential wells 

mΩ
geometry	




Changing the amount of matter  



Changing the amount of baryons 



Changing the curvature/geometry or Lambda (~distance to Last scattering) 



Courtesy of WMAP 



Courtesy of WMAP 



Compressing	  informa.on	  
Planck	  collabora.on	  ,	  2013,	  paper	  XVI	  	  

Even	  more	  beau.ful!	  



Planck	  ESA	  	  satellite	  map	  the	  Cosmic	  Microwave	  Background	  	  	  





Geometry:	  



Precision	  Cosmology	  

Figure	  from	  a	  real	  scien.fic	  paper	  (Planck	  collabora.on)	  



Precision	  Cosmology	  

	  From	  a	  real	  scien.fic	  paper	  (Planck	  collabora.on)	  

Note	  the	  size	  of	  the	  error-‐bars	  



The era of precision cosmology: 
LCDM: the “standard” model for cosmology 

Homogenous background Perturbations 

Few parameters describe the Universe composition and evolution 





? 



Suspence…. 



Cold Dark matter 



Dark matter interacts weakly, it decouples from radiation at much earlier  
time than the baryons. 

So perturbation in the dark matter component can start growing insid ethe horizon 
 as a power law,  since matter domination   (z ~ 3000) 

When baryons decouple….. 
 
The fall into dark matter potential wells….. 

Main Consequence: amplitude of perturbations!  



Sooo…  what is dark matter… 



Andromeda (M31) 



Courtesy of W. Kinney 



Courtesy of W. Kinney 





Vera	  Rubin	  

"In	  a	  spiral	  galaxy,	  the	  ra.o	  of	  dark-‐to-‐
light	  maUer	  is	  about	  a	  factor	  of	  ten.	  

That's	  probably	  a	  good	  number	  for	  the	  
ra.o	  of	  our	  ignorance-‐to-‐knowledge."	  

Vera	  Rubin	  



Fritz Zwicky 





Must	  be	  almost	  pressureless/non	  interac.ng	  

The	  bullet	  cluster	  

Red	  represents	  	  
the	  gas	  
	  (as	  seen	  in	  X-‐rays)	  

Blue	  represents	  
	  the	  dark	  maUer	  
(as	  seen	  via	  lensing)	  

Note	  where	  galaxies	  are	  



Computer-SIMULATION 
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