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Problem Set 1

Problem 1.1

An Atwood’s machine consists of three parts, with masses m1 = 4m, m2 = 2m and m3 = m, that
move vertically, and two rotating pulleys, which we treat as massless. The lengths of the ropes, which
we also consider as massless, have fixed lengths l1 and l2.

Explain why the number of degrees of the system is 2 and and choose a corresponding set of
generalized coordinates. Find the potential and kinetic energies of the system expressed as functions
of the generalized coordinates and their time derivatives.

m1

m2 m3

I1

I2

g

Problem 1.2

A particle with mass m moves in three-dimensional space under the influence of a constraint. The
constraint is expressed by the equation

e−(x2+y2) + z = 0 (1)

for the Cartesian coordinates (x, y, z) of the particle.
a) Explain why the number of degrees of freedom of the particle is 2. Use x and y as generalized

coordinates and find the expression for the position vector r of the particle in terms of x and y.
b) A virtual displacement is a change in the position of the particle r → r + δr which is caused

by an inifinitesimal change in the generalized coordinates, x → x + δx and y → y + δy. Find δr
expressed in terms of δx and δy.

c) The constraint can be interpreted as a restriction for the particle to move on a two-dimensional
surface in three-dimensional space. Any virtual displacement δr is a tangent vector to the surface
while the constraint force f which acts on the particle is perpendicular to the surface. Use this to
determine f as a function of x and y, up to an undetermined normalization factor (the length of the
vector).

d) Make a drawing of a section through the surface for y = 0. Indicate in the drawing the direction
of the two vectors f and δr for a chosen point on the surface.
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Problem 1.3

Three identicals rods of mass m and length l are connected by frictionless joints, as shown in the
figure, with the distance between the points of suspension being equal to the length of the rods. The
rods move in the plane. We remind about the expression for the moment of of inertia of one of the
rods about its endpoint, I = 1

3ml
2.

Choose a suitable generalized coordinate for the systems, and find the Lagrangian L = T − V
expressed as a function of the generalized coordinate and its time derivative.

g

Problem 1.4

A rotating top is set into motion on a horizontal floor. Count the number of degrees of freedom of
the top.
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Problem Set 2

Problem 2.1

A pendulum consists of a rigid rod, which we consider as massless, and a pendulum bob of mass
m. The point of suspension of the pendulum has horizontal coordinate x = s and vertical coordinate
y = 0.

g

x

y

m

Θ
l

s

a) Assume first that the point of suspension is kept fixed, with s = 0. Use the angle θ as general-
ized coordinate, find the Lagrangian of the system and determine the form of Lagrange’s equation for
the system. Check that it has the standard form of a pendulum equation.

b) The point of suspension is now released so it can move freely in the horizontal direction (x-
direction). Use s and θ as generalized coordinates for the system and determine the corresponding set
of Lagrange’s equations. Show that the equations imply that the vertical motion of the pendulum bob
is identical to free fall in the gravitational field (in reality restricted by the length l of the rod).

Problem 2.2

m

ωt

r

A small body of mass m moves without friction on a rod. The rod rotates in the horisontal
plane about a fixed point with constant angular velocity ω. Find Lagrange’s equation for the radial
coordinate and solve the equation for the initial condition at t = 0, ṙ = 0 and r = r0.
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Problem 2.3

Two identical rods of mass m and length l are connected to each other with a frictionless joint. The
first rod is connected to a joint in the ceiling and to a joint at the center of the second rod. Assume that
the motion takes place in the vertical plane. Choose suitable generalized coordinates for the system,
and find the corresponding Lagrangian. Formulate Lagrange’s equations for the system.

g
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Problem Set 3

Problem 3.1

Choose suitable generalized coordinates for the systems specified below, and find the corresponding
Lagrangians. Formulate in each case Lagrange’s equations, and interpret the equations, when possible,
in terms of other mechanical principles. Search for exact solutions, in the cases where they can be
found, and look for possible constants of motion.

a) A pendulum is connected to a box that can slide without friction on a horizontal plane. Assume
that the motion takes place in the vertical plane. The pendulum rod is considered as massless.

g

M

m

30o

a

m

g

Problem 3.1 a) Problem 3.1 b)

b) A particle with mass m slides without friction on a tilted plane. The body that constitutes the
the tilted plane is forced to to move horizontally with a constant acceleration a.

φ

m

x

y

ωt

m

Problem 3.1 c) Problem 3.1 d)

c) A rigid rod in the horizontal plane is forced to move in such a way that the end points are in
contact with the coordinate axes. The angle ϕ increases linearly with time. A particle slides without
friction along the rod.

d) A rigid circular metal hoop rotates with constant angular velocity around an axis through the
center. A particle slides without friction along the circle and there is no gravity.
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Problem 3.2

Two bodies with the same mass, m, are connected with a massless rope through a small hole in a
smooth horizontal plane. One body is moving on the plane, the other one is hanging at the end of the
rope and can move vertically. At all instances the rope is tight. The acceleration due to gravity is g.

a) Find the Lagrange’s equations of motion in polar coordinates (r, θ) and explain their physical
meaning. Discuss special cases.

b) Reduce the equations of motion to a one dimensional problem in r with an effective potential
and discuss the motion.

φr

m

m

g
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Problem Set 4

Problem 4.1

The figure shows a rod of length b and mass m. One endpoint of the rod is constrained to move along
a horisontal line and the other endpoint along a vertical line. The two lines are in the same plane.
There is no friction and the acceleration due to gravity is g.

θg

a) Find Lagrange’s equations with the angle θ as coordinate.
b) Find the period for small oscillations about the equilibrium position.
c) Find the period for oscillations with amplitude π/2.

Problem 4.2

A particle of mass m is attached to the circumference of a rigid circular hoop of radius r. The the
hoop rolls on the underside of a horisontal line.

φ

g

m
s

We assume the hoop to be massless and the motion to take place in a vertical plane. Find the La-
grangian, first with φ as generalized coordinate. Find the corresponding Lagrange’s equation. Show
next that the Lagrangian simplifies to that of a one-dimensional harmonic oscillator when s is used
as generalized coordinate. What is the period of oscillations. Why is there a maximal allowed am-
plitude for the oscillations in s, and what happens when the total energy is larger than the energy
corresponding to the maximum amplitude?
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Problem 4.3

A particle of mass m and charge q is moving in a magnetic field given by the vectorpotential (in polar
coordinates)

Ar = Aθ = 0 Aφ =
k

r
tan(θ/2), (2)

where k is a constant. Throughout this problem we will use polar coordinates (r,φ, θ) and assume the
motion to be non-relativistic. Assume also that there is no gravitational field.

a) Find the corresponding B-field. Do you have a suggestion in what way such a magnetic field
can be approximately realized.

b) Find the Lagrangian and Lagrange’s equations for the charged particle.
c) Show that the kinetic energy is a constant of motion.
d) Explain the physical meaning of Lagrange’s equation for r.
e) Show that there exists solutions of the form

r = (a2t2 + b2)1/2 θ = θ0, (3)

where a, b,and θ0 are constants.
f) Give a physical interpretation of the constants a and b.
g) Make a sketch that shows the magnetic field and a trajectory of the type we have just found.
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Problem Set 5

Problem 5.1

A particle moves on a circular cone of half angle α, which lies symmetrically about the positive z
axis, as shown in the figure. The particle has mass m and moves without friction on the inner surface
of the cone. The particle’s position is given by the polar coordinates (r, φ) of the projection of the
position vector into the x, y plane. The acceleration due to gravity is g in the negative z-direction.

α

θx

y

z

r

m

g

a) Show that the Lagrangian for the particle is

L =
1
2
m(ṙ2(1 + cot2 α) + (rφ̇)2)−mgr cotα. (4)

b) Find Lagrange’s equations for the particle.
c) Find two constants of motion and explain their physical meaning.
d) Which initial velocity v0 must be given to the particle in the point (r = r0, φ = 0) to make it

move in a horisontal trajectory? Show that the answer can be found from the equations of motion as
well as from elementary ideas from Newtonian mechanics?

e) Show that the Hamiltonian is given by

H =
p2
r

2m(1 + cot2 α)
+

p2
φ

2mr2
+mgr cotα. (5)

f) Show how the equations of motion that was found in part b) also can be found from Hamilton’s
equations.

g) Show how the two constants of motion in part c) can be found from the Hamiltonian formalism.

Problem 5.2 (Exam 2004 Problem 2)

A small sphere rolls on the inside of a hollow cylinder as shown in the figure. The motion is all the
time taking place in a vertical plane (the x, y plane) under the influence of gravity. The inner radius
of the cylinder is r an the mass of the sphere is m. The initial velocity of the small sphere is v0 at the
time when the sphere is at the bottom of the cylinder. We assume this velocity to be sufficiently large
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Θ

r

v0

Fig 2a

x

y

Fig 2b

g

for the sphere to perform complete circulations inside the cylinder, so that at all times there is contact
between the sphere and the cylinder

In the first part of this problem we consider the radius of the sphere to be negligibly small and also
disregard the moment of inertia of the sphere about its center of mass (Fig. 2a).

a) Choose a convenient generalized coordinate for the sphere and write the corresponding expres-
sion for the Lagrangian.

b) Formulate Lagrange’s equation for the generalized coordinate and show that it has the form of
a pendulum equation.

c) What is the minimum value for the initial velocity v0 if the sphere should be in contact with the
cylinder under a full revolution? Express this value in terms of r and m.

d) Take into account the effects of the sphere having a small, but finite radius a (a << r) and a
non-vanishing moment of inertia I = (2/5)ma2 about an axis through the center of mass (Fig. 2b).

What is in that case the correct expression for the Lagrangian, and what is the smallest initial
velocity v0, if the sphere should stay in contact with the cylinder under a full revolution inside of the
cylinder?
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Problem Set 6

Problem 6.1

This problem is an exercise in using the postulates of special relativity in an elementary way.

A railway carriage is moving in a straight line with constant velocity v relative to the earth. The
earth is considered as an inertial reference frame S, and in this reference frame the moving carriage
has the length L. The situation is shown in Figure 1, where A and B indicate points on the rear wall
and front wall of the carriage, respectively. C is a point in the middle of the carriage.

�ash

S (earth !xed frame) x

L

A B
C

v

a) In Figure 2 we have drawn the world line (space-time trajectory) for the midpoint C in a two-
dimensional Minkowski diagram of reference frame S. Draw the world lines for the points A and
B in the same diagram and show that the angle α between these lines and the time axis is given by
tanα = v/c. (Choose the origin of the coordinate system in S so that A has coordinate x = 0 at time
t = 0.)

x

ct

S

C

At a given time t0 a flash tube is discharged at point C. We will call this event (space-time point)
E0. Some of the light will propagate backwards in the compartment and some will propagate forwards.
Let E1 and E2 be the events where the light signals hit the rear wall and front wall, respectively. Let
us assume that the light is reflected from A and B, and that the two reflected light signals meet at a
space-time point E3.

b) Draw the world lines of the light signals as well as the four events E0, E1, E2 and E3 in the
Minkowski diagram of reference frame S.

c) We introduce the co-moving reference frame S′ of the carriage. Explain why E1 and E2 are
simultaneous in this reference frame and why E0 and E3 are at the same point in space in in S’. Is this
consistent with the drawing of point b)?
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d) Draw the straight line from from E1 to E2 in the Minkowski diagram of S and show that the
angle between the x-axis and this line is α.

e) Show that if a signal should connect the two space-time points E1 and E2 it must have the
velocity c2/v (which is greater than c).

f) Let E be any event, i.e., any space-time point, inside the carriage. Plot in the Minkowski
diagram of S the events in the carriage system that are simultaneous with E in the co-moving frame
S′. Plot in the same diagram the events that occur at the same place as E in reference frame S′.

Let the coordinates x′ and t′ of reference frame S′ to be chosen such that x′ = 0, t′ = 0 corre-
sponds to x = 0, t = 0.

g) In the Minkowski diagram of S, the coordinate axes of x and t appear as orthogonal lines.
Draw in this diagram the coordinate axes of x′ and t′, corresponding to t′ = 0 and x′ = 0.

h) The lines plotted in g) define non-orthogonal axes for x′ and ct′. The space-time position for
any event E can in the diagram be read out either as x and ct in the orthogonal coordinate system of
S or as x′ and ct′ in the non-orthognal coordinate system of S′. Explain how.

Problem 6.1. (Midterm Exam 2005)

m

d

m

g

x

Θ

Figur 1

A composite system is shown in Figure 1. A cylinder with mass m rolls without slipping on a
horizontal table. To the axis of the cylinder is attached a pendulum which oscillates freely under the
influence of gravity. The pendulum bob has the same mass m as the cylinder and the length of the
pendulum rod is d. The rod is considered massless. Choose as generalized coordinates the horizontal
displacement x of the cylinder and the angle θ of the pendulum rod relative to the vertical direction.
The cylinder has radius R and has a homogeneous distribution of mass. Use the following initial
conditions at time t = 0, ẋ = 0, θ̇ = 0 and θ = θ0 6= 0.

a) Find the Lagrangian of the composite system.
b) Formulate Lagrange’s equations for x og θ. What are the constants of motions that you can

identify?
c) Show that by eliminating x that we obtain the following equation of motion for θ,

(1− 2
5

cos2 θ)θ̈ +
2
5

cos θ sin θθ̇2 +
g

d
sin θ = 0 (6)

d) Assume θ0 << 1, so that the pendulum performs small oscillations around θ = 0. Show that
in this case the equation of motion reduces to an harmonic oscillator equation and determine the fre-
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quency of oscilations.
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Problem Set 7

Problem 7.1 (Midterm Exam 2007)

According to Fermat’s Principle, a light ray will follow the path between two points which makes the
optical path length extremal. For simplicity we consider here paths constrained to a two dimensional
plane (the x, y plane), in an optical medium with a position dependent index of refraction n(x, y). The
optical path length between two points (x1, y1) and (x2, y2) along y(x) can be written as the integral

A[y(x)] =
∫ x2

x1

n(x, y)
√

1 + y′2dx , y′ =
dy

dx
(7)

y

x

(x1, y1)

(x2, y2)

n1 n2

(0, y0)θ1
θ2

a) Find Lagrange’s equation for the variational problem δA = 0, and express it as a differential
equation for the function y(x). Show that if the index of refraction is constant the equation has the
straight line between the two points as solution.

b) Assume the medium to have two different, constant indices of refraction, n = n1 for x < 0
og n = n2 for x > 0 (ses Fig. 1). Explain why the variational problem can now be simplified to
the problem of finding the coordinate y = y0 for the point where the light ray crosses the boundary
between the two media at x = 0. Find the equation for y0 that gives the shortest optical path length.
(Solving the equation is not needed.)

c) Show that the equation for y0 at point b) implies that the path of the light ray satisfies Snell’s
law of refraction,

n1 sin θ1 = n2 sin θ2 (8)

with θ1 and θ2 as the angle of the light ray relative to the normal on the two sides of the the boundary.

Problem 7.2 (Midterm Exam 2006)

A circular hoop is rotating with constant angular velocity ω around a symmetry axis with vertical
orientation, as shown in Fig. 1. Inside the hoop a planar pendulum can perform free oscillations, while
the plane of the pendulum rotates with the hoop. The mass of the pendulum bob is m, the length of
the pendulum rod is R and the gravitational acceleration is g. The pendulum rod is considered as
massless. As generalized coordinate we use the angle θ of the pendulum relative to the vertical axis.
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x

y

z

R

g

ω

θ

m

a) Express the Cartesian coordinates of the pendulum bob as functions of θ and ω and find the
Lagrangian of the pendulum.

b) Derive Lagrange’s equation for the system. Find the oscillation frequency for small oscillations
about the equilibrium point θ = 0

c) Show that θ = 0 is a stable equilibrium only for ω < ωcr and determine ωcr. Show that for
ω > ωcr there are two new equilibria θ± 6= 0, π and determine the values of θ+ and θ− as functions
of ω.

d) Study small deviations from equilibrium, θ = θ± + χ, with χ << 1. Show that, for ω > ωcr,
the system will perform harmonic oscillations about the points θ+ and θ−. What are the corresponding
oscillation frequencies?

The phenomenon where the original stable equilibrium θ = 0 splits into two new equilibrium
points θ+ and θ− is referred to as a bifurcation.

e) Find the Hamiltonian H of the system as function of θ and its conjugate momentum pθ and
derive the corresponding Hamilton’s equations.

f) Consider the Hamiltonian H(θ, pθ) as a potential function of the two phase space variables θ
and pθ. Make a sketch of the equipotential lines H(θ, pθ) = const for the region around the equi-
librium point θ = pθ = 0, first in the case ω < ωcr, and next in the case ω slightly larger than ωcr
(include in this case the new equilibrium points (θ±, pθ = 0) in the drawing). Indicate in the drawing
the direction of motion in the two-dimensional phase space. (A qualitative drawing is sufficient.)
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Problem Set 8

Problem 8.1

We have below four equations that involve tensors of different ranks. Clearly the consistency rules for
covariant equations are not satisfied in all places. Show where there are errors in each equation, and
show how the equations can be modified to bring them to correct covariant form.

Cµ = Tµν A
µ , Dν = Tµν Aµ , Eµνρ = Tµν S

ν
ρ , G = Sµν T ναA

α (9)

Problem 8.2

Assume Aµ to be a 4-vector and Tµν a symmetric rank 2 tensor. Show that by making products and
contracting indices with Aµ and Tµν , one can form at least four different scalars and at least one
4-vector (in addition to Aµ).

Problem 8.3

We have defined the following four tensor fields as functions of the space-time coordinates x =
(x0, x1, x2, x3),

f(x) = xµx
µ , gµ(x) = λxµ , bµν(x) = αxµxν , hµ(x) =

xµ

xνxν
(10)

Calculate the following derivatives, and comment on what kind of tensor fields they represent

∂µf(x) , ∂µg
µ(x) , ∂µb

µν(x) , ∂µh
µ(x) (11)

Problem 8.4

The d’Alembertian is the operator which generalizes the Laplacian ∇2 to four space-time dimensions.
It is defined as

�2 ≡ ∂µ∂µ =
∂2

∂xµ∂xµ
(12)

Show that this operator is invariant under a change xµ → x′µ = Lµν xν between space-time coordi-
nates of two different inertial reference frames. (Use the chain rule to express derivatives in one set of
coordinates as derivatives in the other set.)

Problem 8.5

A thin rigid rod has rest length L0 (length measured in the rest frame). It moves relative to an inertial
frame S′, so that the mid point of the rod has time dependent coordinates given by x′ = 0, y′ =
b − ut′, z′ = 0, with b and u as positive constants. In this reference frame the rod is at all times
parallel to the x′ axis.

a) A point A on the rod has the distance a from the mid point, measured in S′. What are the time
dependent coordinates of this point in the same reference frame?

b) The inertial frame S′ moves with velocity v along the x axis of another inertial frame S. (The
axes of the two frames are parallel.) Find the time dependent coordinates (x, y, z) of the point A in
this reference frame.

c) What is the orientation of the rod relative to the coordinate axes of S, and what is the length of
the rod measured in this frame?
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Problem Set 9

Problem 9.1

An electron moving in a storage ring of radius R = 10m with a speed that gives γ = 30. Find the
velocity of the particle. What is the lab time spent on one circulation in the ring, and what is the proper
time. Find the acceleration a and the the proper acceleration a0 (in the instantaneous rest frame).

Problem 9.2

A particle moves with coordinates

x = ut, y =
1
2
gt2, z = 0

(u and g are constants) in an inertial frame. What is the acceleration in this frame, and what is the
proper acceleration a0. What will happen with the proper acceleration as t increases?

Problem 9.3 (Midterm Exam 2008)

A pendulum can rotate freely about a horizontal axis A as shown in the figure. The pendulum consists
of a rigid rod and attached to this a wheel which rotates about a point B on the rod. A motor (not
included in the figure) affects the rotation of the wheel, so that the angular velocity measured relative
to the direction of the rod changes linearly with time, ω = αt, where α is a constant over the period of
time which we consider. For simplicity we assume that all other effects of the motor can be neglected
and that friction can be disregarded. We also consider the mass of the pendulum rod to be negligible.
The mass of the wheel is m and the moment of inertia about B is I . The distance between the points
A and B is b. The gravitational acceleration is g and the angle of the pendulum rod relative to the
vertical direction is denoted φ. We assume that the pendulum can perform full rotations about the axis
A.

φ

g

A

B

b

a) Show that the Lagrangian of the system, with φ as coordinate, is

L =
1
2
mb2φ̇2 +

1
2
I(φ̇+ αt)2 +mgb cosφ (13)
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and find Lagrange’s equation for the variable φ.
b) From general theory we know that we can modify the Lagrangian by adding a total time deriva-

tive

L(φ, φ̇, t)→ L′(φ, φ̇, t) = L(φ, φ̇, t) +
d

dt
f(φ, t) (14)

without changing the equation of motion.
Show that if we in the present case choose

f(φ, t) = −Iαφ t− 1
6
Iα2t3 (15)

then the new Lagrangian L′ will have no explicit time dependence. Show that Lagrange’s equations
for the new Lagrangian L′ is the same as for L.

c) Introduce the dimensionless acceleration parameter

λ =
I

mgb
α (16)

and determine the angular position of equilibrium points of the pendulum, with φ given as function of
λ. Explain why, depending on the value of λ, there are three different situations, so that for |λ| < 1
the pendulum has two equilibrium points, for λ = 1 it has one and for |λ| > 1 the pendulum has no
equilibrium point. Draw a circle corresponding to different directions for the pendulum rod, and mark
the positions of the equilibrium points for the parameter values λ = 0, 0.5 and 1.0. Indicate in the
figure whether the equilibrium points are stable or unstable.

d) Find the canonical momentum p′φ corresponding to φ with L′ as Lagrangian and determine the
corresponding Hamiltonian H ′. Explain why H ′ is a constant of motion.

e) Make a two dimensional contour plot of the phase space potential function H ′(φ, p′φ), for dif-
ferent values of λ, for example for λ = 0, 0.5, 1.0. Explain how the plots can be read as flow
diagrams for the phase space motion and indicate in the plots the direction of motion. Give a qualita-
tive description of the different types of motion that can be read out of the diagrams and comment on
how the situation changes with increasing λ.

(The contour plot should show equidistant potential lines corresponding to constant values of H ′.
Choose length scales in the plots so that small oscillations for λ = 0 are described by circles in the
phase space diagram – see corresponding figure in the lecture notes.)
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Problem Set 10

Problem 10.1

A monocromatic light source is at rest in the laboratory and sends photons with frequency ν0 towards
a mirror which has its reflective surface perpendicular to the beam direction. The mirror moves away
from the light source with velocity v. Use the transformation formula for 4-momentum and the Planck
relation E = hν to

a) find the frequency of the emitted and reflected light in the rest frame of the mirror,

b) find the frequency of reflected light in the lab system.

Problem 10.2

Use conservation of relativistic energy and momentum to solve this problem.

Figure 1 shows a particle with rest mass m0 and (relativistic) kinetic energy T in the laboratory
frame S. The particle is moving towards another particle which is at rest in S, with the same rest mass
m0.

m
0

m
0

v V

M
0

a) Find the velocity v of the first particle expressed in terms of the dimensionless quantity α =
T/m0c

2 (and the speed of light).

First we will assume that the particles collide in such a way that they form one particle after the
collision (totally inelastic collision.)

b) Determine the compound particle’s energy E, momentum P , velocity V and rest mass M0.
Find the change in the total kinetic energy of the system due to the collision.

In the rest of the exercise we will assume that the situation before the collision is as described
earlier, but that the particles now collide elastically, i.e. after the collision the two particles are the
same as before the collision, with no change in their rest masses. The collision happens in such a way
that the particles after the collision make the same angle, θ, with the x-axis in the lab frame S. See
Figure 2.



24

m
0

m
0

v

m
0

m
0

p
1

p
2

θ

θ

c) Show that after the collision the particles have the same momentum (|p1| = |p2|) and energy
(E1 = E2).

d) Determine E ≡ E1 = E2 and p ≡ |p1| = |p2|.
e) Determine the angle θ. Find θ in the limiting cases when α = T/m0c

2 goes to zero and to
infinity. Show that θ < π/4.

Problem 10.3 (Exam 2006)

An electron, with charge e, moves in a constant electric field E. The motion is determined by the
relativistic Newton’s equation

d

dt
p = eE (17)

where p denotes the relativistic momentum p = meγv, with me as the electron rest mass, v as the
velocity and γ = 1/

√
1− (v/c)2 as the relativistic gamma factor. We assume the electron to move

along the field lines, that is, there is no velocity component orthogonal to E.
a) Show that the electron has a constant proper acceleration a0 = eE/me, which is the accelera-

tion in an instantaneous rest frame of the electron.
b) Show that if v = 0 at time t = 0, then γ depends on time t as

γ =
√

1 + κ2t2 (18)

and find κ expressed in terms of a0.
c) Show that if we write γ = coshκτ then τ is the proper time of the electron.
As a reminder we give the following functional relations:

cosh2 x− sinh2 x = 1 ,
d

dx
coshx = sinhx ,

d

dx
sinhx = coshx (19)
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Problem Set 11

Problem 11.1

Two photons in the laboratory system have frequencies ν1 and ν2. The angle between the propagation
directions is θ.

a) Write down the expressions for the total energy and momentum of the photons in the laboratory
system.

b) Find the photons’ frequency in the center of mass system.
c) Is it allways possible to find a center of mass system for the photons?

Problem 11.2

We send a photon towards an electron at rest.

a) What is the minimum energy of the photon required for the following process to take place

γ + e− → e− + e− + e+

(20)

The particles e− and e+ have the same rest mass m0.
b) Show that the process

γ → e− + e+ (21)

is impossible.

Problem 11.3 (Exam 2005)

S

Ef

E'f

E'e

Θ

χ

S

Ef

E'f

E'e

Θ

Figur 2a Figur 2b

Ee

A photon with energyEf = 100 keV is scattered on a free electron which is, before the scattering,
at rest in the laboratory frame. After the scattering the energy of the photon is E′f , and the direction
of propagation makes an angle θ relative to the direction of the incoming photon. The rest energy of
the electron is Ee = mec

2 = 0.51MeV, and after the scattering it has an energy which we denote by
E′e. The electron is scattered in a direction which makes an angle χ relative to the direction of the
incoming photon.

We examine this process both in the lab frame S (Figur 2a) and in the center of mass system S̄
(Figur 2b). In the center of mass system all variables are marked with a ”bar”, for example with Ēf
as the energy of the incoming photon.
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a) What is meant by the center of mass system? Use the transformation formulas for energy and
momentum to determine the relative velocity between the lab system and the center of mass system.

b) Explain why the energy of the incoming and outgoing photon is the same in the center of mass
system and find this energy.

c) If θ = 90◦ what is the energy of the outgoing photon in the lab system? What is the corre-
sponding energy of the outgoing electron?
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Problem Set 12

Problem 12.1

A thin straight conducting cable, oriented along the z axis in an inertial reference frame S, carries a
constant current I . The cable is charge neutral.

a) Show, by use of Ampere’s law, that the current produces a rotating magnetic field B = B(r)eφ,
where (r, φ) are polar coordinates in the x, y plane and eφ is a unit vector in the direction of increasing
φ. Determine the function B(r).

Consider next the same situation in a reference frame S′ that moves with velocity v along the z
axis.

b) Use the fact that charge and current densities transform under Lorentz transformation as com-
ponents of a current 4-vector to show that in S′ the conducting cable will be charged. Determine the
charge per unit length, λ′ and the current I ′ in this reference frame.

c) Use Gauss’ and Ampere’s laws to determine the electric and magnetic fields, E′ and B′, as
functions of the polar coordinates (r′, φ′) in reference frame S′.

d) Show that if the fields in S′ are derived from the fields in S by use of the relativistic transfor-
mation formulas for E and B, that gives the same results as found in c).

Problem 12.2

We consider a monochromatic plane wave that propagates in the z direction in a Cartesian coordinate
system. For a given position r in space the electric field component E will describe a time dependent,
periodic orbit in the x, y plane. The orbit will depend on the form of polarization of the electromag-
netic wave.

The electromagnetic wave can generally be viewed as a superposition of two linearly polarized
waves that propagate in the same direction, and which are polarized in orthogonal directions. We first
choose these directions to be defined by the coordinate axes x and y. The amplitudes and the phases
of the two partial waves may be different, and the general form of the electric field is therefore

E(r, t) = a cos(k · r− ωt+ φ1)i + b cos(k · r− ωt+ φ2)j (22)

where in general a 6= b and φ1 6= φ2.
In the following we consider the case where the two partial waves are 90o out of phase and write

this as

E(r, t) = a cos(k · r− ωt)i + b sin(k · r− ωt)j (23)

a) Show that the orbit described by the time dependent electric field (23) is an ellipse with symme-
try axes along the coordinate axes in the x, y plane. What determines the eccentricity of the ellipse?

We consider now a different decomposition of the same wave, in linearly polarized components
along the rotated directions

e1 =
1√
2

(i + j) , e2 =
1√
2

(i− j) (24)

b) Show that in this new decomposition, the amplitudes of the two linearly polarized components
are equal, a′ = b′, but the relative phase ∆φ = φ′1 − φ′2 is different from 90o (or π/2 in radians).
Show that the relative phase ∆φ is determined by the ration a/b in the first decomposition.
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c) Assume the amplitude |E| =
√
a2 + b2 to be fixed. Plot the orbit of E with e1 and e2 defining

the horizontal and vertical axes for a set of different values of the relative phase ∆φ. Include the cases
that correspond to linear and circular polarization and give the values of ∆φ for these cases.
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Problem Set 13

Problem 13.1

The figure shows a rectangular current loop ABCD. In the loop’s rest frame, S, the loop has length a
in the x direction and width b in the y direction, the current is I and the charge density is zero.

x’

y’

x

y

S
S’

I
D

A B

C

-v

a

b

a) Show that in the rest frame the loop’s electric dipole moment is zero and the magnetic moment
is m = Ia × b, where I = j∆ with j as the current density and ∆ as the cross section area of the
current wire.

In the following we will observe the loop from the system S’ where the loop is moving with
velocity v to the right (β = v/c and γ = 1/

√
1− β2). We will now examine the system in S’.

b) What is the length and width of the loop in S′?
c) Show that the parts AB and CD of the loop have charge ±aIv

c2
in S′.

d) Show that the loop’s electrical dipole moment is p′ = − 1
c2

m× v.
e) Find the current density in the four parts of the loop. Show that the current is Iγ in the AB and

CD and I/γ in BC and DA.
f) Show that the magnetic moment in S′ is m′ = (1− β2/2)m.

Problem 13.2 (Exam 2007)

In a circular loop of radius a an oscillating current of the form I = I0 cosωt is running. The current
loop lies in the x, y plane. We use the notation ex, ey and ez for the Cartesian unit vectors in the
directions x, y and z, in order to reserve the symbol j for the current density. The current loop is at all
times charge neutral.

a) Explain why the electric dipole moment p of the current loop vanishes, and show that the
magnetic dipole moment has the following time dependence, m(t) = m0 cosωt ez , with m0 as a
constant. Find m0 expressed in terms of a and I0.

As a reminder, the general expressions for the radiation fields of a magnetic dipole are

E(r, t) = − µ0

4πcr
m̈ret × n ; , B(r, t) = −1

c
E(r, t)× n (25)

with mret = m(t− r/c) and n = r/r. In the following we assume that we study the fields far from
the current loop (in the radiation zone) where the expressions (25) are valid.
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b) Write down the expressions for the radiation fields for points on the x axis far from the current
loop and show that that they have the form of electromagnetic waves that propagate in the direction
away from the loop. What is the polarization of the waves?

c) Use the general expression for Poynting’s vector S to find the radiated power per unit solid
angle dP

dΩ , in the x direction. What is the corresponding radiated power in the direction of the z axis?
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Problem Set 14

Problem 14.1

The figure shows a straight antenna of length 2a lying along the z-axis with its center at the origin.
We assume that the charge of the antenna is at all times located at the endpoints. The current in the
antenna (between the charged end points) is given by I = I0 sinωt where ω and I0 are constants. The
antenna is electrical neutral at time t = 0. The field point is given by the position vector r and in
spherical coordinates (r, θ, φ).

z
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y

φ

a

-a

θ

e
r

e
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e
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a) Show that the antenna’s electrical dipole moment at time t is given by p(t) = 2aI0
ω (1−cosωt)k,

where k is the unit vector in the z-direction.

We will now assume that the fields can be treated as electrical dipole radiation.

b) Find the components of the B and E fields in the directions er, eθ and eφ in the field point
(r, θ, φ) at time t.

c) Show that the time average of the total radiated power in all directions kan be written as 〈P 〉 =
RI20

2 and find R (radiation resistance). What is the time average of the total power consumed by the
antenna if it has an ’ordinary’ resistance R0 as well?

d) Find R for an antenna of length 2a = 5 cm which is conducting a current with frequency
f = 150 MHz. What is the time average of the total radiated power when I0 = 30 A?

Problem 14.2 (Exam 2006)

A thin rigid rod of length ` rotates in a horizontal plane (the x,y-plane) as shown in Fig. 2. At the
two end points there are fixed charges of opposite sign, +q and −q. The rod is rotating with constant
angular frequency ω. This gives rise to a time dependent electric dipole moment

p(t) = q`(cosωt i + sinωt j) (26)
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ω 

x

q

-q

y

a) Use the general expression for the radiation fields of an electric dipole (see the formula collec-
tion of the course) to show that the magnetic field in the present case can be written as

B(r, t) = B0(r)(cos θ sin(ω(t− r

c
)) i− cos θ cos(ω(t− r

c
))j− sin θ sin(ω(t− r

c
)− φ) k

(27)

with (r, θ, φ) as the polar coordinates of r. Find the expression for B0(r).
What is the general relation between the electric field E(r, t) and the magnetic field B(r, t) in the

radiation zone? (A detailed expression for E(r, t) is not needed.)
b) Show that radiation in the x-direction is linearly polarized. What is the polarization of the

radiation in the z-direction?
c) Find the time-averaged expression for the energy density of the radiation. In what direction has

the radiated energy its maximum?
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