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PROBLEM 1

Two interacting Two Level Systems

We have two interacting Two Level Systems, which we call systems A and B, with their
corresponding sets of Pauli matrices o/* and . The Hamiltonian is the following:

1
H = ihgaf ® b

where ¢ is the interaction strength. Here we use a representation where for each system

o (3w (1)

a) Find the time evolution operator U(t) = e~ ##

tin the form of a 4 x 4 matrix.

b) Assume that at time ¢ = 0 the two systems are in a product state

[1(0)) = [¢*(0)) ® [ (0))
with
[0(0)) = al0) +0[1)  and  [$F(0)) = [0) + d|1).

with |a|*> + [b]*> = 1 and |c¢|> + |d|* = 1. Find the reduced density matrices for systems
A and B as functions of time.

¢) We define the Bloch vectors of A and B as m and n, respectively, so that



pA:%(ler-aA) and pB:%(l—i-n.aB)

Consider now the special case a = b = LQ Find the Bloch vector m for system A and
show that as a function of time it is describing an ellipse in the xy-plane.

d) For given initial values ¢ and d for system B and still a = b = Lz’ find the maximal
value of the entanglement entropy, and show that it depends only in the component n,
of the Bloch vector n for system B.

PROBLEM 2

Squeezed states of the harmonic oscillator

We have in the lectures studied coherent states of the harmonic oscillator as examples of
minimal uncertainty states. Here we will consider a related class of minimal uncertainty
states called squeezed states. We define the squeeze operator

S(¢) = e-Heca)

where ( is a complex number and @ and a' are the usual annihilation and creation operators
of the harmonic oscillator. The squeezed vacuum state is defined as

|sqc) = S(C)[0)

a) Show that the action of the squeeze operator on a and a' is given by

ST(¢)aS(¢) = coshra + e sinh ra'
ST(¢)a'S(¢) = coshral + ¢ sinhra

where ¢ = re®.

b) In the state |sqc), find the variance of the position and momentum operators

h [ hmw
a0 /\'|‘ ~ A ,\-l- o~
T = Yo (a + a) and p=1i — (a a) .

That is, calculate

Az® = (sqc|#%|sqc) — (sqe|]sqe)®
Ap® = (sqc|p®[sac) — (sqc|plsqc)?



¢) The Heisenberg uncertainty relation tells us that AzAp > % with equality only for
minimal uncertainty states. Calculate the product AzAp for the states |sq;) and show

that for certain ¢ they are minimal uncertainty states.

d) For those ¢ which gives minimal uncertainty, compare Ax and Ap with the correspond-
ing values in vacuum and describe what happens to the uncertainties.

e) For a general value of ¢ the state |sq;) is not of minimal uncertainty with respect to
the operators £ and p. However, for any ¢ we can find transformed operators Z, and
Dy satisfying the usual commutator relation [Z4, py] = ih and where Az,Ap, = % Here
Az, and Ap, are defined by the same equations as Az and Ap with £ and p replaced
by Z, and ps. Determine 24 and p, expressed in terms of ¢, £ and p.

We remind you of the general relation

PAP = A+ (B A+ (BB, A+



