
INF-MAT 5360 Mathematical optimization

Compulsory Project 2
Completed by November 30, 2011

The compulsory project shall be made and handed in individually (paper version
or as a single pdf file). You may discuss the problems with fellow students, but
copying other students answers is not permitted; see the general rules for compulsory
projects at Ifi. To pass you should solve the following exercises.

Let G = (V,E) be an undirected graph, and let w ∈ RV
+ be a weight vector. A

stable set (independent set, node packing) is a subset S of the nodes such that no pair
of nodes is adjacent, i.e. for all u, v ∈ S, we have uv /∈ E (as usual we let uv stand
for {u, v}). For the graph in the figure, possible stable sets are {1, 5}, {3, 4}, {1, 6, 7}
(of course there are also other stable sets in the graph). The Maximum Weighted
Stable Set Problem (MSP) amounts to finding a stable set S∗ of G such that its
weight w(S∗) =

∑
v∈S∗ wu is maximum. It is not difficult to see that a maximum

weighted stable set in the graph (where the weight of each node is represented in
red beside it) is {1, 6, 7} and w({1, 6, 7}) = 9.
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Let x ∈ {0, 1}V be the incidence vector of a stable set of G and let S be the set
of the incidence vectors of the stable sets of G. We denote by STAB(G) the convex
hull of the incidence vectors of the stable sets of G, i.e. STAB(G) = conv(S). It is
not difficult to see that, for all x ∈ S, we have:

xu + xv ≤ 1 ({u, v} ∈ E) (1)

Also, any vector x ∈ {0, 1}V satisfying (1) is the incidence vector of a stable
set of G. Thus the polytope PE = {x ∈ RV : xu + xv ≤ 1 uv ∈ E, 0 ≤ x ≤ 1}
(called edge relaxation) is a formulation for S (which implies PE ⊇ STAB(G)) and
the following 0,1 program solves the MSP:
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max
∑

uv∈E wuvxuv

s.t.
(i) xu + xv ≤ 1 (uv ∈ E)

x ∈ {0, 1}V
(2)

A clique of G = (V,E) is a set of nodes K all pairwise adjacent, i.e. for all
u, v ∈ K, u 6= v, we have uv ∈ E. Denote by K the set of all cliques of G. It is
not difficult to see that for any clique K of G and any stable set S of G we have
|K ∩ S| ≤ 1. As a consequence, for any incident vector x of a stable set of G we
have

∑
u∈K

xu ≤ 1 (K ∈ K) (3)

Inequalities of type (3) are called clique inequalities. If we consider the polyhe-
dron PC = {x ∈ RV :

∑
u∈K xu ≤ 1 (K ∈ K), x ≥ 0} (called clique relaxation, it is

not difficult to see that PC ⊆ PE.

1. Show that every clique inequality (3) is valid for STAB(G) deriving it as a
Gomory-cut from the inequalities defining some formulation P for S. (Hint:
start with the cliques of cardinality 3 deriving the corresponding inequalities
from PE, define a new formulation for S, then proceed with cardinality 4, then
5, ...).

2. Solve the problem max{wTx : x ∈ PC} for the graph in the figure, by applying
the dynamic simplex method using PE as initial formulation. Remark that PC

is the polytope which defines the clique relaxation of the stable polytope for G,
and the weight vector w is given in the figure. Once you find a solution x∗ to
the initial problem max{wTx : x ∈ PE}, you search (by inspection) for a clique
inequality which is violated by x∗. Add this to the current formulation and
solve again; repeat this step until no violated clique inequalities are found. In
the deliverable you should report the initial formulation, the optimal solutions
found at each iteration of the dynamic simplex method as well as the violated
clique inequalities found, and the final solution.

3. (Only for PhD students) Describe an exact separation oracle for violated
clique inequalities (possibly devising a suitable 0,1 linear program).

Good Luck.
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