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Appendices: None.
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Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

All 10 part questions will be weighted equally.

Problem 1.

a) Let A be the matrix

A =

 1 2
0 1
−1 3


Compute ‖A‖1 and ‖A‖∞.

b) Let B be the matrix

B =

[
1 0 −1
1 1 1

]
Find the spaces span(BT ) and ker(B).

c) Consider the underdetermined linear system

x1 −x3 = 4
x1 +x2 +x3 = 12

Find the solution x ∈ R3 with ‖x‖2 as small as possible.

d) Let A ∈ Rm×n be a matrix with linearly independent columns, and
b ∈ Rm a vector. Assume that we use the Gauss-Seidel method to solve the
normal equations ATAx = ATb. Will the method converge? Justify your
answer.

Problem 2.

a) Let E ∈ Rn×n be of the form E = I+ uuT , where u ∈ Rn. Show that E
is symmetric and positive definite, and find an expression for E−1.
(Hint: E−1 is of the form E−1 = I+ auuT for some a ∈ R.)

(Continued on page 2.)
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b) LetA ∈ Rn×n be of the formA = B+uuT , whereB ∈ Rn×n is symmetric
and positive definite, and u ∈ Rn. Show that A can be decomposed on the
form

A = L(I+ vvT )LT ,

where L is nonsingular and lower triangular, and v ∈ Rn.

c) Assume that the Cholesky decomposition of B is already computed.
Outline a procedure to solve the system Ax = b, where A is of the form
above.

Problem 3.

a) Let A ∈ Rn×n be a symmetric matrix. Explain how we can use the
spectral theorem for symmetric matrices to show that

λmin = min
x 6=0

R(x) = min
‖x‖2=1

R(x),

where λmin is the smallest eigenvalue ofA, and R(x) is the Rayleigh quotient
given by

R(x) =
xTAx

xTx
.

b) Let x,y ∈ Rn such that ‖x‖2 = 1 and y 6= 0. Show that

R(x− ty) = R(x)− 2t(Ax−R(x)x)Ty +O(t2).

where t > 0 is small.
(Hint: Use Taylor’s theorem for the function f(t) = R(x− ty).)
c) Based on the characterisation given in 3a) above it is tempting to develop
an algorithm for computing λmin by approximating the minimum of R(x)
over the unit ball

B1 = {x ∈ Rn | ‖x‖2 = 1 }.

Assume that x0 ∈ B1 satisfies Ax0 − R(x0)x0 6= 0, i.e. (R(x0),x0) is not
an eigenpair for A. Explain how we can find a vector x1 ∈ B1 such that
R(x1) < R(x0).

Good luck!


