
Subgroups of cyclic subgroups
A proof of the second part of Theorem 6.14 in Fraleigh’s book

The last paragraph in the proof of Theorem 6.14 in Fraleigh’s book
is not entirely correct. Below is a proof of the statement.

Suppose that G is a cyclic group of order n, and let a be a generator.
Let e denote the identity element of G. We learned in the proof of
Theorem 6.10 that n is the smallest integer such that n ≥ 1 and an =
e, and that we must have G = {e, a, . . . , an−1}. The isomorphism
Ψ : G→ Zn is given by Ψ(aj) = j for 0 ≤ j < n.

In Zn we have a subgroup 〈d′〉 = {0, d′, 2d′, . . . , (l − 1)d′} for every
divisor d′ of n, where we write n = ld′ for l ∈ Z+. Then |〈d′〉| = l = n

d′
.

Two different divisors of n determine two subgroups of different order.
Now let b = as in G, and let H = 〈b〉. By the first part of Theorem

6.14, the order of H is equal to n
d
, where we let d = gcd(s, n). Clearly d

is a divisor of n, so we can consider the subgroup 〈d〉 of Zn. We claim
that

(1) Ψ : H
∼=−→ 〈d〉.

In other words, under the isomorphism of G with Zn, the subgroup H
corresponds precisely to 〈d〉. We will show that H = 〈ad〉 as cyclic
subgroups of G. From the proof of Theorem 6.14, there are integers
u, v such that d = un + vs. Then

ad = aun+vs = (an)u(as)v = e(as)v = bv ∈ H,

so 〈ad〉 ⊂ H. But we know that H has order n/d, meaning that it
has n/d elements. The first part of the proof applied to the cyclic
subgroup 〈ad〉 of G shows that 〈ad〉 has order n

gcd(d,n)
, which is n/d

because gcd(d, n) = d. (This is true in general: if an integer a divides
an integer b, then gcd(a, b) = a.) Thus we have a subgroup of order
n/d contained in H, which also has order n/d, so these must be equal.
In other words, also ad is a generator of H.

To finish the proof of the claim we notice that Ψ(ad) = d, so Ψ
takes the generator ad into the generator d. Then Ψ(H) is exactly 〈d〉
because Ψ is bijective and has the homomorphism property.

Now, to finish the proof of the last part of Theorem 6.14, note that
two elements as and at of G generate the same cyclic subgroup iff
and only Ψ(〈as〉) = Ψ(〈at〉) in Zn, and this happens if and only if
gcd(s, n) = gcd(t, n) as divisors of n.
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