
Most alternating groups are simple

As the title indicate this note is devoted to a proof of the simplicity of the alternating
groups An when n 6= 4—that exception being the reason for the word most in the title.

Recall that a group is said to be simple if does not contain any non-trivial proper
normal subgroup, so our aim is to show that if n 6= 4 and N✓An is a normal subgroup,
then either N = {e} or N = An. The cases of A2 = {e} and A3 = Z3 are trivial, so the
statement is really about An with n � 5.

The result goes back to Niels Henrik Abel. It is a basic ingredient in his proof
that the general quintic equation is solvable in terms of elementary algebraic operations
and root extractions of the coefficients, although he didn’t state it the way we do.

As often is, there are several approaches to the result. One which is commonly
presented in text books is a modernized version of Abels approach. Although being
great fans of Abel, we present a different way of reasoning which we find simpler and
more illuminating. An additional benefit is that it illustrates a few general principles.

Before stating the first one we recall what a conjugacy class is. Two elements a

and b from a group G are said to be conjugate if a = xbx

�1 for some member x of
G. This defines an equivalence relation on G, and the conjugacy classes of G are the
equivalence classes of this relation. That is, the conjugacy class where x is a member
consists of the elements xax

�1 where x runs through G. Here comes the first general
principle:
Proposition 1 Let G be a group and N✓G a subgroup. Then N is normal if and only

if N is a union of conjugacy classes.

Proof: Assume first that N is normal. If x is a member of N belonging to the conju-
gacy class C, then C✓N since any element conjugate to x is a member of N . Hence
N is the union of the conjugacy classes where its elements belong. To prove the other
way around, assume that N is the union of conjugacy classes, and let x be an element
in N . One of the conjugacy classes that make up N must contain x, and therefore any
conjugate of x is in N . o

Problem 1. Show that the alternating group A4 on four letters is not simple by
showing that the subset of elements of order two together with the unity form a normal
subgroup (which in fact is isomorphic to the Klein four-group Z2 ⇥ Z2). X

Problem 2. Check that conjugacy really defines an equivalence relation. Hint:
x(yby�1)x�1 = (xy)b(xy)�1. X

Conjugacy classes of the symmetric groups

The following lemma is the key to understand the conjugacy classes of the symmetric
groups and is the second of the general principles we alluded to. It is just the forma-
lization of the technic of marking elements—if the elements of a set are marked, to
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permute the elements you can as well permute the marks:

Lemma 1 Let n be a natural number and let a1, . . . , ak and b1, . . . , bk be two sets of

k distinct numbers in In = {1, 2, . . . , n}. Assume that ⇢ 2 Sn is a permutation with

⇢(bi) = ai for 1 = 1, . . . , k. Then

⇢(b1, b2, . . . , bk)⇢
�1 = (a1, . . . , ak). (X)

Proof: We feed the left side of equation (X) with ai and want to get ai+1 back as the
output. And indeed, if i < k, the action of the left side is:

ai
⇢�1
//
bi

� //
bi+1

⇢
//
ai+1

where we for typographical reasons have written � for (b1, b2, . . . , bk). If i = k, we get

ak
⇢�1
//
bk

� //
b1

⇢
//
a1.

o

An immediate consequence of this lemma is that two cycles are conjugate if and
only if they have the same length. Indeed, if the cycle is (a1, . . . , ak) just let ⇢(i) = ai

for 1  i  k and for i > k you are free to choose ⇢(i), but of course in a way that
makes ⇢ a permutation.

Knowing that any permutation is a product of disjoint cycles, we conclude that
two permutations are conjugate if and only if the lengths of the cycles that appear in
the disjoint factorizations are the same for the two. To be more precise, assume that
⇢ = �1 . . . �t is the factorisation of ⇢ in disjoint cycles. Let li be the length of �i. As
the �i’s are disjoint, they commute, and we can surely assume they are ordered in such
a way that the lengths li’s form an increasing sequence. Then we call the sequence
l1, . . . , ls the cycle type of ⇢. We have argued for the following theorem:

Theorem 1 Two permutations are conjugate i Sn if and only if they have the same

cycle type.

So it is very easy to decide whether two permutations are conjugate in Sn, just write
them as a product of disjoint cycles and count the lengths. The arguments we gave
above has some holes, they are caulked here:
Proof: Assume that �1 · · · · ·�k and ⌧1 · · · · · ⌧k are two products of disjoint cycles with
each �i having the same length as ⌧i. We plan to apply lemma 1 with the permutation
⇢ that sends an element in the sequence describing �i to the corresponding element in
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the sequence describing ⌧i, that is, if �i = (bi1, . . . , bisi) and ⌧i = (ai1, . . . , aisi), we let
⇢(bij) = aij. Then by lemma 1 above ⇢�i⇢

�1 = ⌧i, and multiplying out we get:

⇢�1�2 · · · · · �k⇢
�1 = ⇢�1⇢⇢

�1
�2⇢⇢

�1 · · · · · ⇢�1
⇢�k⇢

�1 = ⌧1⌧2 . . . ⌧k.

The other way around follows by the uniqueness of the cycles involved in the decompo-
sition of a permutation as a product of disjoint cycles, and the fact that if �1, . . . , �k

are disjoint cycles, then ⇢�i⇢
�1
, . . . , ⇢�k⇢

�1 are disjoint cycles of the same lengths as
the �i’s. o

Example �. The cycle type of ⇢ = (1, 2)(3, 4)(5, 6) is 2, 2, 2, and the type of ⌧ =
(1, 2, 3, 4)(5, 6) is 2, 4. The two are not conjugate. The permutation (1, 3)(5, 4)(11, 12)
is conjugate to ⇢ in S12 and (5, 2, 1, 6)(4, 3) to ⌧ in S6. e

Problem 3. Which of the following three permutations S5 are conjugate in S5?

(1, 2, 3, 4)(3, 5, 4) (1, 2, 3, 4)(1, 3, 4) (1, 2, 3, 4)(5, 1, 3)

X

The conjugation classes in A5

Let us analyze what happens in the case of the subgroup A5 of S5. Conjugation in A5

is somehow subtler than in S5. Two elements ⇢ and ⇢

0 from A5 might be conjugate
in S5 without being conjugate in A5; indeed if �⇢��1 = ⇢

0 with � 2 S5, there is no
a priori reason that one can chose � to be an even permutation—sometimes one can,
sometimes not. If one can not, the S5-conjugacy class of ⇢ splits into two A5-conjugacy
classes, as we shall see.

The even permutations in S5—that is the elements of A5—may be classified in the
following way:

⇤ The five-cycles, with (1, 2, 3, 4, 5) as an example. There are 24 such permutations.
We can alway assume that the description of the cycle starts with a one. The
four other numbers can then be chosen in any order, and there are 4! = 24 ways
of doing that. This S5-conjugacy class splits into two A5-conjugacy classes each
with 12 elements.

⇤ The three-cycles, with (1, 2, 3) as an example. There are 20 such, since there are�
5
2

�
choices for the three numbers in the cycle, and each choice can be ordered in

two ways. These permutations are all conjugate in A5.

⇤ The product of two disjoint cycles, with (1, 2)(3, 4) as an example. There are 15
such permutations. Indeed, the missing number—or the fixed point if you want—
can be chosen in five ways, and the remaining four numbers can be split into two
pairs in three different ways. These permutations are all conjugate i A5.

⇤ The identity, which is lone.
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To keep the momentum and the dramaturgy of our exposition, we postpone the
checking of the statements about the conjugacy classes. As we see it, there are two
points to understand in the argument that A5 is simple: Why the list above shows
that A5 is simple, and why the list above holds true. As already said, the latter will
be postponed. It is the special case for A5 of a general statement about the conjugacy
classes of all he alternating groups (although we only treat the A5-case). We start out
with the former:

A5 is not simple

For a moment we assume the list from the previous paragraph, and show how that
leads to a proof that A5 is not simple.

Let N✓A5 be a suspected normal subgroup. The strategy is to count the possible
number of elements in N in two ways—by using Lagrange’s theorem and proposition
1 above—the point being that the possible numbers do not fit. The conjugacy classes
are in some sense to big compared to the possible subgroups!

Firstly, by the theorem of Lagrange, the order of the suspected normal subgroup
N of A5 must divide the order of A5. That order being 60 = 4 · 3 · 5, the list of possible
orders is

2, 3, 4, 5, 6, 10, 12, 15, 20, 30.

Secondly, by proposition 1 above, the suspected subgroup N is a union of conjugacy
classes, and its order must equal the sum of the cardinalities of those conjugacy classes.
The orders of the five the conjugacy classes of A5 were listed in the previous paragraph.
They are:

1, 12, 12, 15, 20.

The few combinations of those numbers whose sum is no more than 30 are:

1 1 + 12 + 12
1 + 12 1 + 12 + 15
1 + 15
1 + 20

and there is no match between this list and the list of possible orders above. Hence
there is no room for the suspected normal subgroup N , and A5 is simple.

Checking the list of conjugacy classes in A5

To check the statement about the A5-conjugacy classes, we start from the bottom of
the list, the unit element being obvious.
⇤ The case of a product of two disjoint cycles: Assume ⇢ is conjugate to (1, 2)(3, 4) in
S5, that is ⇢ = � � (1, 2)(3, 4) � ��1. If � happens to be even, we are happy. If not, we
use the dirty trick of replacing � by � � (1, 2). This is even and

� � (1, 2)(1, 2)(3, 4)(1, 2) � ��1 = � � (1, 2)(3, 4) � ��1 = ⇢
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and ⇢ belongs to the conjugacy class of (1, 2)(3, 4).
⇤ The case of a three-cycle: A similar trick works in this case. Assume that ⇢ =
�� (1, 2, 3)���1. If � is even, every thing is fine. If not, we replace � by �� (4, 5). Then

� � (4, 5)(1, 2, 3)(4, 5) � ��1 = � � (1, 2, 3) � ��1 = ⇢

and � � (4, 5) being even, we see that ⇢ and (1, 2, 3) are conjugate in A5.
⇤ The case of a five-cycle: This last case is slightly more delicate. A useful fact is that
any permutation commuting with � = (1, 2, 3, 4, 5) is a power of �, hence even. The
announced splitting of the S5-conjugacy class of � will be into the two subsets

C = { ⇢�⇢�1 | ⇢ even } and C

0 = { ⇢�⇢�1 | ⇢ odd },

one consisting of the permutations conjugated to � by even permutations, and the other
of those conjugated to � by odd permutations. Clearly any two elements from one of
these sets are conjugate in A5, and there is no “cross-conjugation” between them in A5.
Indeed, if ⇢�⇢�1 = ↵(����1)↵�1 with ⇢ even and � odd and ↵ even, then �

�1
↵

�1
⇢ is

odd and commutes with �, which is impossible after what we said. It follows that C

and C

0 are different A5-conjugacy classes.
The sets C and C

0 have the same number of elements since if ↵ is any odd permu-
tation, conjugation by ↵ sends C into C

0 and vice versa.

Problem 4. Prove that if � is an n-cycle in Sn and if ⇢ commutes with �, then ⇢ is a
power of �. Hint: If ⇢(1) = i, then ⇢�

�i fixes 1. X

The general case

As promised, we finish this note by proving the following theorem.

Theorem 2 The alternating group An is simple if n � 5.

We shall apply induction on n starting at n = 5. Assume that N✓An is a non-trivial,
proper and normal subgroup. At the end of the day we shall arrive at a contradiction.
As usual we denote by In the set {1, . . . , n}.

For any a 2 In the subgroup Ga of An consisting of permutations fixing a, is
isomorphic to An�1. They are also all conjugate, since if � fixes a, then (c, d)(a, b) �� �
(a, b)(c, d) fixes b where (a, b) and (c, d) are disjoint1

Since N is supposed to be normal in An, the intersections N \ Ga are all normal
in Ga, and by induction they are either all equal to Ga, in which case N = An since
e.g., An is generated by compositions of disjoint transpositions, or they are all trivial.
In the latter case no non-trivial permutation in N has a fixed point.

Lemma 2 If no non-trivial element of a subgroup N✓An has a fixed point, then N

has less than n elements.

1
This seemingly irrelevant extra transposition (c, d) has to be there to make the permutation we

conjugate by even.
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Proof: If N had more than n members, the map N ! In sending � to �(1) could not
be injective. Hence there would be two different permutations from N with �(1) = �

0(1).
But then �

�1
�

0 would fix 1, and � = �

0 since no non-trivial element of N has a fixed
point. o

We finish by the following extremely crude estimate of the number of elements in
a conjugacy class of An.

Lemma 3 If n � 5, no conjugacy class of An has less than n elements.

Proof: Let C be a conjugacy class. If C contains an n-cycle or an n� 1-cycle, it has
at least 1

2(n � 2)! elements which is certainly greater r than n when n � 5. If not,
element of C are products of disjoint cycles of length less than or equal to n � 2. We
may proceed by induction, and conclude that C contains at least (n � k)k elements,
where k � 2. o

Problem 5. The aim of this exercise is to prove a generalization to An of the state-
ments about conjugacy classes of A5 in the list above. A permutation � is said to
centralize ⇢ if � commutes with ⇢, and ⇢ is said to contain the cycle � if � appears in
the factorization of ⇢ into disjoint cycles.
a) Let � be an element of An. Prove that the conjugacy class of � does not split in two
An-conjugacy classes if and only if � is centralized by an odd permutation. Show that
the two conjugacy classes have the same number of elements.

b) Show that if ⇢ contains a cycle of even length or two cycles of the same odd length,
then ⇢ is centralized by an odd permutation. Hint: If ⇢ contains the two disjoint cycles
↵ = (a1, . . . , at) and � = (b1, . . . , bt) of the same odd length, then the permutation ⌧

with ⌧(ai) = bi, ⌧(bi) = ai and ⌧(x) = x for all other numbers is odd and centralizes ⇢.

c) Show the converse of b): If ⇢ is centralized by an odd permutation, then ⇢ contains
a cycle of even length or two cycles of the same odd length. Hint: Assume that ⇢ has
no cycle of even length nor two cycles of the same odd length. Use that if � centralizes
⇢, then � maps each orbit B⇢(x) bijectively into B⇢(�(x)). Treat the two cases that
B⇢(x) = B⇢(�(x)) and B⇢(x) 6= B⇢(�(x)) separately to see that � is even.

X
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