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Problem 1

Let X be the space of bounded continuous functions from R to R with the
supremum metric

d∞(f, g) = sup
x∈R
|f(x)− g(x)| .

1a

Show that d∞ defines a metric on X.

1b

Set fr(x) = f(x + r) for r ∈ R. Show that if f ∈ X and f is uniformly
continuous, then limr→0 d∞(fr, f) = 0.

1c

For x ∈ R, let g(x) = cos(x2π). Show that g is not uniformly continuous.
(Hint: As x grows, g will oscillate more and more rapidly.)

1d

Is it true that limr→0 d∞(fr, f) = 0 for all f ∈ X?

Problem 2

Let f : Rd → R be a measurable function, and set

sign(u) =


1 u > 0,

0 u = 0,

−1 u < 0.

Show that the composite function s(x) = sign(f(x)) is measurable.

(Continued on page 2.)
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Problem 3

Let X be a vector space with norm ‖·‖, and let V ⊆ X be a linear subspace
(i.e., V is also a vector space with norm ‖·‖), such that int(V ) 6= ∅. Show
that V = X. (int(V ) is the set of interior points in V )

Problem 4

Let C[0, 1] denote the space of continuous functions from the interval [0, 1]
with values in R. Let Lu be defined by

(Lu)(t) =

∫ 1

0

1

1 + t+ s
f(u(s)) ds,

where f : R→ R is a bounded continuous function.

4a

Show that L maps C[0, 1] into C[0, 1].

4b

Assume now that

|f(u)− f(v)| < 1

ln(2)
|u− v| for all u and v.

Show that the equation Lu = u has a unique solution in C[0, 1].

Problem 5

Let the function f : [−π, π]→ R be defined by

f(x) =

{
sin(x)
x , x 6= 0,

1 x = 0,

and for x outside [−π, π] f is the periodic extension.

5a

Show that

f(x) =

∞∑
n=−∞

cne
inx,

where

cn =
1

2π

∫ (n+1)π

(n−1)π

sin(x)

x
dx.

(Hint: write sin(x) = (eix − e−ix)/(2i) and use the change of variables
z = (n+ 1)x and z = (n− 1)x.).

(Continued on page 3.)
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5b

Use this to compute the integral∫ ∞
−∞

sin(x)

x
dx.

THE END


