MAT2410 - MANDATORY ASSIGNMENT #1, FALL 2010; FASIT

REMINDER: The assignment must be handed in before 14:30 on Thursday September 23, 2010, at the reception
of the Department of Mathematics, in the 7th floor of Niels Henrik Abels hus, Blindern. Be careful to give reasons for
your answers. To have a passing grade you must have correct answers to at least 50% of the questions and moreover

have attempted to solve all of them.

Exercise 1.

a. Determine

Arg(—6 — 6i), Arg(—m), Arg(3i), Arg(v3—1).

Answer. The principal arguments are ¢, = —%”, Op =m,03=75,01=—%.
b. Express the complex numbers
z21=—6—06t, zo=—m, 23=31, z4:\/§—z'
in polar form, and compute
21%223724.
Answer. Let r; denote the modulus of z;, i.e.,
7"1:6\/5, ro=m, r3=23, r4=2.
Then
z; = rj(cos(Arg(z;) + 2rk) + isin(Arg(z;) + 27k)), k=0,+£1,£2,...,
for j =1,2,3,4.
Moreover,
21292324 = p(cos(0 + 2wk) 4 isin(0 + 27k)), k=0,+1,%2, ...,
where
p = T1Trarsry = 36\/§7r, 0=0,+0y+ 0635+ 64 = %

c. Describe the set of points in the complex plane that satisfy

1
27 = 5(z+z)2+ 1.
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Answer. This set of points can be expressed as
|2]> = 2(Re(2))? + 1.
With z = x + iy this becomes 22 + y> =222 + lor y? =22 + 1 or y = Va2 + 1.
d. Write e in standard form, i.e., as a 4+ bi for some real numbers a, b.

Answer. ¢ = ¢ [cos(sin(1)) + i sin(sin(1))].
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Exercise 2.

a. Suppose z is a complex number different from 1 and n > 1 is an integer. Show
that

n+1_1
(1) ldz4224-pon="2

z—1
Answer. A computation shows that
(=114 24224 42" =2"" 1,

which implies the result.

b. Utilize (1) and De Moivre’s formula to show that

sin(nf/2) sin((n + 1)0/2)

sin(f) + sin(26) + - - - + sin(nf) = sin(0/2) ;

g € [0,27].

Answer. Take z = ¢ with 6 # 0. Then the left-hand side of (1) becomes
l+z4+22 442" =14+ . 4™
= (14 cos(0) + cos(20) + - - - + cos(nh))
+ 4 (sin(f) + sin(260) + - - - + sin(nd)) (De Moivre).
On the other hand, the right-hand side of (1) can be written

Lt q ei(n+1)9 -1

z—1 e —1
_ [cos((n + 1)8) — 1] 4+ isin((n + 1)0) [cos(#) — 1] — isin(f)
[cos(f) — 1] + isin(60) [cos(f) — 1] — isin(6)
_[cos((n 4 1)8) — 1] 4 isin((n + 1)0) cos(0) — 11 — i sin
[cos(0) — 1]2 + sin?(0) (leos(9) = 1] ()
_ ([cos((n +1)8) — 1] +isin((n + 1)8)) ([cos(d) — 1] — isin(h))
2 — 2cos(0).

Observe that
([cos((n+1)8) — 1] +isin((n + 1)0)) ([cos(f) — 1] — isin(d))
= [cos((n + 1)8) — 1][cos(f) — 1] + sin((n + 1)) sin(h)
+ i (—[cos((n 4+ 1)0) — 1] sin(8) + [cos(#) — 1] sin((n + 1)0))
=:a+1b,
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Next,
a = cos((n+ 1)0) cos(f) — cos((n + 1)) — cos(f) + 1 + sin((n + 1)0) sin(0)
= cos(nf) — cos((n + 1)0) — cos(0) + 1
(we used cos(61 — 02) = cos(61) cos(62) + sin(6;) sin(6a))
= 2sin((n + 1/2)0)sin(6/2) + 1 — cos(0)
(we used cos(01) — cos(fa) = —2sin((601 + 02)/2) sin((61 — 02)/2)

and, since also 1 — cos(f)) = cos(0) — cos(#) = 2sin?(0/2),

a _ 2sin((n+1/2)0)sin(0/2) 4+ 2sin*(9/2)  sin((n+1/2)0) 1
2 —2cos(f) 4sin®(0/2) ~ 2sin(0/2) 2
Similarly,

b= —cos((n+ 1)0)sin(f) + sin(d) + cos(#) sin((n + 1)8) — sin((n + 1)0)
= sin(n#) + sin(f) — sin((n + 1)0)
(we used sin(f1 — 02) = sin(61) cos(f2) — sin(f2) cos(1))
= —2sin(0/2) cos((2n + 1)0/2) + 2sin(6/2) cos(6/2)

(we used sin(01) — sin(f2) = 2sin((01 — 02)/2) cos((61 + 02)/2) and sin(f) = 2sin(0/2) cos(0/2)

— 25in(6/2) :608(9/2) — cos((2n + 1)9/2)}

— 25in(60/2) [ —2sin((8/2 — (2n + 1)8/2)/2) sin((6/2 + (2n + 1)6/2)/2)
(we used cos(81 ) — cos(82) = —2sin((81 + 62)/2) sin((61 — 02)/2)

— 25in(0/2)|~2sin(—nd/2) sin((n + 1)9/2)]

= 4sin(0/2) sin(nd/2) sin((n + 1)6/2),

and hence

b _ b _ sin(nf/2) sin((n + 1)0/2)
2—2cos() 4sin*(0/2) sin(0/2)
Summarizing, we have proved
ontl _ <sin((n +1/2)0) N 1> b (sin(n0/2) sin((n + 1)9/2)) |

-1 2sin(6/2) 2 sin(6/2)

which, from our previous calculation, equals
(14 cos(#) + cos(260) + - - - + cos(nd))
+ i (sin(f) + sin(20) + - - - + sin(nh)) .

Thus, the result follows from comparing the imaginary parts of the two expressions.
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c. Similarly, show that

1+ cos(f) 4 cos(26) + - - - + cos(nd) = % + Sin;(;;(';/;)@)

Answer. Use the previous result, this time comparing real parts.

d. Compute all the values of
(1—14)>2.
Plot these values in the complex plane.

Answer. First compute
(1- i)1/2 _ (\/5)1/261‘(—7r/4+27rk;)/2’ k=01,

and then
<(1 _ i)1/2)5 _ 95/4,5i(—m/A+2mk) /2 _ 95/4 ,i(—5m /8+5mk)

_5m,
(i = |2 E
25/4e 51,

k=01

)

Hence

Im Im

FIGURE 1. Left: 25/4¢~ % Right: 2%/%¢5".
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Exercise 3.

a. Consider the Riemann sphere
Y = {(z1, 20, 23) €ER®: 27 + 23 + 22 =1},
and the subset
S ={(x1,29,13) € X : x5 =1/2}.
Describe the set in the complex plane that under stereographic projection maps to
the set S on the Riemann sphere.

Answer. Let z = z + iy be a point in the complex plane. We have (cf. the book)
X1 . i)
Yy = 1 o LU37

xr = s
].—$3

which yields
2?4yt =A@ o) =4(1 - 22) =4(1 - 1/4) = 3;
in other words, a circle in the complex plane with radius v/3.
b. Let z be a complex number with |z| < 1. Forn =1,2,...; set
S, =14+z24+224--- 42"
Show that

1
lim S, =

n—oo 1—2;'

Answer. Use (1) and the fact that |z["™ — 0 as n — oo.



