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Problem 1 (weight 20%)

We consider the following system of ordinary di↵erential equations:

8
><

>:

dx

dt
= �3x + 4y + xy

dy

dt
= �2x + 6y � xy.

Find all the equilibrium points. Compute the linearization of the system

around each equilibrium point and classify them (saddle, sink, source, spiral

sink, ...)

Problem 2 (weight 40%)

We consider the linear system of ordinary di↵erential equations

dY

dt
= AY

where

A =

✓
�2 6

�3 4

◆
.

2a (weight 20%)

Find the general solution.

2b (weight 10%)

Find the solution with initial data Y0 =

✓
2

2

◆
.

(Continued on page 2.)
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2c (weight 10%)

Find a fundamental matrix solution and compute the matrix etA

.

Problem 3 (weight 40%)

3a (weight 10%)

Find the general solution of the following linear system of ordinary

di↵erential equations:

˙Y =

✓
1 1/2

6 �1

◆
Y.

3b (weight 20%)

We consider the optimal control problem:

max

u

Z ln(2)

0
(�3x2

(t)� u2
(t)) dt

with

ẋ = x + u, x(0) = 0, x(ln(2)) = �1, u 2 (�1,1).

Find the unique pair (x⇤, u⇤
) which satisfies the maximum principle for this

problem. Show that this pair is indeed optimal and solves the problem.

3c (weight 10%)

We consider the same problem as in 3b but we now impose x(ln(2)) � �1.

Find the optimal pair (x⇤, u⇤
) which solves the problem.

END

(Continued on page 3.)
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Appendix

Maximum principle: Let (x⇤
(t), u⇤

(t)) be an optimal pair for the optimal

control problem

max

Z
t1

t0

f(t, x(t), u(t)) dt, u 2 U ⇢ R

ẋ = g(t, x(t), u(t)), x(t0) = x0

with the terminal conditions

(i) x(t1) = x1, (ii) x(t1) � x1 or (iii) x(t1) fri (1)

Let

H(t, x, u, p) = f(t, x, u) + pg(t, x, u).

Then, there exists a continuous function p(t) such that, for all t in [t0, t1],
we have:

(a) H(t, x⇤
(t), u, p(t))  H(t, x⇤

(t), u⇤
(t), p(t)) for all u 2 U

(b) The function p satisfies

ṗ = �H 0
x

(t, x⇤
(t), u⇤

(t), p(t))

(c) Corresponding to the conditions in (1), the following terminal con-

ditions hold:

(i’) no condition on p(t1)
(ii’) p(t1) � 0 (with p(t1) = 0 if x⇤

(t1) > x1)

(ii’) p(t1) = 0.


