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Welcome to MAT4215 and the world of schemes!

NB: We start on Wednesday March 25. That is one day before the official schedule. All
lectures take place in room B1036.

We shall follow Hartshorns book, and basically do chapter II and chapter III until
III.5, “The cohomology of projective space”. As least, that is the plan. We shall see how
far we come.
The first week: On WED MAR 25 and THU MAR 26 I’ll start by giving some
motivation for studying schemes, and then proceed with chapter II in Hartshorn. Pro-
bably we shall have time to do the paragraph II.1 about sheaves and the beginning of
II.2 about schemes. May be I also say a few words about categories as they pop up all
the time both in the text and, indeed, in the mathematics.
Other texts that could be useful are: David Eisenbud and Joe Harris’s book The

geometry of schemes. (which has appeared in the Springer series Graduate Texts in

Mathematics) There is a pdf version at:
http://isites.harvard.edu/fs/docs/icb.topic1143418.files

/Eisenbud-Harris.Geometry%20of%20Schemes.pdf
There are also some notes by Ravel Vakil:
http://math.stanford.edu/ vakil/216blog/

Exercises: I’ll try to indicate which exercises in the book are important to do. Harts-
horn has the (bad) habit of putting a lot of the theory in the exercises, so a lot of
them I’ll do during the course, but certainly I’ll leave many to you. If you want me to
do them on the board, tell me. I shall also give some supplementary exercises mainly
more concrete examples.

In the paragraph II.1 the problems 1.2, 1.3, 1.4, 1.5, 1.6, 1.7 and 1.8 are the
most important ones. I’ll certainly do 1.17 as an example during the lecture, and may
be 1.22 will play a role.

The following three problems are propaganda for schemes! They are concrete examp-
les on situations where the use of schemes would be natural; or at least indication on
why schemes could be usefull. You can do them with what you know from Alg Geom
I and Commutative algebra.

Problem �.�. This exercise is about a simple example that the geometry and the
algebra of a situation not always correspond; when they differ, the algebra is more
subtle and contains more information. Schemes repairs this; with them the algebra and
the geometry always go hand in hand. Of course this is not a miracle, what happens is
that with schemes the algebra is incorporated in the geometric language— the algebra
lies in the structure sheaf!
Let X ✓C4 = A4

C be the algebraic subset given by the ideal I = (xz, xw, yz, yw).
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a) Show that I = (x, y) \ (z, w) and that X is the union of to planes meeting only at
the origin.

b) We intersect X with the hyperplane H = V (w � x) and let Let Y = X \H denote
the intersection. We regard it as an algebraic set in C3 with coordinates x, y, z. Show
that Y is the union of to lines meeting at the origin (in fact the y-axis and the z-axis)

c) Show that Y = V (a) where a = I + (w � x) = (x, y, w) \ (x, z, w) \ J where the
ideal J is given as J = (x, y, z, x)2 + (w � x) = (x2, y2, z2, xy, xz, x� w).

The point is that the embedded component V (J) is invisible in the “physical” or
“geometric intersection” X \H. The theory of schemes remedies things that like that;
V (J) will be visible in the scheme theoretical intersection of H and X. X

Problem �.�. This exercise is of the same flavour albeit in this case, of intersecting
plane algebraic curves, one traditionally is saved by introducing intersection multipli-
cities, but even those do not capture the full algebraic situation.

Let C and D be the two plane curves given respectively by the equations f(x, y) =
y2�x(x�1)(x�2) = 0 and g(x, y) = y2+(x�1)2�1 = 0 in the affine space C2 = A2

C.
See the figure below for a real picture.
a) Show that C \D = {(0, 0)} [ {(2, 0)}.
b) Show that there is a decomposition of C[x, y]/(f, g) into a direct product

C[x, y]/(f, g) ' C[x, y]/(x2, y2 � 2x)⇥ C[x, y]/(x� 2, y2)

where C[x, y]/(x2, y2 � 2x) and C[x, y]/(x � 2, y2) are C-algebras of finite length.
Hint: Show that (f, g) = (x2, y2 � 2x) \ (x � 2, y2) and use the Chinese remainder
theorem.

c) Show that V (x2, y2 � 2x) = {(0, 0)} and that dimC C[x, y]/(x2, y2 � 3x) = 4.

d) Show that V ((x� 2, y2)) = {(2, 0)} and that dimC C[x, y]/(x� 2, y2) = 2.

e) Give an example of an ideal J ✓C[x, y] with V (J) = {(0, 0)} and such that C[x, y]/J
is of dimension 4 but not isomorphic to C[x, y]/(x2, y2 � 2x).

X

Problem �.�. This exercise is about geometry over Q and Z where schemes are
important—one can’t even speak about geometry over Z without schemes! In arith-
metic one studies e.g., varieties defined over the rationals Q, and frequently want to
study them by passing to characteristic p, but then one has to go by Z. With simple
equations, like in this exercise, one can do it, but in more complicated situations sche-
mes over Z is a must. Even in this simple situation there are subtleties, as the there
many ways of going by Z which can give different reductions modulo primes.

Let d 2 Z be a non-zero number that we assume squarefree, meaning that no prime
occurs squared in the factorizations of d. Let Id ✓Z[x, y] be the ideal generated by
x2 � dy2 � 1 and let Ad = Z[x, y]/Id.
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a) Show that the C-algebras Ad ⌦Z C = C[x, y]/(x2� dy2� 1)C[x, y] all are isomorphic
and are isomorphic to C[u, v]/(uv � 1)C[x, y] ⇡ C[u, u�1]. Hint: Put u = x �

p
dy

and v = x+
p
dy.

b) For any field k and any a 2 k let Ba = k[x, y]/(x2 � ay2 � 1). If a 6= 0 show that Ba

is an integral domain. Is this still true if a = 0? Hint: One has B✓K[u, v]/(uv� 1)
where K is the extension K = k(

p
a).

c) Show that if d0 = a2d for some a 2 Z, then Ad ⌦Q ' Ad0 ⌦Q. Hint: Use the map
X 7! X 0 and Y 7! aY 0.

d) Show that if d 6= ±d0, then Ad and Ad0 are not isomorphic. Hint: Reduce modulo
convenient primes.

X

The two curves from problem 2

— 3 —


