2 The pleasures of counting.
Additional Material

Problems
2.22. For A%, A} C X, j € N, we have

7777
J@dnal) = N L 4.

jEN i=(i(k))rene{0,1}N keN

Solution to 2.22: Since for A, A’, B,B’ C X we have the ‘multiplication
rule’

(ANB)U(A'NB)Y=(AUA)YN(AUB)YN(BUA)N(BUB)

and since this rule carries over to the infinite case, we get the formula
from the problem by ‘multiplying out’ the countable union

(AN AHU AN AU AN AU A NAHU---.
More formally, one argues as follows:
re | J(AINA)) « Fjo : xe A N4l (*)
jeN
while
S ﬂ U Az(k)
i=(i(k))ken€{0,1}N k€N
— Vi= (l(kﬁ))keN S {0, 1}N S U Az(k)
keN
= Vi=(i(k))rew € {0,1}¥Tko e N : z e AT (¥%)
Clearly, (*) implies (**). On the other hand, assume that (**) holds
but that (*) is wrong, i.e. suppose that for every j we have that either

x € A} or x € Aj or x is in neither of A9, A;. Thus we can construct a
uniquely defined sequence i(j) € {0, 1}, j € N, by setting

0 ifoA?;
i(j)=<¢1 ifxze A};
0 ifxg{A?andxg{A}.

1
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Define by ¢'(j) := 1 —i(j) the ‘complementary’ 0-1-sequence. Then
x € UA;U) but x ¢ UA;IU)
J J

contradicting our assumption (**).



4

Measures.
Additional Material

Problems

4.16.

4.17.

4.18.

4.19.

Let (X, A, u) be a measure space, F C A be a sub-o-algebra and denote by N =
{N €A : u(N) =0} the collection of all y-null sets. Then

a(F,N)={FAN : FeF, N eN}

where F' A N := (F\N)U(N\F) denotes the symmetric difference, cf. also Problems
2.2, 2.6.

Let A* denote the completion of A as in Problem 4.13 and write N := {N C X :
dM e A, N C M, u(M) = 0} for the family of all subsets of A-measurable null
sets. Show that

A*=0(AN)={AAN : Ac A, N eN}.

Conclude that for every set A* € A* there is some A € A such that AA A* € N.

Consider on (R™, B(R™)) the Dirac measure §, for some fixed x € R™. Find the
completion of B(R"™) with respect to J,.

Regularity. Let X be a metric space and p be a finite measure on the Borel sets
B = B(X) and denote the open sets by O and the closed sets by F. Define a family
of sets

Y={ACX :Ve>03U €0, FeFst. FCACU, p(U\F) < e}
(i) Show that A€ ¥ = A° € ¥ and that F C X.
(i

(iii

Show that ¥ is stable under finite intersections.

Show that X is a o-algebra containing the Borel sets B.

)
)
)
(iv)

Conclude that p is regular, i.e. for all Borel sets B € B

B) = F)= inf U).
w(B) FC?gegu( ) Ugél?er“( )

(v) Assume that there exists an increasing sequence of compact (cpt, for short)
sets K; such that K; T X. Show that ;1 satisfies

w(B)= sup p(K).
FCB, K cpt

(vi) Extend pu(B) = suppcp, peg i(F) to a o-finite measure 4.



4.20.

4.21.
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Regularity on Polish spaces. A Polish space X is a complete metric space which
has a countable dense subset D C X.
Let p be a finite measure on (X, B(X)). Then p is regular in the sense that

B) = sup K) = inf U).
,u( ) KCB, Kcompactu( ) UDB, Uopenu< )

[Hint: Use Problem 4.19 and show that the set K :=, U Kl/n(dk(n)) (z) is
a closed ball of radius € and centre z and {dj } is an enumeratlon of D, is compact.
Choosing k(n) sufficiently large, we can achieve that u(X \ K) < €]

Find a measure p on (R, B') which is o-finite but assigns to every interval [a, b)
with b — a > 2, finite mass.

Solution to 4.16: Set

E::{FAN  FeJd, NEN}.
and denote, without further mentioning, by F| F; resp. N, N; sets from
F resp. N. Since FAQ=F, 0 AN =N and FAN € o(F,N) we get
FNCECo(F,N) (*)

and the first assertion follows if we can show that ¥ is a o-algebra. In
this case, we can apply the o-operation to the inclusions (*) and get

o(F,N) Co(X) Co(a(F,N))
which is just
o(F,N)C X Co(F,N).
To see that ¥ is a o-algebra, we check conditions (3;)—(X3).
(31): Clearly, X € Fand N € N so that X = X A € ¥

(3J5): We have, using de Morgan’s identities over and over again:
[FAN]"=[(F\N)U(N\F)

=(FNN)N(NNF)F
= (FTUN)N(NTUF)
=(F'NNYU(G°NG)U(NNNYU(NNF)
=(F'NN YU(NNFE)
= (FAN)U N\ F)

= ff_/ AN
€T

€



Chapter 4. Additional material. Last update: June 23, 2008 5

(3J3): We begin by a few simple observations, namely that for all F' € F
and N, N' € N

FUN=FA (N\F)ex; (a)
eN

F\N=FA (NONF)ex; (b)
eN

N\F=NA (FONN)ex; (c)
eN

(FAN)UN' = (FAN)A(N'\ (FAN))
—FA (NA(N’\(FAN))) ey, (d)

N

g

eN

where we used Problem 2.6 and part (a) for (d).

Now let (Fj)jen C F and (Nj)jen C N and set F:=J, F; € F
and, because of o-subadditivity of measures N := [J, N; € N.
Then

J
F\N=JE\NN) cJF\N)c|JF=F
jEN jEN jeN
as well as

b JW\F)cl N =N

jEN jEN
which shows that

F\Nc|J(F;AN;) CFUN. (**)

jeN

Since F, N C A, and consequently UjeN(Fj A N;) € A, and since
A-measurable subsets of null sets are again in N, the inclusions
(**) show that there exists some N’ € N so that

U@FEAaN)=F\N)UN' €3
N——

jenN €x, of. (b)

where we used (d) for the last inclusion.
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Solution to 4.17: By definition,
A*={AUN : A€ A, NeN}.

Since

AUN = AA (N\ A)
N
S

and since by an application of Problem 4.16 to (X, A*, i), A, N (instead
of (X, A, 1), G N) we get

c(A,N)={AAN : Ac A, NeN}
and we conclude that
A" C o(A,N).
On the other hand,
ACA® and NCA”
so that, since A* is a o-algebra,
o(A,N) C o(A") =A" Ca(A,N).
Finally, assume that A* € A* and A € A. Then A = A* A N and we

get
ATNA=AANANA=(ANA)AN=N.

Note that this result would also follow directly from 4.13 since we know
from there that A* = AU N so that

A ANA=(AUN)AA=AA(N\AAA=N\A
Solution to 4.18: Denote the completion by B* and write N, for all subsets
of Borel null sets of §,. Clearly,
N, ={ACR" : z & A}

Recall from Problem 4.13(i) that B* contains all sets of the form BUN
with B € B and N € N,. Now let C' C R" be any set. If x € (', then

write
C={z}uU(C\{x}) € B
~ N——
B € Ny

Otherwise, x ¢ C' and
C:C\{x}:\ﬂ;u(C\{x}) € B*.

€eB €N,
This shows that B* = P(R") is the power set of R".
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Solution to 4.19: (i) Fix € > 0 and choose for A € X sets U € O, F € F

(i)

(iii)

such that F C A C U and u(U \ F) < e. Set U' := F° € O and
F':=U° e J. Then we have

FrcAcU andU\F =F\U=F'NU=U\F
and so u(U' \ F') = p(U \ F') < e. This means that A° € ¥.

Denote by d(z,y) the distance of two points =,y € X and write
B /,(0) for the open ball {y € X : d(y,0) < %} As in the solution
of Problem 3.12(ii) we see that U,, := F 4 B1/,(0) is a sequence of
open sets such that U,, | F'. Because of the continuity of measures

we get u(U, \ F) —— 0 and since F 5 FF C F C U, € O, this
means that F C 3.

Fix € > 0 and pick for A; € ¥,j = 1,2, open sets U; and closed
sets F; such that F; C A C U; and p(U; \ Fj) < e. Then Fy N Fy
and U;NUs are again closed resp. open, satisfy F1NFy, C A{NAy C
U, NU; as well as

p((UNT)\ (F1 N Fy)) = p((UrNU2) N (F} U Fy))
p([(UinT2) \ FIJU (Ui N o) \ F))
< p((Uin) \ i) + p((Ui N 0s) \ F)
< 2e.

This shows that > is N-stable.

Fix € and pick for a given sequence (A4;);en C X open sets U; and
closed sets F; such that

Fj C Aj C Uj and ILL(UJ \ F‘]) < 62_j.

Set A := J;A;. Then U := |J;U; D A is an open set wile
F:=J; Fj is contained in A but it is only an increasing limit of
closed sets @, := Fy U...U F,. Using Problem 4.9 we get

MUNF) <Y pU\F) <Y e <«

J

Since &, CACU and U\ ®,, | U\ F, we can use the continuity
of measures to conclude that inf, u(U \ @,,) = p(U \ F) < ¢, ie.
w(U\ Oy) < 2¢if N = N, is sufficiently large. This shows that 3
contains all countable unions of its members. Because of part (i)
it is also stable under complementation and contains the empty
set. Thus, ¥ is a o-algebra.

As FC ¥ and B = o(F), we have B C X.
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(iv) For any Borel set B € ¥ and any ¢ > 0 we can find open and
closed sets U, and F, respectively, such that F, C B C U, and

uw(B\ Fo) < p(Ue\ Fe) < e = pu(B) < e+ p(Fe),
U\ B) S U\ Fo) <€ = pu(B) = pu(Ue) — €
Thus,
sup  u(F) < p(B) <e+pu(Fe) <e+ sup  u(F)
FCB,FeF FCB, FEF
—e< —e< <
UDanfUEO (U) =€ < pl) —e < plb) U:flgnero (o)

(v) For every closed F' € J the intersections K; N F, j € N, will be
compact and K; N F' T F. By the continuity of measures we get

p(F)=supp(K;NF) < sup p(K) < p(F).
J KCF,K cpt

Thus,
pF)= sup p(K) VFeT. (*)

KCF,K cpt

Combining (iv) and (*) we get

(iv)
u(B) = sup p(F)
FCB,FeF
2 osup sup pu(K)
FCB,FEFKCF,K cpt

sup sup  p(K)
FCB,FeF¥ KCB,K cpt

—

N

J/

~
note: independent of FCB

= sup p(K)
KCB,K cpt

and since p(K) < pu(B) for K C B and supgcp g ept M) < pu(B)
are obvious, we are finished.

(vi) Assume now that p is o-finite. Let (B,)nen € B be an exhaust-
ing sequence for X such that u(B,) < co. Then the measures
tn(B) := u(BNB,) defined on B are finite and regular according
to part (iv). Since we may interchange any two suprema (cf. the
solution of Problem 4.6) we get

p(B) = sup p,(B) =sup sup  p,(F)
n n FCB,FeJF
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= sup sup i, (F)
FCB,F€F n

— sup p(F).
FCB,FeF

Solution to 4.20: First of all, Problem 4.19 (iv) shows that

wB) = sup pu(F). (*)

FCB,F closed

Let (dg)r be an enumeration of the dense set D C X and write p for
the metric in X and K, (z) :={y € X : p(z,y) < r} for the closed ball
with centre x and radius r.

Since, for any fixed n € N the sets
Kijn(di)U---UKyp(dy) T X for m — oo

we get from (*)

Ve>0 3Fk(n)eN : u(F,)+ ¢

— > u(X
o = HX)

K:&:ﬂﬂ

it is clear that K is closed. Moreover, since K is, for every 1/n, covered
by finitely many balls of radius 1/n, to wit,

K C Kl/n(dl) Uu---u Kl/n(dk}(n)>7

we see that K is compact. Indeed, if (x;); C K is a sequence, there is
a subsequence (77); which is completely contained in one of the balls
Kin(dy),. .., Ki/n(diey). Passing iteratively to sub-sub-etc. sequences
we find a subsequence (y;); C (x;); which is contained in a sequence
of closed balls K/,(c,) (¢ is a suitable element from D). Thus (y;);
is a Cauchy sequence and converges, because of completeness, to an
element x* which is, as the F;, are closed, in every F),, hence in K.
Thus K is (sequentially) compact.

Since

W\ K =u(UXVR) < Suen\m) < ¥ =
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we have found a sequence of compact sets K, such that u(K,) — u(X)
(note that the K, need not ‘converge’ X as a set!). Obviously, K, N F
is compact for every closed F' and we have u(K, N F) — p(F), hence

wF)= sup wuK) VFeZTF.

KCF,K cpt
Now we can use the argument from the proof of Problem 4.20(v).

Solution to 4.21: Define a measure p which assigns every point n — ﬁ,

n € Z, k € N the mass 5

1
H=D_ D opbuk

ne€Z keN

(Since Z x N is countable, Problem 4.6 shows that this object is indeed
a measure!) Obviously, any interval [a, b) of length b — a > 2 contains
some integer, say m € [a,b) so that [m —1/2,m) C [a,b), thus

1

keN

On the other hand, the sequence of sets

n

B,:= J [k-1Lk-3)

k=—n

satisfies u(B,) < oo and |J,, B, = R.



7 Measurable mappings.
Additional Material

Problems

7.12. Let €,F C P(X) be two families of subsets of X. One usually uses the notation (as
we do in this book)

EuF={A:AclordeTF} and ENF={A: Ac€and AcTF}.
Let us, for this problem, also introduce the families
EUF={EUF : Ec& FeJ} and EmF={ENF : Ec& FeJ}

Assume now that & and F are o-Algebras.

(i) Show that EUF D EUF and EMTF D EUT;
(ii) Show that, in general, we have no equality in (i);

(iii) Show that c(EWTF) =c(EMTF) =0(EUTF).

Solution to 7.12: (i) Since ) € € and () € F we get
VEcé : FEUDeEUT = ECEUT

and

VFeTF : D) UFelUTF — FCEuUuT

so that EUF C EWTF. A similar argument, using that X € € and
X eF, showsEUFCEMT.

(ii) Let A,B C X such that ANB # 0, A
A ¢ B, B ¢ A Then we find for &
F .= {0, B, B°, X} that

B # X and that
{0, A, A°, X} and

i c

EUF ={0,A B, A° B, X}
while
EUF={0,A B, A°, B, AUB, AU B, AU B, AU B, X }.
A similar example works for € m JF.

11
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(iii) Part (i) shows immediately that
c(EUF)Do(EUTF) and o(EMTF) Do(EUT).
Conversely, it is obvious that
EUFCo(EUTF) and EMFCo(EUT)
so that
c(EUF)Co(EUTF) and o(EMTF) Co(EUT)
which proves

oc(EVUF)=0c(EUTF) =0a(EMT).



9 Integration of positive functions.
Additional Material

Problems
9.13. Let (X, A, 1) be a measure space and A1,..., Ay € A such that u(A;) < co. Then

M(QAg)?iM(AJ‘) = > u(A; N A

1<j<k<N

[Hint: show first an inequality for indicator functions.]
9.14. Let (X, A, u) be a measure space. Show the following variant of Theorem 9.6: If
u; > 0 are measurable functions such that for some u we have

JK eN Vo : ujyr(z) Tulz) asj— oo,

then u > 0 is measurable and [u;du 1 [wdp.

Show that we cannot replace the above condition with

Ve 3K €N uj(z) T u(r) asj — oo.

Solution to 9.13: We use indicator functions. Note that any fixed z can
be contained in k € {0,1,..., N} of the sets A;. Then x is contained
in AjU---UApy as well as in (g) of the pairs A; U A;, where j < k; as
usual: (’T’Z) =0 if m < n. This gives

k
; 1y, =k<1+ (2) =1au.ay t+ Z 14,14,

j<k

= 1A1U---AN _'_ Z ]-AjﬂAk'

i<k
Integrating this inequality w.r.t. p yields the result.

Solution to 9.14: The first part is trivial since it just says that the sequence
becomes only from index K onwards. This K does not depend on = but
is uniform for the whole sequence. Since we are anyway only interested
in u = lim; o u; = sup;>x u;, we can neglect the elements wuy, ..., ux
and consider only the then increasing sequence (u;4x);. Then we can
directly apply Beppo Levi’s theorem, Theorem 9.6.

13
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The other condition says that the sequence u;;x(x) is increasing for
some K = K(z). But since K may depend on z, we will never get
some overall increasing behaviour of the sequence of functions. Take,

for example, on (R, B(R), A := A\!),

uj(w) = 7 (x + 1) 1-1/50 (@) — 5% (@ = 3) Lo/ (@)

This is a sequence of symmetric tent-like functions of tents with base
(—1/4,1/7) and tip at 52 (which we take out and replace by the value
0). Clearly:

Jj—0

u;(z) —— 0 and /uj(x)dac—l v j.

Moreover, if j > K = K(z) with K(z) defined to be the smallest
integer > 1/|z|, then u;(x) = 0 so that the second condition is clearly
satisfied, but [ u;(x)dx =1 cannot converge to [0dx = [u(z)dx = 0.



10 Integrals of measurable functions and

null sets.
Additional Material

Problems
10.17. Prove Lemma 10.8.

Solution to 10.17: Clearly, v is defined on A and takes values in [0, 0o].
Since 1p = 0 we have

y(@):/1@~udu:/0du20.

If (Aj);en C A are pairwise disjoint measurable sets, we get

y(UA]—> :/1U;01Aj-ud,u
j=1
:/ilAj~udu
j=1
:Z/lAJmud,u = ZV(Aj)
j=1

Jj=1

which proves o-additivity.

15



13 Product measures and Fubini’s

theorem
Additional Material

Problems

13.15. Let (92,A, P) be a probability space, i.e. a measure space such that P(Q) = 1.
Show that for a measurable function 7" : 2 — [0,00) and every A > 0 the following
formula holds:

(oo}
/e—*pozl—A/ e N P(T > s)ds.
0

What happens if we also allow negative values of \?

Solution to 13.15: Assume first that A > 0. The point here is that Corol-
lary 13.13 does not apply to the function s — e ** since this func-

tion is decreasing and has the value 1 for s = 0. Consider therefore
#(s) ;=1 — e . This ¢ is admissible in 13.13 and we get

/¢(T) dP = / (1—e)dpP = /Ooo e ™ P(T > s) ds.

Rearranging this equality then yields
/e—*TdP =1- )\/ e P(T > s)ds.
0

If A < 0 the formula remains valid if we understand it in the sense that
either both sides are finite or both sides are infinite. The above argu-
ment needs some small changes, though. First, e™* is now increasing
(which is fine) but still takes the value 1 if s = 0. So we should change
to ¢(s) := e=** — 1. Now the same calculation as above goes through.
If one side is finite, so is the other; and if one side is infinite, then the
other is infinite, too. The last statement follows from Theorem 13.11
or Corollary 13.13.

16



14 Integrals with respect to image mea-

sures
Additional Material

Problems

14.12. A general Young inequality. Generalize Young’s inequality given in Problem
14.9 and show that

Nr

N
< ) - -
”fl*fQ* *fN||r\g||f]||P7 p (N—I)T‘—Fl’

for all N € N, r € [1,00) and f; € LP(A™).

Solution to 14.12: For N = 1 the inequality is trivial, for N = 2 it is in
line with Problem 14.9 with p = q.

Let us, first of all, give a heuristic derivation of this result which ex-
plains how one arrives at the particular form for the value of p =
p(r,N). We may assume that N > 2. Set F; := f; ...+ fy for
j=1,2,...N —1. Then

Hfl Ko *fN||r
< fillpll 2l = N fallpll f2 % F3llg

1 _ 1.1 _ (1 1
by Pr. 14.9 where ;—1—1—5—1—(1—2_(5—1)4-(1_24_1

< Al Fallp [ Esllas = I f1lloll f2lloll f3 % Fallgs

by Pr. 149 where 2 +4+1=(2-1)+2+2L=2(1—-1)+1+ 21

1
=—+1
¢I2+

and repeating this procedure N — 2 times we arrive at

ok fnlle < fillp - Nfv—allp - v * fnllgn_s

< MAllp - 1fv—2llp - [fn—allp - 1 fnllaw

with the condition

1 1 1 1 11
—+1:(N—2)<——1>+1+ :(N—2)<——1>+—+—
r P gN-1 p P 4N

17
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and since we need gy = p we get

1 1 2 N
—+1=M”0K——Q+—=—P—N+2
r p PP

and rearranging this identity yields

B Nr
P= N1yt

If you do not like this derivation of if you got lost counting the repeti-
tions, here’s the formal proof using induction—but with the drawback
that one needs a good educated guess what p = p(NN,r) should look
like. The start of the induction N = 2 is done in Problem 14.9 (starting
at N = 1 won’t help much as we need Young’s inequality for N = 2
anyway... ).

The induction hypothesis is, of course,

M
Lfi - fulle < TJ Il forall M=1,2,... N -1
j=1

Mt

where t > 0 is arbitrary and 7 = AT

The induction step uses Young’s inequality:

[frx for- o fnlle < fallp - 2 n - % g

where p = (N_Alfﬁ and ¢ is given by
1 1 1 (N—=-Dr+1 1 1 1
Sl=-4-= S=lt s —t—
r q q Nr q q N Nr
so that
B Nr
T Ntr-1

Using the induction hypothesis we now get

Lfox s vl < WAl Lf2 % fvlle < Il - (2 lls - < Lfwlls)

where s is, because of the induction assumption, given by

(N —1)q
(N —-2)g+1

S =
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and we are done.

(N = 1)

T(N-2) A

N+r—1

(N —1)Nr

- (N—=2)Nr+N+r—1

(N = 1)Nr

N2r —2Nr +7r+ (N —1)
(N —1)Nr

T (N1 +(N-1)

N

Nr
p

19



16 Uniform integrability and Vitali’s
convergence theorem.
Additional Material

This is an extended version of Lemma 16.4, page 164 of the printed text

16.4 Lemma. Let (uj)jen C LP(n), p € [1,00), and (wi)ren C M(A).
Then

(i) lim [Ju; — ull, = 0 implies u; = u;
j—00
(ii) klim wi(z) = w(z) a.e. implies wy ~ w.
Let f: R — R be a continuous function. If u({|u] = co}) =0, then
(iii)  u, L5 w implies f o U £ fou.
Proof. (i) follows immediately from the Markov inequality P10.12,

p{lu; —ul >y 0 A) <p({luy —ul > e}) = p({lu; —uf’ > €})

1

< llug — ulf

b
(ii) Observe that for all € > 0
{Jwr, —w| > €} C {e A |Jw,, —w| > €}.
An application of the Markov inequality P10.12 yields
p({lwr —wl > e} NA) < p({e A |lwp —w| = e} N A)

1 1
< —/ €N |wp —w|dp = —/(6/\ lw, — w|) 14 dp.
€Ja €
If i(A) < oo, the function €14 € LI (u) is integrable, dominates the inte-

grand (eA|wy —w|)14, and Lebesgue’s dominated convergence theorem 11.2
implies that limy o [, (e A |wy —w]) dp = 0.

(iii) Let R > 0 and ¢,6 € (0,1). Clearly

{If ou—foul>e}
C ({If ou—foul > e} {ju—u| <8} {Jul < RY)

20



Appendiz 16. Additional material. Last update: June 23, 2008 21

U{lu —u;| >0} U{|u| > R}.
Since {|u —u;| <0} N{|u| < R} C {Juj| < R+ 1} n{|u| < R}, and since f
is uniformly continuous on the closed interval [-R — 1, R+ 1], we can choose
0 = d,. so small that the first set on the right hand side is empty, i.e.
{[fou—foul>eh {lu—ul >3} Ul > R).
This shows that for all A € A with pu(A) < oo
p({[fou—foul >etNA) < p({lu—ul>dtNA)+ p({jul > R}NA).

. 1
Using u; — u, we find

linlsupu({|fou—fouj| > et NA) < p({lul > R} N A) =g
since p({|u| = co}) = 0. |

This is an extended version of the Proof of (iii)= (i) of Theorem 16.8, pages
165-6 of the printed text

Proof (of Theorem 16.8). (iii)=-(ii): Fix € € (0,1). We have

[owrdns [owrder [ (b a) da

{eluj|>|ul} {elug|>|ul} {elug|>|ul}
- / P da + / (P — [ul?) dye + / (sl — [uf?) dpe.
{eluj|>|ul} {eluz|<|ul}

Denote the three integrals I, Iy and I3, respectively. Because of assumption
(iii) we know that
b <€, forall 7> N,

for some N, € N. Moreover, (iii) shows that sup,cy [ |u;| du < C' < 0o which
means that

I < / |ul? dp < €° / ]uj]pd,ugep/]uﬂpd,ugCep.
{eluj>[ul} {eluj[>ul}

Finally, the inclusion

{elusl < ful} € {llw;l” = ul”] < (€77 + Dful"}
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yields with x := ¢ ? + 1 and A := |Ju; [P — |ul?|

nl< | A7 dp.
(A <xkul?}

Splitting the integration domain into three parts,

{AY < (k[ul?) An}, {n < A7 <k} 0 {Julf > R},
and  {n <A <kluP} N {|ul’ <R},

we get

L] < /mwum du+/ Rlul? dp+ ke R ({82 = 0} 0 {Jul > 2}).
{lu|P>R}

By dominated convergence, the two integrals on the right hand side tend to
0 asn — 0resp. R — oo. Thus, we may choose n = 7. and R = R, such that

T3] <&+ m Ru({AF =0} 0 {[ulf > 2}).

Since the set {|ul’ > n/x} has finite g-measure™! and since ;[P L ul?,
ie. A 50, see Lemma 16.4(iii), we can find some M, > N, such that

|I3] <26 forall j > M.

Setting w, := max{|u1], ..., |ua|, |u|} we have w, € Lﬂ(u)m and see

sup/ |uj| dp < sup / |ujldp < (C'+3) €.
7N J{jus1>Lwe } 2Me J {elu;|<Jul}

Since

we € LN (p) & wPell(p) and {|y| > Lw} = {|yP > L wP},
(16.3)
we have established the uniform integrability of (|u;[");y. |

This is a streamlined version of the proof of Theorem 16.8(vi)=(vii), pages
171-8 of the printed text

(vi)=-(vii): For u € F we set a,, := a,,(u) := p({|u| > n}) and define

[0,¢)

)= [ 6()Ads),  0() = 3 A L ().



Appendiz 16. Additional material. Last update: June 23, 2008 23

We will now determine the numbers 7,72, 7s, . ... Clearly,

n=1 [O,t)

and

Jottuhdn =3 [ [lul =) A1) die <3 0nul > m). (16

If we can construct (7, )nen such that it increases to co and (16.6) is finite
(uniformly for all u € &), then we are done: ¢(s) will increase to oo, ®(t)
will be convex! and satisfy

B2 ooz [ o)) > ho(d) 1o

t t Jjoy [t/2.)

By assumption we can find an increasing sequence (r;);ey C R such that
lim; o 7; = 00 and f{rv<|u|} lu| du < 279, Now?
J

(] [ul]
Z Liecruy < O Lgocpuy < O Liyaquy < el 1y <puy-
k= T k= T k= T

If we integrate both sides of this inequality and use Beppo Levi’s theorem in
the form of Corollary 9.9 on the left-hand side, we get

Z“ {ju| > k}) = Z/l{k<|u}dﬂ /IUI Lirj<puly dpt <

k=r; k=r;

1Usually one argues that ®” > 0 a.e., but for this we need to know that the mono-
tone function ¢ = @’ is almost everywhere differentiable—and this requires Lebesgue’s
differentiation theorem 19.20. Here is an alternative elementary argument: it is not hard
to see that ® : (a,b) — R is convex if, and only, if @(yZ:f(z) < (b(zz):f(z) holds for
dH a < < y < z < b, use e.g. the technique of the proof of Lemma 12.13. Since
= [, #(s)ds (by L13.12 and T11.8), this is the same as
/ o(s)ds
y

yim/Iy¢(s)ds<zix/z¢(s)ds = ix/y¢(s)ds<
<:>/¢ y—x)+a)d /d) z—y)+y)ds

The latter inequality follows from the fact that ¢ is increasing and s(y — z) + x € [z,]
while s(z —y) +y € [y, 2] for 0 < s < 1.
%for z € R we will denote by [z] the GauB bracket, i.e. the largest integer < x

/
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Summing over j € N finally yields
SN nl{lal > < 2 -1

J=1 k=r; j=1
and a simple interchange in the order of the summation gives

)IDINCIENHEDS (Z L <m>> pl{lul > k) < 1.

j=1 k=r; k=1

S/

v~

This finishes the construction of the sequence (V¢ )kren-

Problems

16.15. Let (f;)ier be a family of uniformly integrable functions and let (u;);e; C L'(u) be
some further family such that |u;| < |f;| for every i € I. Then (u;);cs is uniformly
integrable. In particular, every family of functions (u;);c; with |u;| < ¢ for some
g e L}r is uniformly integrable.

16.16. Let (X,A,u) be an arbitrary measure space. Show that a family F C L1(u) is
uniformly integrable if, and only if the following condition holds:

Ve>0 3Jg.ell(n) : Sup/(|u|—ge/\|u\)dﬂ<e.
uedF

Give a simplified version of this equivalence for finite measure spaces.

Solution to 16.15: Fix ¢ > 0. By assumption there is some w = w, € L1

such that
sup/ |fi] dp < e.
i J{|fil>w}
Consider now
[ e [ il
{|ui|>2w} {|ui|>2w}
- [ fldu+ [ il dis
{lus|>2win{] fi| <w} {lus|>2win{| fi| >w}
1
<[ phuddu+ [ i dp
{luil>2win{| fi|<w} {luil>2wn{|fi|>w}

1
<[ Sddus [ il
{lu;i[>2w} {lfil>w}
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Thus,

1
5/ |Uz‘|dﬂ</ | fi] dpe
{lui[>2w} {lfil>w}

<sup/ |fildp < €
{Ifil>w}

uniformly for all z € .

Solution to 16.16: Let g € L1 (). Then

0< [(ul=gnthda=[ (ul-g)au< [ Julan
{lul>g} {lul>g}

This implies that uniform integrability of the family F implies that the
condition of Problem 16.16 holds. On the other hand,

[ ldn= [l s
{lul>g} {lul>g}
<[ -9
{lul>g}
<[ -9
{2[ul>g}

2 [ (lul - o) du
{lul>3 g}

2l [29] Alul) du
{lul>3% g}

and since g € L' if, and only if, % g € L', we see that the condition
given in Problem 16.16 entails uniform integrability.

In finite measure spaces this conditions is simpler: constants are in-
tegrable functions in finite measure spaces; thus we can replace the
condition given in Problem 16.16 by

lim sup/(|u| — RA|u|)dp = 0.

R—o00 yeg



18 Martingale convergence theorems.
Additional Material

This is a streamlined version of (1)=(ii) of the proof of 18.6, pages 194-5
of the printed text

Proof. (i)=(ii): Since p|4, is o-finite, we can fix an exhausting sequence
(Ar)ken C Ao with Ax T X and p(Ax) < oco. It is not hard to see that
the function w := Y 77, 27F (1 + pu(Ag)) ™" 14, is strictly positive w > 0 and
integrable w € L'(Ag, ). Example 17.3(iv) shows that (u])jenufoo} s still a
submartingale, so that for every L > 0

/ ul dp < / ul du
{u;'>Lw} {uj'>Lw}

< Ldp+ / 2o d
Au}'>Lw}ﬂ{u§>%Lw} ! a {u;>Lw}ﬁ{u§;<%Lw} ¢ :

T du.

</ u;du—i—l/ u
{uio>%Lw} 2 {u;">Lw}ﬁ{ug'o<%Lw} !

For the last estimate we used that on the set {u} > Lw} N {ul < jLw}
the integrand of the second integral satisfies ul, < %Lw < %uj Now we

subtract 3 | > L) u;” dp on both sides and get, uniformly for all j € N,

1 oo
—/ ujdug/ u;d,uL—>O.
2 {uj'>Lw} {u§>%Lw}

This follows from the dominated convergence theorem, Theorem 11.2, since
[Uoo| € LY (Ao, ) dominates uj{ol{u;%Lw} L2, 0. Thus, (u) )jen is uni-
formly integrable. From lim;_ .. u; = us a.e., we conclude lim;_, u;’ =ul,
and Vitali’s convergence theorem 16.6 shows that lim;_ .« [ uj dp = [ul du.

Thus
Jrwldn = [ —wyan == [eug — wyau= [ fula

and another application of Vitali’s theorem proves that (u;),en is uniformly

integrable. |

This is a streamlined version of the second part of Example 18.8, page 199
of the printed text

26
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18.8 Example (continued). We can now continue with the proof of the
necessity part of Kolmogorov’s strong law of large numbers. Since the a.e.
limit exists, we get

Sp n—=1 581 nooo

==r 0,
n n n-—1

Xo
n

which shows that w € A,, := {|X,,| > n} happens only for finitely many n.
In other words, P72, 14, = 00) = 0; since the A, are all independent, the
Borel-Cantelli lemma T18.9 shows that 3, P(4;) < co. Thus'

| X1]

X < [[Xl]+1=14) 1T=1+Y lnqup.
n=1 n=1

If we integrate this inequality w.r.t. P and use Beppo Levi’s theorem, we
arrive at

/|X1|dP <143 P = 0h) =143 P({Xa] > )

since X; and X,, have the same distribution. |

We will see more applications of the martingale convergence theorems in
the following chapters.

or x € R we will denote by [z] the Gauf3 bracket, i.e. the largest integer < z.



19 The Radon-Nikodym Theorem and
Other Applications of Martingales.
Additional Material

Problems

19.19. Let p and v be measures on the measurable space (X, A). Show that the absolute
continuity condition (19.1) is equivalent to

wWAAB)=0 = v(A)=v(B) for all A, B € A.

Solution to 19.19: “=": Assume first that (19.1) holds, i.e. that v < p. If
u(AA B) =0 for some A, B € A we get v(AA B) =0. By definition,

V(AAB) =v(A\B)+v(B\A) =v(A\(ANDB))+v(B\(ANB)) =0

so that
v(A\(ANB))=v(B\(ANB))=0.

Assume that v(A) < co. Then v(AN B) < v(A) < oo and we see that
v(A)=v(ANB) and v(B)=v(ANB)

which means that v(A) =

v(B).
If v(A) = oo the condition v(A\ (ANB)) = 0 shows that ¥(ANB) = o
otherwise 0 = V(A\(AQB)) = v(A)—v(ANB) = oo which is impossible.
Again we have v(A) = v(B).

“«<": Assume now that the condition stated in the problem is satisfied.
If N € Ais any p-null set, we choose A := N and B := () and observe
that AA B = N. Thus,

pN) =m(AAB)=0 = v(A)=v(B)

but this is just ¥(N) = v(A) = v(0) = 0. Condition (19.1) follows.

28



22 Conditional expectations in L?
Additional Material

Problems

22.4. Let (X, A, pn) be a measure space and § C A be a sub-c-algebra. such that pl|g
is o-finite. Let p,q € (1,00) be conjugate numbers, i.e. 1/p + 1/q = 1, and let
U, w € (pepr,00) LP(A, ). Show that

|ES (uw)| < [ES (Juf?)]"* [ES (Juw]#)] .

[Hint: use Young’s inequality 12.1 with A = |u|/[E9(\u|p)] Y7 and B = |w|/ [E9(|w|q)] 1/ql

whenever the numerator is not 0.]

Solution to 22.4: Let G, := {E%ul? > 0}, G, := {E%w|? > 0} and G :=
G, UG,. Following the hint we get

u I R U L
[ES(Julp)] "7 [ES(Jw|e)] PE7(Julr) q E¥(|w]7)

Since 1¢ is bounded and G-measurable, we can apply E” on both sides
of the above inequality and get

E9(Julwl) < E(|ul”) . E9(Jul?)
[ES(Jul?)] /7 [ES (Jw]e)] PET(|ul?) q E¥(Jw])

or

1c =1¢

E%(Jullw]) 1a < [ES(jul")] P [ES(Jw])] " 14
< [ES(Jul”)] 7 [ES(Jw] )] 7.

Denote by G, an exhaustion of X such that G, € G, G,, T X and
wu(Gp) < oo. Then

/ P djt = sup / P dy
G n JGenGn

= sup(leena,, [ul’)
n

= sup(E”1ggna,, [ul?)

29
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= sup{lagna,. E%([ul”))
=0
which means that 1¢,u = u almost everywhere. Thus,
EY(Jullw]) 1 = E¥(Jullw|1e) = E¥(|ulle, [w]le,) = E¥(|ullw])
and the inequality follows since

|E9(uw)’ < E¥(Juw)).



23 Conditional expectations in L7
Additional Material

Problems

23.13. Let (X, A, Aj,p) be a finite filtered measure space, let u; € L*(A;) be a sequence
of measurable functions such that for some f € L'(A)

luj| <EA f

holds true. Show that the family (u;);en is uniformly integrable.

Solution to 23.13: (Compare this problem with Problem 16.15.) Recall
that in finite measure spaces uniform integrability follows from (and is
actually equivalent to)

lim sup/ |uj| dp = 0;
R=oo - J{ju,|1> R}

this is true since in a finite measure space the constant function w = R
is integrable.

Observe now that

/ Juy| dpe < / EX fdp
{lus|> R} {lus[> R}
= / fdp
{Ju;|>R)
-/ fan+ | fdu
{luj|>RIN{f<R/2} {luj|>R}N{f>R/2}
1
<[ plusldu+ [ i
{ly > RIN{F<R/2} {lus|>RI{F>R/2)

1
</ §\uj|du+/ fdp
{lu;|>R} {f>R/2}

This shows that

1 / R—oo
5 \u‘\d/&/ fdu — > 0.
2 {|u;|>R} J {f>R/2} uniformly for all j

31



24 Orthonormal systems and their con-
vergence behaviour
Additional Material

This is a streamlined and corrected version of the Epilogue 24.29, pages
309-12 of the printed text

24.29 Epilogue. The combination of martingale methods and orthogonal
expansions opens up a whole new world. Let us illustrate this by a rapid
construction of one of the most prominent stochastic processes: the Wiener
process or Brownian motion.

Choose in Theorem 24.27 (X, A, P) = ([0, 1], B[0, 1], \) where X\ is one-
dimensional Lebesgue measure on [0, 1]; denoting points in [0, 1] by w, we will
often write dw instead of A(dw). Assume that the independent, identically
distributed random variables e; are all standard normal Gaussian random
variables, i.e.

1
P(e; € B) = E/Be—x?/? dr, B e B(R),

and consider the series expansion

Zen 1[0t]7 >, w € [0,1].

Here ¢t € [0, 1] is a parameter, ( fo r)dz, and H,, n = 2F + j,
0 < j < 2%, denote the lex1cographlcally ordered Haar functions (24.16). A
short calculation confirms for n > 1

t t
H,) = / H,(z)dx = 2’f/2/ Hy (2% — j) do = F,(t),
0 0

where Fy(t fo Hy(x) dw 1po(t) = t1p 1y(t) — (t = 1)1 yj(t) and Fu(t) =
2~ k/ 2F1(2k’t j) are tent—functlons which have the same supports as the Haar
functions. Since the Haar functions are a complete orthonormal system, cf.
Theorem 24.17, we may apply Bessel’s inequality, 21.11(iii), to get

(e 9]

> (L, Ha)* < (Lo L) =t < L.

n=0

32
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Thus, Theorem 24.27(ii) guarantees that Wi(w) exists, for each ¢ € [0, 1],
both in L?(dw)-sense and \(dw)-almost everywhere.

More is true. Since the e, are independent Gaussian random variables,
so are their finite linear combinations (e.g. Bauer [?, §24]) and, in particular,

the partial sums
Z en ]-[0 t]s >

Gaussianity is preserved under Lz—limits; we conclude that Wi(w) has a
Gaussian distribution for each ¢. The mean is given by

1 o0 1
/ W (w) dw = Z/ en(w) dw (1., Hy) = 0
0 = Jo

(to change integration and summation use that L*(dw)-convergence entails
L'(dw)-convergence on a finite measure space). Since [ e e, dw = 0 or 1
according to n # m or n = m, we can calculate for 0 < s < t < 1 the
variance by

1
| W) = Wi
0
= Z/ w) dw (Lo — Ljo.s Hpn) (Lj0.4) — Lj0,6): Him)

n,m=0
24.17,21.13
= Z<1(s,t]7Hn>2 =7 (L L) = t—s.
n=0

In particular, the increment W; — W, has the same probability distribution
as W,_,. In the same vein we find for 0 < s <t < u < v <1 that

/0 (Wi(w) = Wi(w))(Wy(w) = Wy(w)) dw = (L(s g1, Lun)) = 0.

Since W, — W, is Gaussian, this proves already the independence of the two
increments W, — Wy and W,, — W,,, cf. [?, §24]. By induction, we conclude
that

Wy, =W, oo Wy — Wy,

=~ its Fourier

6(cf. [?, §§23, 24]) if X,, is normal distributed with mean 0 and variance o2
transform is fe’fX” dP = e=onE /2 1f X,, ==, X in L?-sense, we have 02 — o2 and,
by dominated convergence, [ €**X dP = lim, [ X" dP = lim, e~ onE /2 = ¢=o/2 the
claim follows from the uniqueness of the Fourier transform.
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are independent for all 0 <ty < --- <t, < L.
Let us finally turn to the dependence of W;(w) on t. Note that for m < n

1
/ sup [San_1(t;w) — Sam_1(t; w)|4 dw
0

t€[0,1]
n—12F_1 4
/ sup <Z 262k+] 1[0t],H2k+]>) dw
0 t€f0,1] \ ;= -
1 n—1 2k_1 4
_k
- [ o (St [ ot ettt ] )
0 t€l0,1] —m
1 1 n—1 2k—1 4
_k k
< [ o [ S T[S ot enttig. o) o
0 tE[O,l] k=m k=m 7=0
—_—
<10

where we used Holder’s inequality for the outer sum with p = % and ¢q = 4.
Since the functions Fyr, ;(t) = (14, Hory ;) with 0 < j < 2* have disjoint

supports and are bounded by 27%/2 we find

1
/ sup ‘527_1(&(4)) — SQm,l(t;W)rldw
0

t€(0,1]
n—12F-1
< 10/ sup Z Z 22 erﬂ [o,t};H2k+j>4 dw
0 t€[0,1] ;=
n—12F-1 1
<10 Z Z 9% / (W) dw 272
k=m j=0 L0 _

~
=(2m)~1/2 [ yte=v?/2dy Yk

—0N 25 .9k.97% < 9007 %

which means that the partial sums Syn_1(t;w) of W;(w) converge in L*(dw)
uniformly for all ¢ € [0,1]. By C12.8 we can extract a subsequence, which
converges (uniformly in t) for A(dw)-almost all w to Wy(w); since for fixed w
the partial sums ¢ — Son_1(¢;w) are continuous functions of ¢, this property
is inherited by the a.e. limit W;(w).

The above construction is a variation of a theme by Lévy [?, Chap. 1.1,
pp. 15-20] and Ciesielski [?]. In one or another form it can be found in many
probability textbooks, e.g. Bass [?, pp. 11-13] or Steele [?, pp. 35-39]. A
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related construction of Wiener, see Paley and Wiener [?, Chapter XI|, using
random Fourier series, is discussed in Kahane [?, §16.1-3].



Appendix E

A summary of the Riemann integral.
Additional Material

This is a streamlined and extended version of Theorem FE.11, pages 344-5
of the printed text

E.11 Theorem. The Riemann integral is a positive linear form on the vec-
tor lattice R[a,b], that is, for all a, 5 € R and u,w € R[a,b] one has

b b b

(i) au+pw € Ra,b] and /(au+ﬁw)dt:a/ udt—l—ﬁ/ w dt;
b b

(i) uwv<w = /udté/ w dt;

(iii) uVw, uAw, ut, v, |u| € Rla,b] and

b b
/udt‘g/ |u| dt;

(v) If¢:R? — R is a Lipschitz continuous function' then ¢ o (u,w) €
Rla, b].

(iv)  |u?, vw € Rla,b], 1 <p < 0.

Proof. (i) follows immediately from the linearity of the limit criterion in
Theorem E.5(iv).

(ii): In view of (i) it is enough to show that v := w —u > 0 entails
fabv dt > 0. This, however is clear since v € R[a, b] and

b b
ng*v:/ vdt.

(iii), (iv) follow at once from (v) since the functions (z,y) — z V v,
(x,y) m ANy, x+— xV0, z+— (—z)V0and z — |z| are clearly Lipschitz
continuous.

li.e. for every ball B,.(0) C R? there is a (so-called Lipschitz) constant L = L(r) < oo
such that

|6z, 2") — oy, y") < L(lz =yl + 12" —¥/'])
holds for all (z,z’), (y,y') € B,-(0).

36



Appendiz E. Additional material. Last update: June 23, 2008 37

The estimate in part (iii) can be derived from (i) and (ii) by observing
that +u < |u| entails j:f udt < f |u| dt which implies ’fabudt‘ < f; |u| dt.

(v): Let u,w € Rla,b]. Since any Riemann integrable function is, by
definition, bounded, there is some r < oo such that —r < u(x),w(z) < r;
write L = L(r) for the corresponding Lipschitz constant of ¢|p, ). Observe
that for any partition 7 = {a = to < t; < --- <ty = b} of [a, b] we have

§[6 0 (u,w)] — Selé o (u,w)
ST s u(s)w(s) — il é(u(t),w®)] )

T bseltiot] teftj—1,t;]

.
Il

Mw

sup [(u(s), w(s)) — p(u(t), w(t)] (t; — tj-1)

1 S:t€[tj—1.t;]
LY sup[uls) = u(t)] + w(s) = w(t)[](t; — t;1).

j=1 S,tE[tjfl,tj}

.
Il

N

Because of the symmetric roles of s and ¢,

sup [u(s) — u(t)| = sup max{u(s) — u(t), u(t) — u(s)} = sup(u(s) — u(t)),

s,t s,t s,t

and this proves

SW[QS © (u’ w)} - S?T[¢ © (u7 w)]
k

<L sup  (u(s) —u(t)) (t; — t;1)
j=1 8,t€[tj—1,t5]

k

+L Z sup  (w(s) —w(t))(t; — tj_1)
j=1 5,t€[tj—1,t5]

= L(S"[u] = Sy[u]) + L(S7[w] - Si[w]).

Thus, if both u and w are Riemann integrable, so is ¢ o (u, w). |



