
MAT3400/4400 - Linear Analysis with Applications, Autumn 2011
Short reports from the lectures

Nadia Larsen

Week 34
Lecture 1, 22.08 Presentation of the course. I covered section 1.1 up to defini-
tion of complete metric spaces (I skipped definition of base, Lemma 1.1, and (iv) in
Kuratowski’s axioms).
Lecture 2, 26.08 Section 1.1. I covered Lemma 1.3, relative topology, Lemma 1.5
(without proof), continuity for functions on metric spaces and on topological spaces,
Lemma 1.6, I defined compactness of a topological space, and I proved Lemma 1.9
(i)-(iii). I recalled the notion of sequentially compact and mentioned Lemma 1.11
(without proof).

Week 35
Lecture 3, 29.08 Section 1.2. I defined normed spaces and Banach spaces. I proved
that Cn with the euclidian norm ‖ · ‖2 and l1(N) with the ‖ · ‖1 norm in (1.19)
are Banach spaces. I also covered the material before Theorem 1.8 including the
statement of the theorem.
Lecture 4, 2.09 Section 1.2. I introduced continuity for functions between normed
spaces, and explained that the norm is continuous from X to R. I defined the spaces
lp(N), I proved Hölder’s inequality, i.e. (1.25) in Teschl’s book, and Minkowski’s
inequality, i.e. the triangle inequality for ‖ · ‖p. I defined total sets (but skipped
Schauder basis), separability for normed spaces, and proved that l1(N) is separable.
I introduced inner product spaces.

Week 36
Lecture 5, 5.09 Section 1.3. inner product spaces, decomposition along unit vectors,
Theorem 1.22. Problems 1.6 (section 1.1), problems 1.8, 1.9, 1.10 (section 1.2).
Lecture 6, 9.09 Section 1.3. I proved continuity of inner product in both variables,
the parallelogram law, polarisation identity (proof: exercise), Theorem 1.23 (without
proof for the direction showing that a norm satisfying the parallelogram law defines
an inner product). I defined comparison of norms, proved Lemma 1.24 and Theorem
1.25. I started on Section 1.5, and proved Theorems 1.28 and 1.29.

Week 37
Lecture 7, 12.09 I went through example on page 31 (and an example showing that
A : X → Y is always bounded if X is finite dimensional normed space). I defined the
space L(X, Y ) and proved Theorem 1.30. I started on section 1.6 and explained that
a direct sum of Banach spaces is again a Banach space. I went through problems 1.13
and 1.15 in section 1.2.
Lecture 8, 16.09 Erling Størmer lectured on the topic of orthonormal bases in
Hilbert spaces (section 2.1 up to Theorem 2.5.)
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Week 38
Lecture 9, 19.09 I reviewed the main concepts of section 2.1, and I proved Theo-
rem 2.6. I started on section 2.2, proved Theorem 2.8 and disscused the notion of
orthogonal projection up to the equality (2.22).
Lecture 10, 22.09 I proved Theorem 2.10 (Riesz lemma), Lemma 2.11 and Theorem
2.12. I went through problems 1.19, 1.24 and 1.25.

Week 39
Lecture 11, 26.09 From section 2.3 I went through Theorem 2.12, the example,
Lemma 2.13, and continuity of the adjoint operation. From section 3.1 I went through
Theorems 3.1 and 3.2, and Lemma 3.4. I stated Theorem 3.5 (without proof).
Lecture 12, 30.09 I went through problems 2.2-2.6 and 2.8. I started on section 3.2
and covered the proof of Theorem 3.7. I also mentioned the construction of orthogonal
sum of 2 (or finitely many) Hilbert spaces.

Week 40
Lecture 13, 3.10 I introduced invariant subspaces for a linear operator, and proved
that for symmetric operators the orthogonal complement of an invariant subspace is
again invariant. This is used in proving Thm. 3.8. I proved Theorem 3.8, Corollary
3.9 and Corollary 3.10 (for this last one we assumed H to be separable in order to get
a countable orthonormal basis in H consisting of eigenvectors for A). I started on the
Sturm-Liouville problem.
October 6. The obligatory assignment has been posted.
Lecture 14, 7.10 I covered most of section 3.3 including Theorem 3.11. Please read
in the book the proof of the fact that the Sturm-Liouville operator L is symmetric,
check that (3.16) and (3.17) hold using the fundamental theorem of calculus, and read
the proof of the fact that the eigenvalues in Theorem 3.11 are simple. I discussed
solutions to problems 3.2 and 3.5. For problem 3.4 use the same strategy as for
problem 3.5 (to solve Kf = λf let C =

∫ 1

0
v(y)f(y)dy and discuss separately the

cases λ = 0 and λ 6= 0. The only non-zero eigenvalue is
∫ 1

0
v(y)u(y)dy, assuming this

number is non-zero.)

Week 41
Lecture 15, 10.10 I proved Theorem 5.1, Lemma 5.2, Corollary 5.3. Note that
Lemma 5.4 is not required. I defined a Hilbert-Schmidt operator (on a separable
Hilbert space) to be an operator T ∈ L(H) such that

∑
j∈N ‖Tuj‖2 < ∞ for some

o.n.b. {uj}j. I started on the proof of the fact that a Hilbert-Schmidt operator is
compact.
Lecture 16, 14.10 I finished the proof of the fact that a Hilbert-Schmidt opera-
tor is compact (because it is a limit of finite rank operators), and I showed that if∑

j∈N ‖Tuj‖2 < ∞ for some o.n.b. {uj}j, then the same is true for any other o.n.b.

{wj}j. I defined the Hilbert-Schmidt norm to be (
∑

j∈N ‖Tuj‖2 <∞)1/2 and proved

Lemma 5.5 (the rest of section 5.2 is not required). In section 5.3 I proved Lemma
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5.9 and Theorem 5.10. Theorem 5.11 is a direct consequence of Theorem 5.10 and
the proof is left as an exercise.

Week 42
Lecture 17, 17.10 From section 7.1 I defined algebras, σ-algebras, measures and
proved Theorem 7.1. I also proved one half of Lemma 7.2 in the case of the function
µ(x) = x (in which case we call it λ).
Lecture 18, 21.10 Sergey Neshveyev finished the proof of Lemma 7.2, proved The-
orem 7.7 and Lemma 7.8, and introduced Dynkin systems. In addition he solved the
problems 5.3 and 5.5 and finished the proof of the Fredholm alternative.

Week 43
Lecture 19, 24.10 I proved Lemma 7.4, Theorem 7.5, and gave the solutions to
Problems 7.5 and 7.6. I explained that the Lebesgue σ-algebra L on R is exactly the
σ-algebra given by Theorem 7.7 when we start with the premeasure λ on the algebra
generated by the intervals (see Lemma 7.2). Since all intervals are in L by Lemma
7.8, the Borel σ-algebra B is included in L (that this inclusion is strict is HIGHLY
NON-TRIVIAL). The Lebesgue measure on B (or L) is the restriction of λ∗ to B (or
L).
Lecture 20, 28.10 I defined measurable functions and explained what goes into
the proof of Lemma 7.11 (it is a non-trivial fact to prove that every open subset
of R is a countable union of intervals (a, b), finite or infinite, and we did not prove
this). I defined functions with extended values (see equations (7.13) and (7.14)) and
proved Lemmas 7.12 and 7.13 (direct proofs using definition of measurability). I also
explained the solution to the exam problem on Sturm-Liouville and Problem 7.2.
Finally I proved outer regularity of λ = λ∗ on B.

Week 44 Lecture 21, 31.10 I started on integration theory, proved Lemma 7.17,
the Monotone Convergence Theorem (Thm 7.18) allowing functions with values in
[0,∞] and the version of Lemma 7.17 for arbitrary nonnegative measurable functions.
I explained (7.25) and (7.26), and stated Lemma 7.19, equation (7.27).
Lecture 22, 4.11 I proved that equation (7.27) in Lemma 7.19 defines a measure.
I proved Theorem 7.20 (Fatou’s lemma). Definition of integrable function: given a
measure space (X,Σ, µ) and a measurable function f : X → R, if both f+ : X →
[0,∞) and f− : X → [0,∞) have finite integral in the sense of definition (7.23) then
f is said to be integrable. In this case, the integral of f with respect to µ is denoted∫
X
f dµ (or just

∫
f dµ) and is defined as

∫
f dµ =

∫
f+ dµ−

∫
f− dµ. If A ∈ Σ then

f is integrable over A if by definition fχA is integrable. I explained what integrability
means for functions f : X → C and I proved Lemma 7.22. In the second hour I went
through the problems from the set for November 4.

Week 45
Lecture 23, 7.11 I proved Lemma 7.23 and the following Corollary: given measure
space (X,Σ, µ) and measurable functions f, g, if f = g µ−a.e. then

∫
fdµ =

∫
gdµ. I

proved Theorem 7.24 (Dominated Convergence theorem) under the assumption that
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fn → f µ − a.e. I explained that also the assumption |fn| ≤ g for all n ≥ 1 can be
made µ− a.e. and still the conclusion of the theorem is valid. I started on Lp-spaces.
Lecture 24, 11.11 I solved problems 7.11, 7.13, equation (7.28) and Lemma 7.21
(except property (v) from Lemma 7.17 which need not be true for arbitrary integrable
functions). I explained why the space given in equation (8.4) is a vector space by
proving the following fact: given a vector space Y and a subspace Z, the assignment
x ∼ y ⇐⇒ x − y ∈ Z is an equivalence relation on Y and the quotient space
Y/Z of equivalence classes [x] with respect to this relation is a new vector space with
addition [x] + [y] = [x + y] and α[x] = [αx]. I proved that the formula (8.1) on the
space Lp(X,Σ, µ) satisfies the first requirement in the definition of a norm (see page
17). I defined the space L∞(X,Σ, µ) and I proved Theorem 8.4 using the inequality
(1.24) from the book. Theorem 8.5 has proof very similar to the proof of the triangle
inequality for lp(N) on page 19. Read this proof on your own.

Week 46
Lecture 25, 14.11 I proved Theorem 8.6 (the Riesz-Fischer theorem). Then I in-
troduced the notion of inner regular meaasure, and I proved that Lebesgue measure
on the Borel σ-algebra B on R is inner regular. I started on the proof of theorem 8.9,
only in the case X = R (the same proof works for X = (a, b) a finite interval on R).
Lecture 26, 18.11 I finished the proof of Theorem 8.9 and explained the main steps
of the proof of Theorem 8.11 (only in the case n = 1). I went through problems 7.14
and 7.15 from Teschl, and through problems 1-4 in the additional set.

Week 47
Lecture 27, 21.11 I introduced the Fourier series of f ∈ L2([−π, π]) and of f ∈
L1([−π, π], section 1 in the “Lectures Notes on Fourier Series”. I proved the Riemann-
Lebesgue lemma (Theorem 2.1), and stated Theorem 2.3. Then I proved Theorem
7.31 in Teschl’s book and explained that as a corollary we obtain Lemma 2.2 in the
“Lectures Notes on Fourier Series”. Morever, also as a corollary of Theorem 7.31 we
obtain the following: given Lebesgue measure λ on the Borel σ-algebra B on R, given
an integrable function f : R→ R and given a 6= 0 in R, then∫

R
f(ax)dx =

1

|a|

∫
R
f(x)dx.

This fact is used with a = −1 in the middle of page 5 in the “Lectures Notes on
Fourier Series”. Please read the proof of Theorem 2.3 in those notes.


