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Examination in MAT4500 — Topology

Day of examination: Tuesday, December 16, 2008

Examination hours: 09.00 – 12.00

This problem set consists of 2 pages.

Appendices: None

Permitted aids: None

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Each item (1, 2, 3, 4, 5a, 5b etc.) counts 10 points.

Problem 1

Let X = {a, b} be a set with two elements. Describe all topologies on X.
Which of these topologies are Hausdorff? (In this problem you need not
justify your answers).

Problem 2

Assume that X is a topological space and that for each pair of points
x, y ∈ X, x 6= y, there is a continuous function f : X → R such that
f(x) = 0, f(y) = 1. Show that X is a Hausdorff space.

Problem 3

Let X be a topological space, A a subset of X, and x0 a point in A.
The inclusion map i : A → X induces a homomorphism i∗ : π1(A, x0) →
π1(X, x0). Show by examples that i∗ need not be injective or surjective.

Problem 4

Let X be the subspace of R2 consisting of the circles of radius one with
centers at (−2, 0) and (2, 0) plus the line segment from (−1, 0) to (1, 0)
(see figure). Prove that X has the same fundamental group as the doubly
punctured plane (i.e. the plane with two points removed).
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You need not write down formulas for the auxiliary functions (homotopies,
retractions, deformation retractions etc.) that you use — it suffices to
describe them in words and pictures.

(Continued on page 2.)
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Problem 5

In this problem A is a finite set and X = AN. We shall write the elements
in X as x = (x1, x2, . . . , xn, . . .). If a = (a1, a2, . . . , an) is an n-tuple of
elements from A, we let

Oa = {x ∈ X | x1 = a1, x2 = a2, . . . , and xn = an}

a) Show that the family of all sets Oa (where a is an n-tuple of any length
n) forms the basis for a topology T on X (Hint : If Oa ∩Ob 6= ∅, then
either a = b or one of the sequences a, b is a prolongation of the other).

b) Show that T is Hausdorff.

c) Show that the sets Oa are closed as well as open, and use this to show
that X is totally disconnected (i.e. that the only connected sets in X
are the singletons {x}).

d) Show that the only continuous maps f : R → X are the constant maps.

Problem 6

a) Show that in a Hausdorff space the intersection of two compact sets is
compact.

b) Let X = [0, 1] and let T be the collection of subsets of X defined by:

A ∈ T ⇐⇒


A ⊂ (0, 1) or

A is cofinite (i.e. Ac is finite or empty)

Show that T is a topology.

Let C1 = [0, 1), C2 = (0, 1]. Show that C1 and C2 are compact, but
that C1 ∩ C2 is not.

The End


