
MANDATORY ASSIGNMENT
MAT4500/3500 FALL TERM 2011

You have two possible ways of turning in your solutions, with slightly
different deadlines:
• You may put them into the assignment box on the 7th floor of Niels Henrik
Abel’s house before 1430, Thursday November 3.
• Or, you can hand them to me directly in the lecture Friday, November 4,
1215-1400.

Remember to use the official frontpage when turning in your paper.
If you due to illness or other circumstances need to extend the deadline,

you must apply for an extension to Robin Bjørnetun Jacobsen (room B718,
NHA, e-mail:studieinfo@math.uio.no, phone 22 85 59 07). Remember that
illness has to be documented by a medical doctor. See the website

http://www.mn.uio.no/math/studier/admin/obligatorisk-innlevering/obligregelverk.html
for more information about rules concerning compulsory assignments at the
Department of Mathematics.

The assignment is mandatory, and students who do not get their paper
accepted, are not allowed to take the final exam. In solving the problems you
may collaborate with others and use all tools available. However, the paper
you turn in must be written by you personally and it should reflect your
understanding of the material. If we are not certain that you understand
your own paper, we may ask you to give an oral presentation.

Important! You must give reasons for all you answers. Results that are
proved in the text-book should just be referred to, but other arguments must
be included in your solutions.

Note that Master students (taking MAT4500) must type their solutions in
LaTeX.

There are four numbered problems and nine subproblems in total. Every
subproblem carries the same weight, and you need a score of at least 50% to
pass.

Problem 1.

Let A be a subspace of a topological space X. Show that A has no limit
points in X if and only if A is closed in X and discrete in the subspace
topology.

Are these conditions on A preserved if we replace the topology on X with
one which is finer? Or one which is coarser?

Problem 2.

Let X be an infinite set with the finite complement topology, and let Y
be a Hausdorff space. Show that there are no non-constant continuous maps
from X to Y .

Is the same true if Y is only T1?
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Problem 3.

Consider the set Rω of sequences of real numbers, and let C ⊂ Rω be
the subset consisting of the convergent sequences. In this problem we shall
show that the product topology and the uniform topology have very different
properties.

(a) Show that the subset C is dense in the product topology and closed in
the uniform topology.

(b) Let L : C → R be the map taking a convergent sequence to its limit.
Show that L is continuous in the uniform topology but discontinuous at
every point in the product topology.

Oppgave 4.

Let X be a topological space. On X × [0, 1] we define an equivalence
relation ∼ such that the equivalence classes are the points (x, t) for (x, t) ∈
X× (0, 1] and the subset X×{0}. Give X× [0, 1] the product topology and
define the cone on X as the set

CX = (X × [0, 1])/ ∼
with the quotient topology. (The interval [0, 1] has the usual topology.)

(a) Let p : X×[0, 1] → CX be the quotient map. Identify the sets p−1(p(A))
for subsets A ⊂ X × [0, 1].

Is the map p open? Is it closed?

(b) Show that CX is path connected. Show that if X is Hausdorff, then
CX is also Hausdorff.

Decide whether CX is regular when X is regular.

(c) Show that if X is compact, then CX is compact and homeomorphic to
the one-point compactification of X × (0, 1].

Is this true if X is locally compact but not compact?

Show that the cone on an (n − 1)-sphere Sn−1 is homeomorprhic to a
closed n-ball Dn.

(d) Now assume that X ⊂ Rn, and define f : CX → Rn+1 = Rn×R by the
formula

f([x, t]) = (tx, t).
([x, t] denotes the equivalence class of (x, t).)

Show that f is injective and continuous. Show that f is an imbedding if
X is compact.

(e) Fill in the details of the following program to prove that f is not an
imbedding if X is not compact:

1. Suppose {xn|n ∈ Z+} is an infinite sequence of points in X without
any limit points. Let zn = (xn, 1

n). Let B =
⋃

n({xn} × [ 1
n , 1]) ⊂ X × [0, 1]

show that U = X × [0, 1]−B is open.
2. Show that the sequence {fp(zn)}n converges in Rn+1, but {p(zn)}n

does not converge in CX.
3. Explain why it follows from 1. and 2. that f is not an imbedding if X

is not compact.


