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Examination in MAT4510 — Geometric structures.

Day of examination: Friday, December 11, 2009.

Examination hours: 09.00 – 12.00.

This problem set consists of 2 pages.

Appendices: None.

Permitted aids: None.

Please make sure that your copy of the problem set is
complete before you attempt to answer anything.

Note: You must give complete arguments for all your answers,
but you may use earlier results even if you have not be able to
prove them.

Problem 1

Let h ∈ Möb+(H). Show that

� h is hyperbolic if and only if there are two distinct points p, q ∈ R such
that limn→∞ hn(z) = p and limn→∞ h−n(z) = q for all z ∈ H.

� h is parabolic if and only if there is q ∈ R such that limn→∞ hn(z) =
limn→∞ h−n(z) = q for all z ∈ H.

(Limits are taken in the extended complex plane C ∪ {∞}.)

Problem 2

2a

Let c be a real number greater than 1. Find the set L of all points z ∈ H
such that dH(z, ci) = dH(z, i), and show that L is an H–line.

2b

Find an expression for the angles in an equilateral triangle in H with i and
2i as two vertices. (Equilateral means that all three sides have the same
length.)
What is the area of this triangle?

(Continued on page 2.)
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Problem 3

3a

Let r : R2 → R3 be defined by r(u, v) = (u, u + v, uv). Show that r
defines a parametrization of a regular surface S ⊂ R3 and determine its
first fundamental form.

3b

Compute the Gaussian curvature of S.

3c

Every plane containing the z–axis intersects S in a curve. Find all such
curves that are geodesics.

Problem 4

Assume that a surface homeomorphic to T 2# T 2# T 2 has a geometric
structure modeled on standard hyperbolic geometry. What is its area?

Problem 5

5a

Let C be a hyperbolic circle of (hyperbolic) radius ρ. Explain why the
geodesic curvature kg of C is constant and depends only on ρ.
Compute kg.

5b

Let p be a point in a Riemannian surface S. Let {εn} be a sequence of
positive numbers converging to 0, and let {Cn} be a sequence of simple
closed curves with no nonsmooth points, such that d(q, p) < εn for every
q ∈ Cn. Prove that

lim
n→∞

∫
Cn

kgds = 2π

END


