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Forord

Disse forelesningsnotater gir sammen med oppgavesettene en resymé-
aktig fremstilling av den elementeere teori for differensiable manfoldigheter
 slik denne foreleses i kurset Ma 352.

De er ment & veere til hjelp for studentene nér de gjennomggr stoffet
pa egen hénd, men fremstillingen er for kortfattet til & veere egnet til
selvstudium. Den bgr i s3 fall suppleres med en fyldigere tekstbok, Spi-
vaks bok: “Calculus on Manifolds” og de fire fgrste kapitler av Spivak:
“A Comprehensive Introduction to Differential Geometry”.

Stoffet er presentert pa en mate som legger spesiell vekt pd sammen-
hengen med Ma 101 og Ma 104. Henvisninger til Apostol II er til 2.
bind av Apostol: Calculus, Second Edition. Notasjonen er mest mulig
i overensstemmelse med Spivak: “A Comprehensive Introduction ...”.
Etter & ha gjennomgatt det stoff som presenteres her, kan man fort-
sette direkte med Chapter 5 i Spivaks bok. Henvisninger til oppgaver
gjelder oppgavesamlingen for kurset hvis intet annet er presisert. Vik-
tige deler av stoffet (f.eks. rangeteoremet, Sards teorem) finnes bare i
oppgavesamlingen. '

Per Tomter
Var 1993
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Chapter 1

Calculus in Several Variables

1.1 Differentiable mappings

R™ is Euclidean m-space, its points are denoted by (z',---,z™). An
open domain in R™ is an open, connected subset of R™. Let U be an
open domain in R™ and let f: U — R" be a function.

Definitions

a) f is differentiable at a point p in U if there exists a linear map
Df(p) from R™ to R™ and a function E(p,v) such that the first-
order Taylor formula: f(p +v) = f(p) + Df(p)(v) + |[v||E(p,v)
holds for all v in a small neighbourhood of the origin, where
E(p,v) - 0asv—0.

b) Let f = (f',--,f". Then f is continuously differentiable at p if
all partial derivatives ng-} exist in a neighbourhood of p and are
continuous at p. i=1,---,n,5=1,---,m.

See Apostol II, 8.11, 8.13, 8.19 and Problem 1.

In particular the matrix of D f(p) is the Jacobian (gg)(p). If a mixed
partial derivative 5%2%-:-; is continous in U, then 823:, = 82:5;,. (Apos-
tol 11, 8.23).

If f is continuously differentiable at all points of U, we say that f is
in CY(U,R™). Then gg are continuous functionson U, =1,-:-,n,j =
1,---,m. If they are all continously differentiable at all points of U, we
say that f is in C2(U,R™), etc. f is in C®°(U,R") if f is in C¥(U,R")
for all k > 1. If f is in C°(U, R") all higher order mixed partial deriva-
tives are independent of the order of differentiation. C*°(U, R) is often
denoted simply by C*°(U). 1t is some times advantageous to change our
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viewpoint slightly. Let T,U be the vector-space of vectors starting at
the point p. There is a canonical identification of all these vectorspace
with R™, which is often made in calculus books. (For example, if the
tangent vector at p of a curve through pin U is considered as a vector in
T,U, then tangent vectors at different points belong to different vector
spaces. In order to compute the derivative of the tangent vector (the
accelleration) it is first necessary to make the above identification such
that all the tangent vectors may be considered as lying in the same
vector space). Let ¢ = f(p). Then Df(p) may be considered as a linear
map from T,U to T,R"; the constant term of the first-order Taylor’s
formula becomes irrelevant and this formula expresses the fact that this
linear map is a “good” approximation of f in a small neighbourhood

of p.

1.2 Curvilinear coordinate systems

It is often desirable to work with other coordinates than the usual
Cartesian ones; polar coordinates in the plane and spherical or cylinder-
coordinates in R3 are well-known from calculus. More general coordi-
nates are often used to simplify the computation of multiple integrals,
they are also used extensively in mathematical physics. A change of
coordinates should satisfy certain regularity conditions; we formulate
these as follows (see Apostol II, p. 408): A C*-chart in R™ is a C*-
mapping from an open set U in R™ onto an open set V in R™ whose
Jacobian determinant never vanishes and such that there is an inverse
C*-mapping from V to U. (1 < k < 00). The map can be expressed by:
(xl" °e 7-7:'") - (yl)” : ’ym) wherey‘ = yi(zla"' )xm)’i =1,.--,m; we )
then think of the *'s as new coordinates. By the chain rule for deriva-
tives it follows that the Jacobian of the inverse mapping is the inverse of
the Jacobian (gﬁ-}), hence the condition that the Jacobian determinant
never vanishes is automatically true for the inverse mapping.

If we are given m functions 3* = ¢'(z!,---,z™),i = 1,---,m, we
may check the condition on the Jacobian by computation. The follow-
ing important theorem is helpful to check the other conditions.

1.3 Inverse Function Theorem

Let f be a C*-map (1 < k < o) from an open set of R™ into R™. If
the Jacobian determinant of f at a point p is non-zero, then there is an
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open neighbourhood U of p such that the restriction of f to U defines
a C*-chart. (In particular f(U) is open).

Remark: If m = 1 you know the inverse function theorem already.
See Apostol I, 6.20 or K. Sydsater: Matematisk Analyse, 6.2.

Remark: In Apostol II these conditions for a C'-chart could be relaxed
for a set of measure zero. This is because coordinate changes were
discussed mainly in connection with integration theory. However, it is
clear that the differential calculus can be discussed for general coordi-
nates. We will do this and stick to the above definition of a Ck-chart.

Example Polar coordinates in the plane are defined by z! = rcosé,
2 = rsinf. It is clear that these do not define a C*-chart around
the origin. Even if the origin is removed, they cannot possibly define
a chart. If we follow a circle around the origin and the angle @ varies
continously, it cannot get back to its initial value. But polar coordinates
do define a C®-chart on R? \ {(z!,0)|z! > 0} (difference of sets).

1.4 Differentiation Along a Curve. Local
derivations.

Let f € C®°(U) and let X € T,U. The derivative of f along X, is
defined by f'(p, X) = lim1(f(p +tX) — f(p))- (Apostol II, 8.6). If X
is the i-th basis vector &;, this is simply the i-th partial derivative of f
at p. From the first order Taylor’s formula it follows that f’ (p, X) =
Df(p)(X). (Apostol II, Theorem 8.9.)

In particular, f'(p, X) depends hnearly on X. If X = a'e; +-
+a"2n, then f'(p, X) = a! 24 (p)+- - - +a™ 25 (p). Differentiation along
the vector X is thus a first order dlfferentlal operator which can be
written as a' x|, +- - - +a™ 83,,,|, If g(t) = f(p+1tX), then f'(p,X) =
¢'(0). It follows that f'(p, X) depends linearly on f; i.e.

(i + )0, X) = fig, X) + fo(p, X) and (af)'(p, X) = af'(p, X)-

Thus differentiation along X is a linear differential operator. The prod-
uct rule for derivatives implies an important property for the differen-
tial operator determined by X: Let fi(q) = fi(q) - f2(g),q € U. Let
g(t) = filp+tX),i=1,2,3.

Then

f5(p, X) =5(0)=1(0)55(0)+52(0)91 (0) = (D) (P X) + fo(p) 1 (P, X).-
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Definition: Let X be a linear functional on the vector space C*°(U).
X is a local derivation at p if the following product rule is satisfied:

X (fuf2) = L)X (f2) + (D)X (f1).

It was shown above that differentiation along X is a local derivation at
.

More generally, we may consider differentiation of a function f along
a curve.

Definition: A curve in U with initial point at p is a C*°-mapping c
from an open interval (—¢,€) to U such that ¢(0) = p (thus we always
consider parameterized curves). The tangent vector of c at p is ¢/(0) €
T,U. K c(t) = (' (2), - -, ¢™(t)), then ¢(0) = (¢"'(0), &% (0), -+, ™ (0))-
(Components with respect to the standard basis &y, - - ,Em)-

Derivatives of functions along curves are discussed in Apostol II,
8.15. Let f € C*(U) and let ¢ be a curve with initial point p.

Definition: The derivative of f along c at the point pis %g% 1(fe@)—
£(c(0))) = ¢'(0) where g(t) = f(c(t))-

It is clear that differentiation of functions along a fixed curve is a
linear functional on C*(U).

Proposition 1. The derivative of f along the curve c is equal to the
derivative of f along the vector ¢/(0). ’

Proof: Let g(t) = f(c(t)) and h(t) = f(p +1c/(0)). The chain rule
gives: ¢'(0) = Df(c(0))[¢'(0)] and #'(0) = Df(p)[¢'(0)]; hence ¢'(0) =
k'(0). But by definition ¢’(0) and h'(0) are the derivatives of f along ¢
and along the vector ¢/(0) respectively.

We would ‘also write out the components in the proof. Let c(t) =
(cl (t)’ R cm(t))) then g(t) =f(cl (t), e 1Cm(t)) and h(t) =f(p+(tc1' (0)7
tcZ (0),- - -, tc™ (0))). The classical chain rule gives:

! _ > 6f i’ ! — — 6f i
0 =3 5E@E©) md KO =3 5O,
hence ¢'(0) = k'(0).
q.e.d.

Remark: The form of the chain rule we have used above corresponds
to the chain rule for vector fields in Apostol II, Theorem 8.11 and is
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a better form than the version in Theorem 8.8 in Apostol II. Notice
that we do not talk about the gradient of a function or scalar (inner)
products of vectors here. As you know from Ma 104 the form of the
scalar product depends on the basis. The expression is different in non-
Euclidean coordinate systems. But we want all we do here to be valid
in general coordinate systems. This will become clearer later.

We notice that differentiation along a vector X is a special case of
differentiation along curves. (Let the curve be c(t) = p+tX). On the
other hand the proposition shows that differentiation along a curve c
is the same as differentiation along the tangent vector ¢/(0). Differen-
tiation along a curve is always a local derivation of C*°(U). Thus the
set of all curves with initial point at p and the set of tangent vectors at
p, T,U, determine the same set of local derivations at p.

Definition: The curves c;(t) and co(t) with initial point at p are
equivalent if they define the same local derivation at p.

Corollary. The curves c;(t) and c;(t) with initial point at p are equiv-
alent if and only if ¢} (0) = c,(0); i.e. they have the same tangent vector
at p.

Proof: If ¢,(0) = c,(0) the two curves are equivalent by the proposi-
tion. Conversely, if ¢j(0) — c;(0) = X # 0 it is easy to see that there
must exist a function f in C®(U) such that f'(p, X) # 0. Then the
curves must define different local derivations.

q.e.d.

From the corollary it follows that we may consider an equivalence
class of curves with initial point at p as a vector in T,U =~ R™; hence
the set of equivalence classes of curves is identified with a vector space.
(The set of curves is not a vector space).

We have seen that a vector X = a'&;+- - -+a™&, in TpU determines
a local derivation j(X) = alﬁf +-- 4 a"‘a—f; in C®(U)* (the dual
vector space of C®(U)). (“Differentiation along the vector X™). It is
clear that j is a linear map from T,U to C®(U)*, which has infinite
dimension (see Problem 14), whereas j(T,U) can have dimension at
most equal to m. By the corollary it follows that j is injective (different
vectors determine different local derivations), hence j(TpU) actually
has dimension m. Moreover, we know that j(TRU) is included in the
subspace of C®(U)* which consists of local derivations at p. We will
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now show that this subspace has dimension m and hence must be equal
to j(TpU).

Lemma 1. Let f,g € C®(U) and let X be a local derivation of
C>(U) at p. Assume that f = g in a neighbourhood of p. Then

X(f) = X(9)

Proof: Let h= f— g, then h = 0 in a neighbourhood V of p. Let k
be a C®-function on U such that k = 0 outside V and k(p) = 1 (See
Problem 14). Then h - k = 0, and

0 = X(hk) = h(p)X (k) + k(p) X (h) = 0+ X (h), i.e. X(f)= X(9)
g.e.d.

Lemma 2. Let V be a convex, open neighbourhood of 0 in R™. Let
f € C®(V) and f(0) = 0. Then there exist functions g; € C®(V),i =
1,---,m such that:

(1) f(zl:'”)xm)=Z$igi(xl)"'azm) f01'$=($1,~-~,$m)€U
i=1

O
(2) g,~(0) - or (0),1 =1-.--,m
Proof: Let z € V and let h.(t) = f(tz) for t € [0,1]. Then

7(@) = f(z) = £(0) = he(1) = ha(0) = [ He(t)at

xt

1, m 1
= /Zl -6—f- (tz)z'dt = ;x‘ %(tzl, oo tz™)dt
0 = =1 0

q.e.d.

Proposition 2. Let U be an open domain in R™ and let p € U.
Then the set
{z2xlps ) 50=p} is & basis for the vector space of local derivations

of C®(U) at p.

Proof: Since 2|, = j(&) (differentiation along the i-th basis vector)
it follows that the %I,‘, are linearly independent, i = 1,:---,m. It
remains only to show that if X is a local derivation at p, there exists
constants al,---,a™ such that

X=a i +...+ami

i 0
oz o [ T R AP FOLY " 0
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for all f € C®(U). Now X(1) = X(1-1) = 1-X(1)+X(1)-1=2X(1),
hence X (1) = 0 and X (c) = 0 for any constant function c.

By translation we may assume that p is the origin. By Lemma 1
we may assume that U is a convex neighbourhood of 0. Then X(f) =
X(f — £(0)), and we may use Lemma 2 on the function f — f(0).

We have:

X(f) = X(f - F(O) = X(ﬁ_fjl P, -, z™)

=iX(zi)gi(O’01"°,O)+0=ix(zi)%(0$0,"'90)°

i=1 i=1

Hence

m
X(f)= ga‘gi,-(p), where o' =X(z'),i=1,"--,m.
= q.e.d.
Hence the vector space of local derivations of C*(U) at p is now iden-
tified with the vector space T,U (by the isomorphism j).

It is clear that the definitions here are independent of what kind of
coordinates I use. The derivative of the function f along the curve cis
% f(c(t)); and the coordinates do not enter here. It is only when I want
to actually compute this that I must choose a coordinate chart. If I
choose Euclidean coordinates as above, the curve c(t) may be expressed
in terms of its components: c(t) = (z'(t),...,z™(t)). Suppose I have
another coordinate chart (V,y) around p = c(0), then y = (*,---,¥™)
where 3¢ = 3¥(z?,---,2™),i=1,2,---,m.

Obviously, we must now express the function f as a function f! of
the new coordinates (3%, --,y™); ie. f/¥, -, y™)=f(' @', -, 9™,
x2(yl: Tt ,ym),, ot ,zm(yl’ T ’ym)), the curve C(t) as yi = yi(t))i =
1,---,m, where () = 3*(z'(£), - ,z™(t)) and compute &, _.f (' (®),
- y™(8) = T 55 (w(0)y (0).

Hence when I have a coordinate system (V,y) around p, I can com-
pute the derivative of functions along curves. I do not have to know
in advance what kind of coordinates I work with. This is an important
property of the differential calculus developed here. It is not shared by
the usual integral calculus. Let I be the integral of f over U; i.e.

I=/f(xl,-~,:1:"‘)d:z:1-~da:"‘.
U

Let (V,y) be another chart on U. To compute I with respect to the new

coordinates, it is not correct to simply compute [ f'(*,---,y™)dy" - - - dy™.
y(v)
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The change of variable formula tells us that

1= [ Pt ety dy
y(U) o

(Apostol II, 11.32).
In a later chapter on integration on manifolds we consider integra-
tion of differential forms, which can be computed by the same rule in

all coordinate systems.



Chapter 2

Differentiable Manifolds

2.1 The sphere as a differentiable mani-
fold

Let S? be the 2-sphere in R3, i.e.
§? = {(@',2%,2%)|@")* + (&) + (=°)* = 1}.

The 2-sphere can also be given parametric representations. Spherical
coordinates in R3 are defined by: z! = psin¢cosf, 22 = psingsiné,
2% = pcos¢. These define a- C®-chart for certain domains in R, f.eks.
for the first octant: {(z',z? z%)|z!,22,2° > 0}. S? is then described
by the equation p = 1; i.e. ¢ and @ are parameters. The part W of S?
in the first octant is described by (¢,0)e(0,3) x {0,%). A function on
W may then be expressed as a function g(¢,0), (¢,0)e(0,3) x (0,%),
and may be differentiated with respect to ¢ or 6. Just as in the case of
planar polar coordinates however, ¢ and 6 do not define a satisfactory
coordinate system for the whole sphere. We now describe two paramet-
ric representations which together will cover all the points on S%. Let N
be the north-pole: N = (0,0,1) and S the south-pole: S = (0,0,-1).
Let U = S?>\N and V = S%\S. Stereographic projection from the
north-pole maps a point P = (z!,z2,z3) in U to the intersection point
of the line through N and P with the (z!,z?)-plane. A simple picture
shows that stereographic projection from the north pole is defined by:

1
(z',2%,2%) = u= (u',u?) = -1-—_?(3:1,3:2).

Similarly, stereographic projection from the south pole maps V onto
R? by:

1
1,2 .3 — (1] 2,2y — 1,2
(e',2%,2%) = v = (0},0") = 70— (", 2*)
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All points on S? are described by these coordinates (UUV = S?). The
points on UNV = S2\(NUS) are given two sets of coordinates: (u',?)
and (v!,2?), both in R?\(0,0). The coordinate transformation formula

are given by v - u~! on R?\(0,0). Here

1
1.2y . (o] 22) 1.2
(:c,a:),'v—('u,v)—l xa(x,z).

— (2] 22} =
u—(u,u)_l—xa

Hence v - u~! is given by

(ul’u2) - (vl,v2) = 1+2°

Here

1-2° (1-2%? (1-2%% 1 1
1+ 1-@)2 @2+ @2 @2+ @)?  |ul?’

and (v',2%) = Tulﬁ!(“l: u?). The coordinate transformation formula
(from U- to V-coordinates) are given by the C*°-map
(u!,u?) — m(ul,uz) from R?\(0,0) to R?\(0,0). This map is
its own inverse, hence it is also a C*-diffeomorphism.

Let f be a function in a neighbourhood of a point Pin UNV. f
can then be expressed as a function fy(u!,u?), (the local expression of
a f in (u!,u?) coordinates) or as a function fy(v',7?). Then

1 2

WD = I (s r P T @r

) = folal,u®);

ie. fu=fv-v-ulor fy-u=fr-v=_,.

Since v o u~! is a C®-diffeomorphism, fy is a C*¥-map in a neigh-
bourhood of u(P) if and only if fy is a C*-map in a neighbourhood of
v(P). If this is true, we say that f is a C*-map in a neighbourhood of P.
In order of this to be well defined, it was necessary that the coordinate
transformation formula v o u~! was a C*-diffeomorphism (Otherwise
the local expression of f could be a C*-map in one coordinate system,
but not in another).

A C*k-chart is a homeomorphism g = (g',4?) from an open con-
nected subset G of S? to an open domain in R? such that the local
expression of g,gou~! and gov~! in GNU and G NV respectively,
are C*-diffeomorphisms. If f is a function from S2 to R, then f is a
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C*-function if and only if the local expression of f with respect to any
C*-chart is a C*-function. (Check that (W, (¢,6)) is a C*-chart).

In calculus the tangent plane to S? through a point P in S? is
defined as the two-dimensional vector space of all tangent-vectors to
all curves in S? with initial point at P. (Apostol II, 12.3). This is
a subspace of T,R3, and its definition depends on regarding S? as a
subset of R3. An intrinsic definition of tangent space should refer only

to the space S? itself. Another point is that we cannot define directly
what the derivative of a C*-function f along a tangent vector should
be, since f is not in general defined for points outside S2. But we can
define the derivative of f along curves in S? with initial point at P.

A (C*®) curve in S? with initial point at P is a map ¢ from an
interval (—¢, €) to S? such that the local expression of ¢ with respect to
any C®-chart (G, (¢, %)) is a C*-map and such that ¢(0) = P. (The
local expression is t — (g'(c(t)), g*(c(t))), but this is often written
simply as t — (g'(t), g%(t)) if no confusion can arise). A curve with
initial point at P defines a local derivation X at P of C>(S%, R) (the
C*-functions from S? to R); i.e. a linear map X from C*(5% R) to
R such that X(f - 9) = f(0)X(g) + 9(P)X(f). Here X(f) is defined
as 4 oS (c(?)). (Use the product rule for derivatives as in Chapter I).
Two such curves are equivalent if they define the same local derivation
at P.

The tangent vector of the curve c(t) = (z'(t), z%(t), z3(t)) is ("' (0),
22 (0),z%(0)). Let the local expression of c(t) be: t — (g'(t), g%(t)) as
above; then '

c(t) = (z'(g'(t), 8 (1)), 22(9" (1), 8 (1)), z°(9" (), 4°(1)))

and
2
C’(O): (; 61‘ g (0) 2632 '(0) ; a ’ 1(0))

A function f can be expressed as a function of g' and g? locally; i.e.
f(g',9%). Then

&)=L fe0.80) =20+ 2 0
It follows that two such curves are equivalent if and only if they have the
same tangent vector at P. The tangent plane of S2 at P may be defined
intrinsically as the vector space of local derivations at P of C>®(S%, R)
or the space of equivalence classes of curves with initial point at P. It
follows from Chapter I that these vector spaces are isomorphic.



12 Calculus ...

2.2 Differentiable Manifolds

We now generalize the ideas in the preceding section to define differ-
entiable manifolds. Roughly, a differentiable manifold is a space which
can be covered by charts such that the coordinate transformation for-
mulas are C*°-diffeomorphisms.

Let M be a HausdorfT topological space.

Definition: M is locally Euclidean of dimension m at a point p if
there exists an open neighbourhood V of p in M and a homeomorphism
from V onto an open subset of R™. M is a (topological) manifold of
dimension m if M is locally Euclidean of dimension m at every point

D

A chart on a manifold M of dimension m consists of a pair (U,z)
where U is an opeh subset of M and z a homeomorphism from U onto
an open subset of R™. An atlas is a family of charts (U;, z;) such that
U;U; = M. By definition any manifold of dimension m has an atlas. If
(U,z) and (V,y) are two charts, we have coordinate transformations:
y-z-':z(UNV) — y(UNV). Obviously these are homeomorphisms
between open subsets of R™.

We do not discuss topological manifolds here, but specialize to dif-
ferentiable manifolds. If f is a function from M to R, f has local
expressions as a function of z = (z,-- -,z™) for any chart (U,z). We
would like to define f to be a differentiable function if these local ex-
pressions are always differentiable. If the coordinate transformations
formulas were not differentiable, it would be possible for the local ex-
pression of a function around a point to be differentiable in one chart
and non-differentiable in another.

Definition: Two charts (U,z) and (V,y) are C*-related if the coor-
dinate transformations y o z~! and z o y~! are C*®-mappings (between
open subset in R™). A C™-atlas is an atlas which consists of C*-
related charts.

Definition: A differentiable manifold of dimension m is a topological
manifold of dimension m together with a C'*-atlas.

It is often an advantage to consider the maximal C™-atlas which con- .
sists of all charts which are C*™-related to the charts in the given C*°-
atlas. ' '
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Let (M, A) be a differentiable manifold where A is a C*-atlas for
M. From now on a chart on M will denote a chart which is C*-related
to A, i.e. an element in the corresponding maximal atlas.

Definition: Let f be a function from M to R. f is differentiable if
the local expression foz™! of f is a C*®-function on z(U) for any chart

U, z).

Example 1. Let U be an open domain in R™. The identity function:
z — z defines a chart on U, which obviously is a C*-atlas and makes
U a differentiable manifold.

Example 2. Let M = R (as a topological space). Let f(z) = 73
Then f is a homeomorphism from M to R; i.e. a (topological) chart,
which defines M as a differentiable manifold (M, Az). Let (M, A)
be the differentiable manifold defined by the identity function on M:
z — z, as in Ex.1. These are different differentiable manifolds (with
the same underlying topological space). For example, the function g
from M to R defined by g(z) = z is differentiable on (M, A,); its local
expression is simply: £ — z. But with respect to the second chart, the
local coordinate of a point z is z°. Hence the local expression of g is:
z3 — z or: y — y'/? which is not differentiable at zero.

Let M and N be differentiable manifolds and let f be a mapping from
M to N.

Definition: f is differentiable if for any point p in M there exists a
chart (U, z) around p and chart (V,y) around ¢ = f(p) in N such that
f’s local expression: y o f oz™! is a C*-function.

The space of C*®-mappings from M to N is denoted by C®(M, N).
C*®(M,R) (where R has the standard differentiable structure defined
in Example 1) is simply the space of differentiable functions on M as
defined previously, and is denoted by C™(M).

Definition: A differentiable mapping f : M — N is a diffeomorphism
if there is an inverse mapping from N to M which is also differentiable.
The manifolds M and N are diffeomorphic if there exists a diffeomor-
phism from M to N.

Diffeomorphism is the equivalence relation which is relevant for the the-
ory of differentiable manifolds. (Just as homeomorphism for topological
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spaces). If two manifolds are identified by a diffeomorphism, the whole
theory will look the same. Consider the manifolds (M, 4,) and (M, A;)
in Example 2. These are diffeomorphic differentiable manifolds.

The identity map from M to M is not a diffeomorphism when it
is considered as a map from (M, A,;) to (M, A;). (Its local expression
is £ — z*, which does not have a differentiable inverse). But con-
sider the map g from M to M defined by g(z) = z'/? as a map from
(M, A)) = (M, A;). In local coordinates this is: z — z which is ob-
viously a diffeomorphism from R to R. Hence g is a diffeomorphism
from (M, A,) to (M, A,).

Example 3. The n-sphere S"={(z!,---,z"*)|(z')?+. - -+ (z"*)2=
1} € R™*!. There are stereographic projections from the north pole
and the south pole to R™, which define the n-sphere as a differentiable
structure on S™. Our discovery in Example 2 that the real line R has
different differentiable structures, was not sensational, because these
were diffeomorphic. In 1956 John Milnor made the sensational discov-
ery that the topological space S” has a differentiable structure which
is not diffeomorphic to the standard differentiable structure (he was
awarded the Fields medal in 1962).

It has been long known that for n # 4; any differentiable structure
on R" is diffeomorphic to the usual one. In 1982 Simon Donaldson,
while still a graduate student, stunned the mathematical world, by
proving that R* has “exotic” differentiable structures (not diffeomor-
phic to the usual one, for these there exist compact sets in R4 which
cannot be contained inside any differentiable 3-sphere). For this Don-
aldson used methods from differential geometry and theoretical physics
(Yang-Mills theory) in 1986 he was awarded the Fields medal.

<

»

Example 4. Consider the closed rectangle [0,1] x [0, 1] with the two
horizontal edges removed. Identify points on the vertical edges which
have the same z2-coordinate, as indicated on the figure. The quotient
space M is a differentiable manifold, it is simply the open cylinder.
A neighbourhood around the point in M corresponding to the pair
(0,a), (1,a) is given by half-disks around (0,a) and (1,a) as indicated
on the figure.

S
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‘Example 5. More }detajls for the following examples may be found
in Spivak’s book:

The Mobius strip: /{ “““ {/ .
'\

\

d
The torus: A~ ’ N
The Klein bottle: N

V4

?
I~ lr

The projective plane: € This can also be obtained by

attaching a two-disc to the Mbius-strip along the boundaries.

Example 5. The projective n-space P" is obtained from S™ by iden-
tifying antipodal points p and —p. There is a projection 7 from S™ to
P" sending a point p onto the equivalence class [p, —p] in P*. Clearly
there is a chart (U, z) around any point p in S™ on which = is injective;
hence we may consider this as a chart for the open set w(U) in P™.
This defines a differentiable structure on P*. The inverse image of any
point in P™ under 7 consists of two points in S®. = is an example of
a “two-fold covering map”. For another definition of the differentiable
structure on P", see Problem 21.

Example 6. If M and N are differentiable manifolds, the product
M x N is also a differentiable manifold. If (U, z) and (V,y) are charts
on M and N, we define a chart (U x V,z x y) on M x N, where
(z x y)(u,v) = (z(u),y(v)). It is easy to check that these charts define
a differentiable structure on M x N.

)

We notice that we may always consider a differentiable manifold M
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to be obtained by an identification process. Let (Ua,Z.) be an atlas
for M,a € A. Let X be the disjoint union of the z,(U,). We define
an element v € z,(U,) to be equivalent to an element w € zg(Up) if
v € Zo(Ua N Up) and w = zg 0 27 (v). The quotient space of X under
this equivalence relation may be identified with M.

Example: On S? we have an atlas defined by stereographic projec-
tions: (U,u) and (V,v). Here u(U) = v(V) = R2 and (U N V) =
v(UNV) = R?\ (0,0). The coordinate transformation v - u~! on
R?\ (0,0) is given by (u',4?) = Gyt (u',4?). We obtain S? by
considering two copies of R? and identifying points in R?\(0, 0) by this
coordinate transformation.

2.3 The Tangent Space and the Deriva-
tive of a Mapping

Let M be a differentiable manifold and p € M. The intrinsic definition
of the tangent space of the two-dimensional sphere shows how we can
define the tangent space of M at p.

Definition. A C*-curve in M with initial point at p is a C*°-map
c: (—€€) = M,c(0) = p. A C®-curve with initial point at p defines
a local derivation of C®°(M) at p: f — %, f(c(t)). Two such curves
are said to be equivalent if they define the same local derivation. Let
(U,z) be a chart around p,z = (z',---,2™). Then the curve c(t)
has a local expression around p : t — (z!(t),---,z™(t)). (We have
written z*(t) for z*(c(t))), and the equivalence class of c is determined
by (z(0),--,2™(0))-

Definition. The tangent space of M at p, M,, is the vector space of
local derivations of C*(M) at p.

If f,g € C*°(M) and f = g in a neighbourhood of p, then X (f) = X(g)
for any local derivation X of C*(M) at p. This follows because the
proof of lemma 1 in Chapter I is valid in a differentiable manifold.

Lemma 1. Let U be an open ngighbourhood of pin M and let f €
C(U). Than there is a function f € C°°(M) such that f = f on some
neighbourhood of p.
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Proof: Let V; and V; be neighbourhoods of p such that p € V; CV; C
Vo C V2 C U and g a function in C®(M) such that g=1on V3,9 =0
outside V2. (See Problem 14). Then f - g = 0 outside V; and may be
extended to a function f on M which is zero outside V2 and equals f
on V;. q.e.d.

Corollary. The vector space of local derivations of C*®(U) at p is
naturally isomorphic to the vector space of local derivations of C*(M)

at p.

Proof: IfY is alocal derivation of C®(U) at p, we can define a local
derivation Y of C®(M) at p by Y(f) = Y(f|[U). The linear map
Y — Y has an inverse, which may be defined as follows: Let X be
a local derivation of C®°(M) at p, let f € C®(U) and let f be as
in Lemma 1. Define X'(f) = X(f). It then follows that X'(f) is
independent of the choice of f. X - X'isinverseto Y — Y. qed.

We may take (U, z) to be a chart on M with p € U. Since z(U) is
an open subset of R™, it follows from Proposition 2 in Chapter I that
the set of equivalence classes of C®-curves with initial point at p is
identified with the tangent space Mp. Also, the set (% lps* Ef;l,,)
constitutes a basis for M,. '

We recall from Chapter I that if f : U — R™ is a differentiable
mapping from an open domain U in R™ to R", the “derivative of f
at p”, Df(p) is a linear map from T,U to TyxR",p € U. In this case
T,U and Ty R™ were identified with R™ and R” in a natural way, and
Df(p) was given by the Jacobian matrix (—L'v)l <i<n1<j<m,
(relative to the bases (&ilp,- - < Emlp) and (E1l7()s "+ Enls)) for T,U
and Ty R™). If I use other coordinate systems around p and f(p),
however, the local expression of f around p will change, and we get a
new Jacobian matrix. Let z = (z!,---,2™) and y = (¥,---,y") be
the natural coordinate systems in U and R". Let (U’,u) and (V’,v) be
charts around p and f(p) respectlvely The new local expression of f
around p is now given by f =vo fou~!. Let f: U — R™ be given by
vt =1 (zt,---,2"),i=1,---,n. Then

f(ula' o ’um) = [vl{yl[xl(ul’” : aum)»'” ’xm(ul’_” ,um)],. o :yﬂ
[xl(ul" ot ’,u’m)’. o 7$m(ul)' o ’um)]},. o ,vn{yl[ml(ul’. o ,um)’. )
x‘"‘(ul’ ces ’u’")]’. .. ’y"[zl(ul’. .. ’u‘”‘)’ cee ’x"'(ul,. .. ’u”‘)]}]

The v''s are then composite functions of the u'’s, we can write

f@!, -, u™ as v =2'(ut,---,u™),i=1,---,n.
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Then the Jacobian
a(v‘,---,v") - a(v‘a"”v") . 6(?/1’”" n) . a(zl’,“,zm)
aul,---,u™) 8@, --,y") d(z',---,z™) dul,---,u™)

In a more compact notation: % = % . % . %ﬁ - this is simply the chain
rule. But this is the matrix of the linear map D f(p) with respect to new
bases in T,U and Ty R" obtained by change of bases with matrices
3; and & respectlvely (See Appendix and Problem 7). In elementary
calculus one usually consider Cartesian coordinates to be a prefered
coordinate system. It now becomes an advantage, however, to think of
U as an abstract space and z = (z!,---,z™) as just an arbitrary way
of assigning coordinates to points in U, which is no better than other
coordinate system. (Think of an abstract vector space V; each choice
of basis assigns coordinates in R™ to elements of V, but no choice is
prefered over others).

When dealing with differentiable manifolds this point of view be-
comes imperative. Hence the tangent space of M at p should be de-
fined as a vector space independent of any particular coordinate system
around p, this we have already done by defining M, as the vector space
of local derivations at p. It was seen in Chapter I that U, is naturally
isomorphic to T,U. It is then desirable to define the derivative of f
at p, f.(p), directly as a linear map from Uy, to Rf, such that f.(p)
corresponds to D f(p) under the natural isomorphisms:

Df(p)
T,U — Ty,»R®  (the diagram commutes).

~ ~

fu(p)

Up — Rjg |

Let X € U, i.e. X is a local derivation at p. To define f,(p)(X) as a
local derivation at f(p), we must define f,(p)(X)(g) for g € C*(R™).
The natural way to define this is by f.(p)(X)(g) = X(g- f). (X can be
applied to g- f, which is a function on U). 1t is straightforward to verify
that f.(p) is a linear map from U, to R},. (See Problem 8a)). Under
the natural isomorphism between T,U and U, the basis &lp,- - ,&mlp
corresponds to %—erp,- . ,%Ip, simila.rly the basis &|z(), " 1 Enlfr(p)
for Typ)R™ corresponds to E‘rlp, By =2-|,- To show that f.(p) corre-
sponds to Df(p), it is then sufficient to show that the matnx of f.(p)
with respect to the bases ——rlp, .-, 8:,,. |, and ""f' f®) 8y,. |p is the

Jacobian (gg) (p). (fi =4 o f) (problem 8b).)

Let M and N be differentiable manifolds and f € C®°(M,N). Let

p€ M and ¢ = f(p).
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Definition: The derivative of f at p, f.(p), is the linear map from M,
to N, defined by f.(p)(X)(g) = X(go f) for X € Mp, g € C>=(N).

If (U,z) is a cha.rt around p and (V,y) is a chart around ¢, let B =
("‘i“m *ty Bzm |p) and C = (_qu’ By Iq) be the corresponding
bases for M, and N, respectively. Then the corresponding matrix
f.(p)$ is the Jacobian matrix for f's local expression at p.

To visualize the derivative, f.(p), it is often useful to think of tan-
gent vectors as equivalence classes of curves. If c(t) is a C*-curve with
initial point at p, then f(c(t)) is a C®-curve in N with initial point at
g. If ¢1(t) is equivalent to c,(t), then f(ci(t)) is equivalent to f (ca(t))-
Hence f induces a map between equivalence classes of curves, it is easy
to check that this must be f.(p). For let X be the local derivation
defined by c(t); i.e. X(g9) = du_og(c(t)),g € C®(M). Let h € C=(N).
Then f£o(p)(X)(h) = X(h- ) = %,o(h - (V) = i oh(f (D)), e
f.(p)(X) is the local derivation defined by the curve f (c(t)). Hence the
derivative f.(p) just corresponds to taking the image of C*°-curves with
initial point at p under the mapping f. If (Ua,Za) is a chart around
p, we can define the i-th coordinate curve M through p by its local
expression:

t— (l‘},(p),- e ,.’L'::l(p),.'l:;(p) + tix:‘:l(p))' o 1I:(p))7i = 1) e,

(i.e. we let the i-th coordinate vary and keep the other ones fixed). The
equivalence classes of these curves define the basis in M, corresponding

to (%"Im " B |p)
If 7 is a vector m M, then ¥ has a column vector 7> relative to the

basis (g}:lp, . ’8:!." |p)

!
17°‘=( : ) where 'v—Zv 62’

m i=1

(——*el 7. © is called a contravariant vector. In classical books a vector
was defined by its components. A set of n components was assigned
for each coordinate system, in order that these define a contravariant
vector they must transform according to the above rule under change
of coordinates.
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Proposition 1. Let f € C®(M,N) and g € C*(N, P). Then
(g- fe(@) = 9.(f () - fu(p)-

2.4 The Cotangent Space and the Differ-
ential of a Function

From linear algebra we know there is a bilinear pairing between a vector
space V and its dual V* which we denote by (v,v*), (See Appendix).
Each v € V determines a linear functional e, on V* defined by e,(v*) =
v*(v). Let M be a differentiable manifold and p € M.

M, is a subspace of the dual space of C*°(M), hence each function
f in C*®(M) defines a linear functional on M,: Let A be a C*-curve
with initial point at p, and define (), f) = gz’:;of (A(2)), i.e. the local
derivation defined by X applied to f. Let H, = {f € C®°(M)|{(A, f) =0
for all curves )\ with initial point at p}, i.e. Hp is the vector space of
functions f such that all directional derivatives of f at p are zero.

Definitions: The cotangent space of the differentiable manifold M at
p, M}, is the quotient vector space C*°(M)/Hp. Hence My is a vector
space of equivalence classes of functions, two functions being equivalent
if all their directional derivatives at p are identical. If (U, z) is a chart
around p, f is equivalent to g if -gxé(p) = g—f;(p),i =1,---,m. Also, f
and g are equivalent if they define the same linear functional on M,,.

Definition: The eQuivalence class of f in M is called the differential
of f at p and denoted by df,. p is a critical point for f is df, =0. pis
a regular point for f if it is not critical.

It is immediately clear that if f = g in a neighbourhood of p, then
df, = dg,. Let V be an open subset of M, let p € M and let f be a
C*-function defined on V. Let f be as in Lemma 1, and define df, as
df,, it is clear that this is well-defined.

Proposition 2.
d(f +9)p = dfp + dgp
d(@f)p = adfy - (a € R)
d(f - 9)p = f(p)dgy + g(p)dfy .
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Proof: The two first relations are obvious. Let A be a curve with
initial point at p. The proposition follows from the relation

4 {000 - s00) = S0 5, J00)+ 901, OO

Proposition 3. Let (U,z) be a chart around p. Then dzy,---,drg
is a basis for Mp.

Proof: Suppose a function f has the local expression f(z',---,z™)
and ) is a curve with initial point at p. Then
d £ m
D=3 T@OWO), ()

-S o Ssom-E ok

‘l—l
hence df, = ;&Ldz' It only remains to prove that the dz‘ are lin-
early independent. We can evaluate dx' on the bams vectors of M,
corresponding to the coordinate curves A A,y =% t_o:t: 1(A;(2)).
But );(t) has local coordinates (z'(p), - - , 2’ (p)+t,- - - ,z™(p)) hence
(/\,(t)) = 7i(p) if j # i,2°(\i(t)) = z*(p) +t. Hence ()j,2°) = & =
1 ifj=1
{0 if j#14
It follows that dz},---,dzy* are linearly independent.

Corollary. The cotangent space M, is the dual vector space of M,.
The basis |
{dz},---,dzP} is the dual basis of {z2rlp, ", 5omp}-

This is clear since the dimension of M; has been shown to be m. Also:
(8;.1 |P: ) = (A.h t) - 6'
Let f € C®(M). The computation in the proof of Proposition
shows that
dfy = 8& (p)da:‘ This gives precise meaning to a classical formula
for the dlﬁerentlal of a function. If (V,y) is another chart around p,
then
of 3y’ ( oy 3f)
J}__; dyJ ;; By 61:‘ = g Z 33; Oy P
Hence, by a change from y- to z-coordinates, the components of the
vector df, € M, is changed by the matrix
o o o
g:z, e I

o™



22 Calculus ...

which is the transpose of the Jacobian matrix for the change from X- to
Y-coordinates. Of course we could also find this matrix by expressing
the old basis in terms of the new ones: dy; = 3 g;dzg

j

We see that the transformation matrix for M, is the transpose of
the inverse of the transformation matrix for M, when we change from z-
to y-coordinates. Vectors in M, are called covariant vectors. Thus the
somewhat mysterious definitions in classical texts which prescribes that
the components of a covariant vectors transforms in a different way from
the components of a contravariant vector is given a natural explanation,
they belong to different vector spaces, and the bases associated with a
coordinate system are dual of each other. In Problem 19 the relation
between the transformation matrices for pairs of such dual bases is
studied in general. _

Let f € C®°(M,N) and p € M,q = f(p) € N. Let g; € C°(N),
then g; o f € C®(M). If dgy, = dga, it follows easily that d(g1 o f)p =
d(gz © f)p, hence the map g — f o g from C*(N) to C*°(M) induces a
linear map from N to M; which we call f*(p). (Notice that we cannot -
call this f*(g); if w € N; and p1,p2 € f~(g), we would not know if
f*(g)(w) should belong to Mp; or Mp,). Let A be a curve with initial
point at p, and [)\] the equivalence class of A in M. Then

d

(1, *@)dg)) = (N, dlg o 1)) = 5, 9UOD) = (LB, do)

Hence f*(p): N; — M is the adjoint of the linear map fo(p): Mp— Ny

Let (U,z) be a chart around p and (V,y) a chart around g. Let
the local expression of f around p be given by ¥* = 3*(z!,---,z™),i =
1,---,n. Then

PO = 0@, 2 = 3 o,

j=1

hence the matrix of f*(p) with respect to the bases defined by these
charts is the transpose of the Jacobian matrix (gﬁ-}) (Compare Prob-
lem 19b)).

Proposition 4. Let f € C°(M,N) and g € C®(M, P). Then (go
£)*(p) = £*(p) o g"(f (0))-

Proof: Let h € C®(P). Then (gof)*(p)(dh)=d(ho(gof))p-g*(f(p))(dh)=
d(ho g)s(z) and f*(p)(d(h o 9)s») = d((hog) 0 flp = d(ho (g0 f))p-
, q.ed.
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2.5 Immersions and Submanifolds

Let M, N be differentiable manifolds with m = dim M,n = dim N. Let
f: M — N be differentiable.

Definition. f is an immersion if f,(p) is injective for all p in M.

It follows that f,(p) is an isomorphism from M, to an m-dimensional
subspace of Ny(); i.e. the tangent space M, is injectively embedded
in Njyp). The rank theorem (Problem 15) gives information on the
local structure of f around p. Since the rank of f must equal m
in a neighbourhood of p, there are charts (U,z)_ around p and (V,y)
around f(p) such that the local expression of f in U is: (z?,- - , ™) —
(z!,--+,2z™,0,---,0). In particular, f is locally injective. -

Examples.

1. The standard injection of R™ into R™ (n > m).

2. An immersion is not always injective. The following figure illus-
trates a non-injective immersion of R into R2.

A

3. An injective differentiable map is not always an immersion. Ex-
ample: Let f : R — R be given by f(z) = z3. Then f£,(0) has
zero rank.

Let f : M — N be an injective immersion of M into N. Since f maps
M bijectively onto the image f(M), we may consider f(M) as a differ-
entiable manifold. (The differentiable structure on f(M) transported
from M by f).

In addition f(M) has the structure of a topological space as a sub-
space of N. The injective immersions of R in R? indicated by the
following figures show that these structures on f(M) are not always
compatible. ‘

4.

(e.g. consider neighbourhoods of p in these two topologies).

¢
H
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In general, let M be a differentiable manifold, and M; a subset of M
which is a differentiable manifold in some way. M, is an immersed
submanifold of M if the inclusion map i : M; — M is an immersion.
In this case, if p € M, it follows that there existsa neighbourhood U
of pin M; (manifold topology) and a chart (V,y) around p in M such
that UNV = {q € V,y**'(q) = --- = y™(g) = 0}. This shows that
a neighbourhood U of p in M is embedded in M as R* in R™, but
it does not tell us how M; lies in M in a neighbourhood of p. This is
because M; NV can be much bigger than U N V. In Problem 36 it is
shown that the real line R can be a dense, immersed submanifold of
the torus T? (although each little neighbourhood of R is embedded in
T? as R in R2). '

Definition. f: M — N is an imbedding if it is an injective immer-
sion and a homeomorphism onto the image f(M) with the subspace
topology induced from N.

In this case f(M) as a topological subspace of N has a differentiable
structure.

The subset M; with a manifold structure of M is a submanifold of
M if the inclusion map i : M; — M is an imbedding. In this case a
manifold neighbourhood U of p in M, is also a neighbourhood in the
subspace topology, and consequently there is a chart (V,y) around pin
M such that VN M; = {g € V : y™(q) = 0}. In this case we can truely
say that “locally” Mj lies in M as R* in R™.

If M, is also closed in M, it is called a closed submanifold of M.

Let f € C®°(M,N) andpe M,g€ N.

Definition. p is a critical point for f if the rank of f.(p) is less than
n(= dim N). p is a regular point for f it is not a critical point. g is
a critical value for f if there exists a p in M such that p is a critical
point for f and g = f(p). ¢ is a regular value for f if it is not a critical
value. :

Note that if ¢ is a regular value, then all points in f~!(q) are regular
points. Also, if ¢ ¢ f(M), then ¢ is always a regular value for f
(although ¢ is not a value for f at all!).

If M=R™and N = R, m = 1,2 we know quite a bit about critical
points already (local maxima and minima, hyperbolic points, etc.).



Differentiable Manifolds 25

Theorem. Let f € C®°(M,R) and assume that g is a regular value
for f. Then f~1(g) is a closed submanifold of M of codimension one or
empty.

(Codimension one in M means dimension one less than M).

Proof: Let p € f~'(q). Then the rank of f,(p) is one by continuity it
follows that the rank of f, is one in a neighbourhood of p. By the rank
theorem there is a local chart (U,z) around p in M such that f’s local
expression is (z!,---,z™!,z™) — z™. Hence the local coordinates of
“the points in f~1(g)NU are those which are of the form (z*,---,z™ L, q).
We may then consider U N f~(q) as a local chart around p in f —g),
with coordinates z!,---,z™ L. In this way we get an open covering of
£-1(q) by charts, and we only have to check that these are C*-related.
Let (V,y) be a different chart around p in M as above; i.e. f's local
expression is (¥, -+,y™ %, y™) — y™ and f~'(g) NV consists of the
points with local coordinates (y,--- ,¥™1,q). The coordinate trans-
formations in M are given by C®-functions: y* = y*(z',---,z™),i =
1,---,m. The coordinate transformations in f —1(q) are just the restric-
tions of these functions to those points with z™-coordinate constant
equal to ¢; here y* = y*(z!,---,z™1),i =1,---,m — 1, which are ob-
viously C*®-function. f~!(g) is obviously closed since f is continuous.
q.e.d.
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Chapter 3

Vector bundles

3.1 The Tangent Bundle

A vector field X on a differentiable manifold M is a correspondence
which to each point p in M assigns a vector X (p) in the tangent space
M,. The tangent spaces Mp,p € M are different vector spaces; hence,
in order to express X as a function in the normal way, it is necessary
to form the union of all M,. Let TM = U M,; (disjoint union) then

X is a function from M to TM with the addltlonal requirement that
X(p) € M, for all p e M.

Let U be an open domain in R™ and X a vector field on U. Since
each X (p) lies in a different vector space U, (or TpU), it is in prin-
ciple not clear what it means that X (p) varies continuously or differ-
entiably with p. In this case this problem is quickly solved however,
when we recall that there is a standard identification of these vectors
spaces by means of the bases (gflp, e b—fﬁlp) (or &lpy++*,Emlp). The
vector spaces Up(TpU) are all identified with a fixed vector space R™
(hence TU = U x R™), and we may regard the X(p)'s as lying in

m .
the same vector space R™. We may write X(p) = Y. a'(p) |y (or
i=1

X(p) = E”:a‘(p)églp) this vector field is continuous (differentiable) if

and only if a*(p) is continuous (differentiable). (Apostol II, 8.4 and
8.18). In calculus books this vector field is often written simply as
X(p) = (a'(p),---,a™(p))). If we give TU = U x R™ the differen-
tiable structure it inherits as a subset of R?™, it is clear that X is a
continuous (differentiable) vector field if and only if X is continuous
(differentiable) as a function from U to TU.

From our present point of view this description is not completely
satisfactory, however, because the way we identify the vector spaces

27
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U, and U, with R™ (p # q) depends on the coordinate system z =
(z!,---,z™). Let y = (y',---,y™) be another coordinate system on U,

m o
then 8—‘:;], = j§l (D)l a.nd

E (p)ay,l

J=

X(p) = za'(p)a—z;l = az,@) '(p)-a;l =

l-l j=1

with bi(p) = i":l 8! (p)a‘(p). Hence (b(p),---,b™(p)) is continuous
(differentiable) if and only if (a'(p), - ,a™(p)) is continuous (differen-
tiable); and although the identification of the tangent spaces at various
points depends on the coordinate system, the continuity (differentiabil-
ity) of the component functions of the vector field does not.

Example. Let U be the upper half plane in R?, and consider polar
coordinates (r,8). The basis (g;, -;,%) is given by

g_axla+ax2a 06+s1n06
or  Or 0z! Or Ox2 oz! ox?

and
o 8! & 0z 9 o
—rsinf@— + rcosf—

36~ 060z ' 9602 3z o2
If we think of T,U instead of Up, we can write the basis as:

(cos 02|, + sin 6&;|p, —7 sin 0&, |, + T cos 6&z|p)-

Let p= (0,1) and ¢ = (1,1). Under the identification corresponding to
polar coordinates 2|, = —z2r|p is identified with

oy _ 1 /= O L /= 0
(60)4 =-V2: 5\/561:1 |q + V2 Eﬁgs—ﬁlq’
(i.e. —&lp is identified with —&|q + €3], instead of with —&,).
Let X(p) be a vector field which is expressed in Cartesian coordi-
nates as

X(p) = o' (z! :1r:2)a 1I + a*(z! :c2) |

with differentiable component functions a!(z!,z?) and &*(z!,z%). We
have:

9 -—cos02- _sinf 0 0 06|+ - U
orlly orle 1 00 8z = sin or r 609’ pev.
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Then
X(p) = (al(rcoso,rsina) - cos 0 + a*(r cos 0, rsinf) - sin O)g-;lp

renstyrand)- 2L 4 et rangy@0) 0
+(—a'(r cos8,rsinf) - + a*(r cos 6, rsin 0) - 60|p

— B0 2, + 805,

where the new component functions
b'(r,6) = a'(r cos 8,7 sinb) - cos 0 + a*(r cos §,rsinf) - sin §

and

b*(r,0) = —%al(rcos0,rsin 6) - sin @ + -}a’(rcos 0,rsinf) - cos

are again seen to be differentiable.

Returning to the general situation, let M be a differentiable man-
ifold and p € M. Locally around p the manifold looks like an open
domain U in a Euclidean space, hence it is easy to define continuity
and differentiability of a vector field X near p. In fact, let (U,z) be a
chart around p, which determines bases FZTL’ e, 70:2""., for M,,q € U.

Then X (q) = )% ai(Q)t'thlq’ and X is continuous (differentiable) in U if
i=1

all the components functions a*(g) are, i = 1, - ,m. It follows from the
above that this is independent of the coordinates z = (z!,--,z™) on U.

Let TM = UM M, as before and let 7 be the projection from T'M onto
q€ '

M which sends M, to g. Then n~}(U) = UU M, can be identified with
4 g€
z(U) x R™ by a map ¢y which is defined as follows: Lett € My, g € U,
and expand £ in the basis %{Iq,"','a%lq, ie.t =Y t‘%‘q. Then
i=1
¢U(D = (zl(Q)a et :xm(Q):tl) "t )tm)‘ The ta‘ngent space Mq = ﬂ-l(Q)
is called the fibre over ¢ in TM; thus the first m coordinates tells us
which fibre  belongs to, while the last m coordinates “the fibre co-
ordinates”, are the components of ¢ with respect to the basis in M,
determined by the coordinate system. Let (V,y) be another chart on

M with UNV # @. Then the elements of #~}(U)Nn~(V) = ll}] M,
qeunv

are coordinatized in two ways: ¢v(f) = (¥'(q),---,y™(q),s",--+,s™)
il m . ;) i m Y .
where t = g:l s'-a?lq. It follows that s' = J§1 %(z(q))tJ.
Hence the coordinate transformation formula in #=(U) N#x~!(V) is
given by

¢V.¢[_jl . (xly.",zm,tl,"’,tm) — (yl(xl’-oo,xm)’...’ym
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v(xl""1$m):zg'y'lf(zl)"'1zm)tj : Z (.’L‘ ) :xm)tj)‘
X

(Notice that the last m coordinates s*,4 =1, --,m depend not only on
thet,i=1,---,m, but also on the point ¢ with coordinates (z',---,z™),
because the matrix for the change of basis (the Jacobian) varies from
point to point). It is clear that ¢v - ¢7' is a diffeomorphism from
z(UNV) x R™ to y(UN V) x R™. A topology can be defined in TM
by requiring the 7=!(U) to be open subset with the topology defined
by the maps @y, here U varies over an atlas of M. Since the coordinate
transformation formulas ¢y o ¢y are diffeomorphisms, {(x~'(U), ¢v)}
defines a C®-atlas on TM. Hence TM is a differentiable manifold of
dimension 2m. The local expression of the projection w with respect
to a chart (7~'(U),dy) in TM and the chart (U,z) in M is given by
(z!,---,z™,t,---,t™) — (2!, -+ ,2™); hence 7 is differentiable.

A section of TM is a map s from M to TM such that 7-s = identity
map. This means that 7(s(p)) = p, hence s(p) € M,; i.e. a section
of TM is simply a vector field on M. By a section we will usually
mean a differentiable section. With respect to the charts (U,z) and
(==}(U), ¢v) the local expression of a section is given by

3(1'1,"‘ ’zm) = (xla”' ,xm’al(zl,.“ ,xm)’“ . ’am(xl’. . ,xm))

(i.e. s(p) = 8::'| ), hence the section is differentiable if and only if

the functlons a are differentiable, i =1,

The tangent bundle TM is called trivial 1f there isa dlffeomorphlsm
¢ from TM to M x R™ such that the restriction of ¢ to each fibre M,
is a linear isomorphism of M, onto {p} x R™. It is clear that if U is an
open domain in R™, then TU is trivial. In general, it is an important
problem to decide if TM is trivial for a manifold M. If TM is trivial
there must exist a differentiable vector field on M which is not zero at
any points of M. (Take ¢~!(¥) where ¥ is a non-zero vector of R™).
An important result in this course. says that there is no such vector
field on S2, hence T'S? is non-trivial. In general TM is trivial if and
only if there exist m differentiable vector fields X, -, Xm such that
X1(p),- -+, Xm(p) is a basis for M, for each p € M. (Problem 20b)).
(Intuitively, we have then an identification of the Mys with R™ which
varies “differentiably” from point to point and is globally defined for
all of M).

We can sum up the data for the tangent bundle of a differentiable
manifold M: TM is a differentiable manifold and the projection 7 is a
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differentiable mapping from TM onto M. Each fibre M, = 7~!(p) is a
vector space. There is an atlas (Ua,Zo) on M and a trivialization ¢q
of 7=1(Ua), i.e. a diffecomorphism from 7~!(Us) to Za(Ua) X R™ such
that the restriction ¢, p of ¢o to M, is a linear isomorphism from M,
to {p} x R™,p € U,. Hence the following diagram commutes:

O-'(U.) 2% zo(U.) x R™
wl m !
Ua — za(Ua)

"where m; is projection on the first factor. For p € Uy N Upg there are
coordinate transformations ¢, g(p) from S-coordinates to a-coordinates
on R™ induced by ¢ap - (#s,)”"; these are simply the usual change of
coordinates on the tangent space from B- to a-coordinates given by
the Jacobian matrix (‘Z—:,i) (p) = da,s(p). Hence we have differentiable
maps @op: U NUg — GﬂL(R'"). ‘

Composition of Jacobian matrices shown that:

(i) Pap = (¢ﬁ,a)_l
(i) Goyy(P) = ba,s(P) - 5~(p) for p € Us NUs N,

We recall that the manifold M could always be obtained by an identifi- -
cation process (se p. 13). We may also consider M as obtained by an
identification process. Let Y be the disjoint union of the z,(Ua) X R™.
An element (u,s) in z,(U,) X R™ is equivalent to an element (v,t) of
z5(Up) x R™ if u € 2o(UaNUp) and v = z5-27(u), t = dpa(z (1)) ().

The quotient space of Y under this equivalence relation can be iden-
tified with TM. Given a manifold M and an atlas {Ua, Zo} we see that
the maps ¢ap : UsNUg — GL(R™) are the essential data which deter-
mine the tangent bundle (the Jacobians tells us how to identify points
in zo(Ua N Upg) X R™ with points in zg(U, N Ug) x R™ when we patch
together the tangent bundle). See also Problem 31.

Let M and N be differentiable manifolds and f € C*(M, M). Then
there is a map f, from TM to TN defined by f.|M, = f.(p). Let (U, x)
be a chart around p and (V,y) a chart around f(p) in N. Then the
local expression of f, around p is given by:

(mla' o ,zm,ul’. °c ,um) - (yl) cot )yﬂ)'vl" ° ,'U")
where y* = yi(z!,---,z™), i = 1,---,n is the local expression of f
. m $ .
around p and v = Y %(zzl, ---,z™)u’. Hence f, is a differentiable
2 Bz

J_
map from TM to TN which maps each fibre M, linearly into Ny(,).
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We express this by saying that f, is a “bundle map” from TM to TN.
The following diagram commutes:

™ 25 TN

lm Il
M L N



Chapter 4

Oppgaver

4.1 Oppgaver

Oppgave 1

La U veere et dpent omrdde i R™ og la f = (f!,---,f™) vere en
funksjon fra U til R™. Lape U.

Definisjon 1) f er deriverbar i p hvis det eksisterer en lineger avbild-
ning Df(p) fra R™ til R™ og en funksjon ¢(?) fra en omegn B,(p) =
{p+7|||5]l <} om ptil R" slik at f(p+2) = f(p)+Df(p)(¥) +|Dlle(?)
der €(?) — 0 nar ¥ — 0. (1. ordens Taylor formel). Df(p) kalles den
(totalt) deriverte av f i p. Se Apostol I1.8.18.

2. f er kontinuerlig deriverbar i p, fglger det at f er deriverbar i p.
(Apostol II, Th.8.7).

a) Vis at hvis f er kontinuerlig deriverbar i p, si er matrisen til
D f(p) lik Jacobimatrisen (gzL;)

b) La L(R™,R") veere vektorrommet av linezere avbildninger fra R™
til R™. Dette er isomorft med vektorrommet av m X n-matriser
og derfor ogsa med R™".

La f veere deriverbar for alle punkt i U. Definer funksjonen Df fra
U til LR™R") : p — Df(p). (Den “deriverte” til f). Vis at f er
kontinuerlig deriverbar i p hvis og bare hvis Df er kontinuerlig i p.
(Topologien i L(R™, R™) er gitt ved identifikasjonen med R™").

33
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Oppgave 2
La f: R®—=R? og g : R®*—R? veere gitt ved: f(z,y,2)=(*+y+2)
+2(z + y + 22)7, g(u, v, w) = ww + wsinj+ u2ek.

a) Regn ut Jacobimatrisene D f(z,y) og Dg(u,v,w).

b) Finn h(u,v,w) = f(g(u,v,w)).

¢) Finn Jacobimatrisen Dh(u,0,w).

Oppgave 3

a) La R veere tallinjen. Definerer funksjonen f(z) = z3 et (differen-
siabelt) kart pd R?

b) La A veere omradet i (r,6)-planet gitt ved 0 <7 <2,0< 6 <8.
Definerer ligningene z = rcos 6, y = rsinf et kart pad A?

¢) La U veere fgrste oktant i R?, dvs.

U = {(z',2?,z%)|z", 2%, =* > 0}.

La p,0,¢ veere de vanlige sfecriske koordinater i U definert ved
r! = psingcos, z? = psinpsin 6,z = pcos@. Avgjer om disse
definerer et kart pa U (svaret skal begrunnes, men helst uten
& finne p,$,0 eksplisitt ved z,y,z). Kan sfeeriske koordinater
defineres slik at de bestemmer et kart pd R? \ {0} (vi bruker en
skrastrek for mengdeteorisk differens).

Oppgave 4

a) La U vere et dpent omrdde i R” og la p € U. Vis at det finnes
&pne omegner V; og Voom pslikat pe VCVIC Vo C Ve CU
og en funksjon f i C*(U,R) slik at f =1 pa V; og f = 0 utenfor
Va.

b) Vis at C!(U, R) har uendelig dimensjon.

Oppgave 5 ‘
La avbildningen f : R3 ~ R3 veere gitt ved f(?) = Av der A er matrisen

1 0 a
(0 2 —3) . Nar definerer f et kart pd R3? Hva er den deriverte av

1 0 1
f i punktet (1.0.2)7
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Oppgave 6

Lap,geR™. Lat, 4 veere vektoren fra p til g, og la t,, veere translasjons-
operatoren ¥ — T+1pg. La Ty, veere translasjonsoperatoren pa C*(R™)
gitt ved Toq(f) = f 0tpy (dvS. Tpq(f)(8) = f(8+50). La Vp o V; vare
vektorrommene av lokale derivasjoner i p og ¢ henholdsvis. Definér
Tog(Xp) = Xp 0 Tpg (dvs. Tpg(Xp)(f) = Xp(f 0 tng)). Vis at Ty €r en
lineeer isomorfi av vektorrommet V, pa V.

Oppgave 7

La V og W vere vektorrom av endelig dimensjon. La B; og B, veere
to basiser for V, la C; og C, veere to basiser for W. La BP? og C7*
veere matrisene for basisskifte fra B til B, og fra C) til C,. La F veere
en lineser avbildning fra V til W, og la Fg“ veere matrisen for F' m.h.t.
basis B; i V og basis C; i W. Hva blir matrisen Fj? uttrykt ved Fgll?

Oppgave 8

La U vere et apent omrade i R™ og la f € CY(U,R™). Lape U
og ¢ = f(p). La V, veere vektorrommet av lokale derivasjoner i p og
W, vektorrommet av lokale derivasjoner i g. Vi definerer en avbildning
fi(p) P& V;, ved fu(p)(z)(9) = z(g o f) for z € V;, 0g g € C*(R™, R).

a) Vis at f, er en lineeer avbildning fra V, til W, (sml. ogsa oppgave

6). :

b) La.(z!,---,z™) og (u!,---,u") veere koordinatene pa U og R™.
Vi bruker de naturlige basiser B; = (Eaf,- . ~,3;‘2,;) og C, =
(8—31-, N 8—3,;) for V, og W,. Hva blir matrisen for f.(p)? Sam-
menlign med matrisen for D f(p).

¢) La (y!,---,y") vare et kart pd U og la (v!,---,v") veere et kart
pa en apen omegn om ¢ i R". Vis at de lokale derivasjoner
(%{, ee %) danner en basis B; for V, (og tilsvarende: (-8%, SRR

BuQ?) danner en basis C, for W,). Hva blir matrisene Bf? og C{??

d) Finn f, (33-;) uttrykt ved (5%, .-, 'a%) og derav matrisen f.(p):.
Verifiser resultatet i oppgave 7.

e) La T,U vere vektorrommet av vektorer med fotpunkt i p. Gi en
fortolkning av den basis som svarer til B, under den naturlige
identifikasjon T,U = V.
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Oppgave 9

La S? veere kuleflaten med radius 1 i R3. La u(v) vaere stereografisk
projeksjon fra nordpol (henholdsvis sydpol). Finn de inverse avbild-
ninger fra R? til §2. Bruk dette til & finne koordinatovergangsformlene
vu~! pd R? ved skifte av koordinatsystem.

Oppgave 10

La f € CY(R%,R). Vis at hvis f er injektiv, ma %; veere forskjel-
lige fra 0 i minst ett punkt. Definer g(z',z°) = (f (z!,z?),z%). Finn
Jacobideterminanten til g, og vis s3 at f ikke kan veere injektiv.

Oppgave 11. (Det implisitte funksjonsteorem)

La U veare et apent omrade i R™ x R™ og anta f € C'(U,R"). La
(a,b) veere et punkt i U slik at f(e,b) = 0. La M vere (n x n)-matrisen
(Ea,% (a, b))l < i, j < n, og anta at determinanten til M er forskjellig
fra null. Definer F : U — R™ x Rn ved F(z,y) = (z, f(z,y)). Vis
at determinanten til den deriverte avbildningen i (a,b); DF(a,b), er
forskjellig fra null. Herav fglger at det finnes en dpen omegn V om
(a,b) i R™ x R™ og en dpen omegn W om F(a,b) = (a,0)i R™" x R"
slik at F : V — W har en invers avbildning A : W — V som ogsa er en
C'-avbildning. (Hvorfor?). Vis at h er av formen h(z,y) = (z, k(z,y))
der k € CY(W,R™). Vis at funksjonen g(z) = k(z,0) definerer en C'-
funksjon fra en &pen omegn om a i R™ slik at f(z,g(z)) = 0 (dvs.
f(z,y) = 0 definerer y implisitt som en C'-funksjon av z i en omegn
om z = a) Anta at n = 1. Finn gf;(a).

Oppgave 12

La A C R™ veere et dpent rektangel og la f : A — R™ veere en C'-
avbildning slik at |§£-| < MpaAforl <i,j <m Visatdaer
|f(z) — f(y)] < m*M|z — y| for alle z,y € A.

Oppgave 13

a) La S? veere kuleflaten i R® med radius 1 og la U veere den del av
S? som ligger i forste oktant, dvs. U = {(z!,z%,2%) € §? |
z!,z%,z* > 0}. La kartet &, = (¢,0) pd U veere definert ved
sfaeriske koordinater, dvs. z! = sin¢cosf,z? = sin¢gsinf,z® =
cos¢. La T,U veere tangentrommet til 5% i p (betraktet som et
rom av vektorer i R® med fotpunkt i p). Finn den basis B; for
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T,U som defineres av kartet ®, (dvs. av koordinatkurvene i ®,).
Basisvektorene angis som vektorer i R3. La s& kartet ®, pd U
veere definert ved koordinatene (z!,z2). Finn den basis B; for
T,U som defineres av ®,, og matrisen B for basisskiftet i T,U.

b) La U, vaere vektorrommet av lokale derivasjoner i p. La B og B!
veere basisene (%, %) og (8%, a—g'f) i Up. Verifiser at matrisen
for basisskiftet i Up, : BB blir den samme som BE? (og altsa er
lik Jacobimatrisen for koordinatovergangen fra (¢, 6) til (z!, z%)).

c¢) La V vere den delen av den dpne enhetsdisken i (z!, z%)-planet
som ligger i fgrste kvadrant, dvs.

V = {(z},z?)|(z")* + (z*)% < 1;2', 2% > 0}.

La kartet ¥, = (z',z%) pd V vere gitt ved de vanlige karte-
siske koordinater, og la C) vere den tilhgrende basis for T,V'.
La kartet ¥, = (r,a) veere gitt ved polarkoordinater, dvs. z! =
rcosa,r? = rsina og la C, veere den tilhgrende basis for T,V.
Finn matrisen C? for basisskiftet i T,V.

d) Vi definerer en avbildning f fra U til V ved a ta projeksjonen av
et punkt i (z!,z?)-planet, dvs. f((z!,z% %) = (z!,2z%). M.ht.
kartene ®; og v; far f lokale uttrykk. f; : ®;(U) — %;(V),i=1,2.
La f. (p)g:'. veere matrisen for D f;(®;(p)). Vis at f.(p)52 = C{? o
fo(D)5: o (B?)7.

e) Hva blir f,(p)32?

Oppgave 14

Vis at funksjonene
(z) = ez for >0
9 0 for z<0

a1(z)
a(z)+a(1-2z)

92(z) =
0og

93(z) = g2(z + 2)92(2 - 7)
tilhgrer C*°(R;R). La M vere en C*™-mangfoldighet, la p € M og la
U vere en apen omegn om p. Vis at det finnes omegner V; og V> om
p og en funksjon f € C®°(M,R)slikatpe VCV i CVo, C WV, CU
og f =1pa VW, f = 0 utenfor V2. Vis at C®°(M,R) har uendelig
dimensjon.



38 Calculus ...

Oppgave 15

a) La f € CX(R™R"), 1 < k < co. Anta at rangen av Df(p)
er k for et punkt p i R™. La (U,u) vare et kart rundt p (der
u= (u ,-++,u™) og la (V,y) veere et kart rundt ¢ = f(p),y =
(y ) ")) Vis at ved evt. & permutere koordinatene u' og
vt ka.n vi anta at |J""—-'Q(p)| # 0 for 4,5 = 1,---,k. Definer
funksjonene z* = y*o f for i = 1,-- kog:z:—u for r =
k+1,.---,n pd U. Vis at funksjonene definerer et C*-kart i en
omegn om p. Vis at f's lokale uttrykk rundt p m.h.p. kartene
= (z,...,2") og y = (¥',...,y") er gitt ved (a',...,a™) —
(@,...,a* ¥**1(al,...,a™),...,¥"(a!,...,a™)).

b) (Rangteoremet). Anta at Df har konstant rang k i en omegn om
p. Laz = (z},...,2™) og v = (v',...,v") vare kart som i a),
dvs. slik at f’s lokale uttrykk i en omegn om p er:

@,...,a™—(a,...,a5 ¥ (d!,...,a™),... ,"(@al,...,a™)).

Betrakt Jacobimatrisen
dftof) (I 0
dzi  \ * (%‘L,,k+l<z,_75n)

og vis at matrisen (%f,k +1 < 1,5 < n) er identisk null i en

omegn om p. Derfor avhenger funksjonene 3*+1,...,9" bare av
(z,...,2%), dvs. vi har ¢"(a) =¢"(a",...,a"), r=k+1,...,m
Definer

Y =1 for i=1,...,k,
=y —9P o@,...,v¥) for r=k+1,...,n
Vis at y = (¢',...,y") definerer et kart rundt f(p). Vis at det

lokale uttrykk til f rundt p m.h.p. kartene z = (z!,...,z™) og
= (y',...,y" blir: (a},...,a™) — (al,...,d,0,0,...,0).

c) Vis at det inverse funksjonsteorem er et spesialtilfelle av rangte-
oremet.

Oppgave 16

La A C R™. A har mal 0 hvis det for ethvert € > 0 ekswterer en fglge
B, ..., Bn,,... avrektangler som overdekker A og slik at Z v(B,) <&,
der 'v(B,,) er volumet av B,. Vis at en tellbar union av mengder av

mal 0 har mal 0. Vis at hvis f € C}(R™,R") og A C R" har mal 0, s&
har f(A) mél 0. (Bruk oppgave 12.)
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Oppgave 17

La gi(R") veere vektorrommet av n X n-matriser. La A € gl(R"). Vis
at rekken I + A+ 3,A%2+--- + ﬁA" + - - - konvergerer mot en matrise
som vi kaller exp(A). Bruk binominialformelen for (A + B)* til & vise
at exp(A + B) = exp Aexp B hvis A og B kommuterer, og slutt herav
at determinanten til exp A alltid er forskjellig fra 0.

La A € gi(R™). Da er exp((t1 + t2)A) = (exp t1 A)(exp t24).
{(exptA)|t € R} kalles en én-parameter gruppe av matriser, og blir en
C>-kurve i g{(R") med fotpunkt i £ (= identitetsmatrisen). Finn den
deriverte avbildning exp, (0).

Vis at exp~! definerer et kart i en omegnom I i GL(R"). LaT €
GL(R™), og la Lt betegne venstre-translasjon med T i GL(R"),dvs.
Ly(B) = T o B. Vis at Lt € C*(GL(R"), GL(R")).

Vis at exp~!-L7! definerer et kart rundt T i GL(R").

Oppgave 18

a) Hvis M er en kompakt, differensiabel mangfoldighet, mé et atlas
for M alltid ha mer enn ett kart.

b) Hvis M og N er diffeomorfe sammenhengende differensiable mang-
foldigheter, ma de ha samme dimensjon.

c) Hvis M er en sammenhengende, differensiabel mangfoldighet og
p, g er to punkter i M, da eksisterer en differensiabel enkel kurve
c: (—1,+1) — M slik at ¢(0) = p. c(%) =q.

Oppgave 19

a) La V vere et endeligdimensjonalt vektorrom og la V* vaere det
duale vektorrom til V. La B, og B, vere to basiser for V og la B}
og B} veare de tilsvarende duale basiser for V*. Vis at matrisen
for basis-skiftet (B})Z: blir den inverse av den transponerte til
matrisen Bf2.

b) La f: V — W vere en linezer avbildning fra V inn i et endelig-
dimensjonalt vektorrom W. Den adjungerte avbildning f* :W*—
V* er definert ved (v, f*w*) = (fv,w*) narv € V, w* € W*.
La B, og C, vere basiser for V og W og la B} og C} veere de
tilsvarende duale basiser for V* og W*. Hva blir matrisen (f ‘)g::
uttrykt ved matrisen fgl‘?
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Oppgave 20

a) Vis at enhver vektorbunt har et tversnitt (med tversnitt menes
differensiabelt tversnitt hvis intet annet er presisert).

b) La E vere en vektorbunt over en differensiabel mangfoldighet M
med fiber RX. E kalles triviell hvis det finnes en buntisomorfi fra
E til den trivielle vektorbunten M x RX som induserer identitets-
avbildningen p& M. Vis at E er triviell hvis og bare hvis det finnes
K seksjoner sy, ...,sk i E slik at s1(p), . .., Sk(p) danner en basis
for fiberen E, over hvert punkt p € M.

c¢) M kalles parallelliserbar hvis tangentbunten TM er triviell. Vis
at sirkelen og torusen er parallelliserbaremangfoldigheter.

d) La M = S C R® og anta p € 5°. Da kan tangentrommet til
M i p identifiseres med et to-dimensjonalt underrom av T,(R%)
(vektorrommet av vektorer med fotpunkt i p). La N, veere det
ortogonale komplement til M i T,(R3) (dvs. N er det vektorrom
som utspennes av normalen til flaten S? i punktet p). La N =

Us N,. Vis at N blir en vektorbunt over M = S2. (Normalbunten
pé :
til S2 i R3). Vis at dette blir en triviell vektorbunt.

Oppgave 21

La P" veere mengden av linjer gjennom origo i R™*! (dvs. P™ er det
projektive n-rom). La H; veere hyperplanet {(z!,...,z"*")|z* = 0} i
R™! og la U; veere mengden av linjer gjennom origo i R™*! som ikke
ligger i H;. Vis at {U;,i =1,...,n + 1} danner en overdekning av P".
Innfgr koordinater p& U; som fglger: la p veere et punkt i U;, dvs. p
er en linje som genereres av en vektor (z!,...,z"*") der z* # 0. Siden
z* # 0 kan vi normalisere koordinatene ved & multiplisere med skalaren
L, og setter:

. oz
z',?(p)=-2—; for j=1,...,i—1

. i o
x-,?(p)=F for j=1,...,n

Da definerer (U;,z},...,z7) et kart pA P". Finn koordinatovergangs-
funksjonene pa U; N U; og vis at kartene definerer et C*-atlas pa P".
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Oppgave 22

La M vere en sammenhengende differensiabel mangfoldighet av di-
mensjon m. La A C M og la (U,,z,) veere et atlas for M. A sies &
ha mal null hvis z,(A N U,) har mal null i R™ for alle .. Vis at dette
blir uavhengig av hvilket atlas som benyttes (bruk oppgave 16). Vis at
hvis A har mal null, er komplementet til A tett i M. La N veere en
sammenhengende differensiabel mangfoldighet av dimensjon n > m og
la f € C'(M, N). Vis at hvis A har mal null i M, s har f(A) mal null
i N (sml. oppgave 16).

Oppgave 23

La 7 veere inklusjonsavbildingen fra sfeeren S? inn i R3, og la (z!, 22, 23)
veere de Euklidske koordinater pd R3. Vis at i*(dz!) og i*(dz?) danner
en basis for kotangentrommet til S? for hvert punkt pd S2 i det gvre
halvplan (z3 > 0). Finn i*(dz®) uttrykt i denne basisen.

Oppgave 24

La det vere determinantavbildingen fra GL(R™) inn i R. Vis at
det.(I) : gf(R™) — R er den linezre avbildingen gitt ved A — trA =
aj+---+apm, der I er identitetsmatrisen og A = (a¥). La B € GL(R™),
da er det (B-C) = detB - detC. Vis at den linesre avbildning
det.(B) har rang 1 for enhver B € GL(R™). La SL(R™) = {A €
GL(R™)|det A = 1}. Forklar hvorfor SL(R™) blir en undermang-
foldighet av GL(R™).

Oppgave 25

La M vere en differensiabel mangfoldighet og la f € C*°(M,R). Vis
at den deriverte av f i et punkt p, f.(p) er det samme som differensialet
av f i p, dfp, nar vi identifiserer kotangentrommet til M i p med det
duale til tangentrommet i p.

Oppgave 26

La V vere et vektorrom av dimensjon m. La B(V) veere mengden av
basiser i V. Vis at ethvert element B i B(V) (dvs. B er en basisi V)
definerer en bijeksjon Xp : C — C® fra B(V) p4 GL(R™). Vis at koor-
dinatovergangsformelen Xp - (Xg)~! er gitt ved venstremultiplikasjon
med matrisen BZ pd GL(R™), og at B(V) blir en m2-dimensjonal
differensiabel mangfoldighet med {B(V'), Xp} gep(v) som et atlas.
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Oppgave 27

a) La M vere en differensiabel mangfoldighet, og la
B(M) = U B(M,). La projeksjonen 7 : B(M) — M vare de-

finert ved at 1r(B(M,)) = p. Vis at et kart (U, X) p& M definerer
en bijeksjon ¢y fra 7#~(U) til X(U) x GL(R™). (Vink: Kartet
definerer en basis (ggf, . 88,,.) i hver fiber Mp, dvs. et element
i B(M,). Bruk s oppgave 26). La (V,y) veere et annet kart,
og la p € U NV. Finn koordinatovergangsformelene ¢, - o;! fra
XU NV)x GLR™) til y(U NV) x GL(R™). Vis at B(M) blir
en differensiabel mangfoldighet og 7 : B(M) — M en differensi-
abel avbildning. B(M) er en “fiberbunt” over M med totalrom
B(M) og fiber GL(R™). (Fiberen er altsd her ikke et vektorrom).

B(M) kalles basisbunten til TM.

b) P4 fiberen GL(R™) ovenfor er koordinatovergangene gitt ved ven-
stremultiplikasjon med Jacobi-matrisen (g"’-;) Det var disse ma-
trisene som ga koordinatovergangene i tangentbunten ogsé, men
da skulle de virke som lineeere operatorer pa vektorrommet R™.
B(M) kalles prinsipalbunten assosiert til tangentbunten TM. Vis
at en differensiabel seksjon i B(M) definerer m differensiable sek-
sjoner i TM. Vis at TM er triviell hvis og bare hvis det finnes en
differensiabel seksjon i den assosierte pnnsmalbunt B(M). (Sml.
oppgave 20).

Oppgave 28

La E veere en orienterbar vektorbunt over en differensiabel mangfoldighet
M. Vis at da blir den duale vektorbunten E* ogsd orienterbar.

Oppgave 29

La M vzre en differensiabel mangfoldighet. En (global) derivasjon
av C®(M) er en linezer avbildning X fra C®°(M) til C®(M) slik at
X(f-g)=X(f)g+ f-X(g). Hvis X er en global derivasjon og p € M,
kan vi definere X,(f) = X(f)(p). Vis at X}, blir en lokal derivasjon av
C>®(M) i p. Vis at X pa denne miten bestemmer et (differensiabelt)
vektorfelt pa M, og at omvendt ethvert differensiabelt vektorfelt pad M
bestemmer en derivasjon av C*(M).
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Oppgave 30. (Sards teorem, lokal versjon)

La K veere et lukket rektangel i R™ med sider av lengde 1. La V' veere
en dpen omegn om K, og la f € C}(V,R™). La C veare mengden av
kritiske punkt for f i K. Vis at f(C) (de kritiske verdier for f) har
mal null. Vink: La f = (f%,..., f™) og definer den affine avbildningen
fo = (f2,-+, /) ved f2(y) = f(z) + Df(z)(y — z) for z € K. Bruk
mellomverdisatsen til 4 estimere f*(y) — fi(y). Bruk den uniforme
kontinuiteten av de partielt deriverte 25. til & vise at det til ethvert
€ > 0 finnes et N slik at ||f(y) — f(z)]| < €llz — y| hvis = og y ligger i
samme rektangel S, der S er ett av de N™ rektangler som fremkommer
ved en partisjon av K i rektangler med side av lengde ﬁ Vis at hvis
z € C, s er f(K) inneholdt i et hyperplan i R™ gjennom f(z). Vis at
det finnes en konstant M uavhengig av S, slik at hvis S er et rektangel
som ovenfor som inneholder et kritisk punkt for f, sa er f(S) inneholdt
i en sylinder med volum < M(4)™e. (Bruk oppgave 12).

Oppgave 31

La M vere en differensiabel mangfoldighet og {U;}ier et C™-atlas for
M. Anta at det er gitt differensiable avbildninger ¢;; : Ui N U; —

GL(R*) slik at
&k (2)Pii(x) = dii(x) for zeU;NU; NU.

(Herav fglger: ¢;;(z)= identitetsmatrisen, ¢;;(z) = @;(z)~"). La T
veere den disjunkte union av U; x R*, i € I. Innfgr en relasjon i T som
fglger: Hvis (z,s) € U; x R* og (y,t) € U; x R* s er (z,5) ~ (v,t)
hvis z = y og t = ¢;i(z)s. Vis at dette blir en ekvivalensrelasjon. La E
vere kvotientrommet T/ ~. (dvs. mengden av ekvivalensklasser). Vis
at projeksjonene 7; : U; x R*¥ — U; definerer en avbildning 7 : E — M.
Vis at E blir en vektorbunt over M med 7 som projeksjon.

Oppgave 32

La V veere et endelig-dimensjonalt vektorrom. Vis at det til enhver
bilinezer avbildning f : V*xV* — R svarer en entydig linezer avbildning
g:T*(V) =V*®V* — Rslik at f = g- h der h er definert ved
h(v*,w*) = v* x w*. '

Oppgave 33

Anta at dim V > 1. Vis at ikke alle element i V* ® V* kan skrives som
v* @ w* der v* og w* er element i V*.
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Oppgave 34. (Sards teorem)

La M og N vaere sammenhengende differensiable mangfoldigheter og la
f € CY(M, N). Anta at dim N = dim M. Vis at da danner de kritiske
verdier for f en mengde av mal null i N. (Du har lov til & bruke at en
sammenhengende differensiabel mangfoldighet kan overdekkes med et
tellbart antall kartomegne Sml. oppg. 30.)

Oppgave 35
a) Gi et eksempel pa vektorfelt X, Y slik at X, = 0, men [X, Y], # 0.

b) La X,Y vere vektorfelt pa en differensiable mangfoldighet M
og la f,g € C°(M). Vis at [fX,gY] = fg[X,Y] - f(Xg)Y +
9(Y N)X.

‘Oppgave 36

a) La S! = {X (mod 1); X € R} veere sirkelen. Vis Kroneckers
teorem: {nb (mod 1);n € N} er tett i S* hvis og bare hvis b er
irrasjonal. ,

(Vink: Vis at for ethvert € > 0, finnes tall n,m (n # m) slik at
|(nb—mb) (mod 1)| < ¢€).

b) Vi kan oppfatte torusen T2 som R?/Z2. Avbildningent — f(t) =
(t,bt) definerer da en differensiabel avbildning f fra R inn i T2
Vis at f blir en immersjon. Vis at bildet til f blir tett i T? hvis
og bare hvis b er irrasjonal.

Oppgave 37
En vektor w i Q%(V) er dekomponerbar hvis w = ¢y, - -, @i der
& € V* =QY(V).
a) AntadimV < 3. Vis at enhver vektor i Q%(V) er dekomponerbar.

b) Anta ¢;,i = 1,2,3,4 er linesert uavhengige i V*. Vis at w =
&1 A 2 + ¢3 A ¢4 ikke er dekomponerbar. (Vink: betrakt w Aw).

Oppgave 38

Anta dimV = m. La T € L(V,V). Den induserte linezre avbild-
ning A™(t) : A™(V) = A™(V) er definert ved: A(T)(1 A+ Adm) =
T*( @) A+ -AT* (dm) - (b1, - ,&m € V*). Innfpr en basis i V, og finn
sammenhengen mellom A™(T') og det T |
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Oppgave 39

La M vere en differensiabel mangfoldighet av dimensjon m. Vis at m
funksjoner f!,..., f™i C®(M) definerer et kart i en omegn om p hvis
og bare hvis df) A--- Adf]* # 0.

Oppgave 40
Vis at de linesert uavhengige mengder av vektorer {vy,---, v} og
{ws,---,w,} er basiser for det samme r-dimensjonale underrom av V

hvis og bare hvisv; A---Av, =cwy; A--- Aw, der c# 0.

Oppgave 41
La w = 13 a;;dz* A dz? der a;; + aj; = 0. Vis at dw = 0 hvis og bare
i,J

hvis 221 4 %k | o —  for alle 4, j, k.

Oppgave 42
La M vere en differensiabel mangfoldighet og w en 1-form pd M. Vis
at 2-formen dw tilfredsstiller:
dw(X,Y) = X(w(Y)) - Y (w(X)) - w([X,Y])
der X og Y er to vilkarlige vektorfelt pa M. )
- Vink: Det er tilstrekkelig a vise dette i lokale koordinater, dvs.
w=Yadd, X=Y¥2, v=yc2
’ 0xz3’ oz
Oppgave 43

La w veere en k-form pa en differensiabel mangfoldighet M og la X
veere et vektorfelt pa M. Vis at Lxw (den Lie-deriverte av w) er en
k-form.

Oppgave 44

Bruk resultatet: d®> = 0 og Poincaré’s lemma til 4 vise de klassiske
resultater fra vektoranalysen i R3:

1) curlgrad f=0 2) div curl X =0.












