
Homework 7 - Algebraic Topology, I.

Exercise 1. Let R be a ring with unit, not necessarily commutative. Let Mn,k(R)
be the set of n by k matrices with coffecients in R. Define the sum and the product of
matrices as usual by

(A + B)ij = Aij + Bij

and

(A ·B)ij =
∑

k

AikBkj

when dimensions fit. The order of the factors in each term in the product is of course
now important.

a) Convince yourself that Mn,n(R) is a ring.

We now consider Rn a right R-module (meaning that we have scaler multiplication Rn×
R → Rn from the right satisfying both possible distributivity laws and the associativity
law). Matrices now define a right R-module morphism (preserving the right R-module
structure) from Rk → Rn by multiplication on vectors from the left. This is in slight
contrast to standard convention but it is convinient for the comparison with the case R
commutative.

b) Prove that we have a bijective correspondence between right R-module maps from
Rk to Rn and n by k matrices.

The span of vectors v1, . . . , vn ∈ Rk is defined as usual

span({v1, . . . , vn}) = {v1a1 + · · ·+ vnan | ai ∈ R},

and it is a right R-submodule of Rn in the obvious way.

The group of units in Mn,n(R) are denoted GLn(R) (also called the invertible matrices)
and it can be very intricate and difficult to understand. However, from now on we only
consider R such that the units of R is R − {0}.

We define the three row operations as they are defined for commutative rings, but with
all scaler multiplications on any row happening from the left. This preserves the fact that
the row operations are given by multiplication with a elementary matrix from the left.

c) Prove that all row operations preserves the kernel of a matrix, and that this implies
that the Gauss-Jordan elimination can be applied to find a basis for the kernel. Also
conclude that a matrix A ∈ Mn,n(R) is invertible iff it row-reduces to I.

Exercise 2. Let H be the quarternions, i.e. H is R4 where we denote the standard
unit vectors by 1, i, j, k and define a product on linear combinations a1 + bi + cj + dk by
using the rules i2 = j2 = k2 = −1, ij = −ji = k, kj = −jk = i and ki = −ki = j.

As for C we have a conjugation of H given by a + bi + cj + dk = a− bi− cj − dk, and
we may use this to define a conjugation transposition of matrices as for C, i.e. for any

A in Mn,k(H) we define A∗ = A
T

as the transpose with entries conjugated. We define an
inner product on Hn by the formula

〈x, y〉 = x∗y ∈ H = M1,1(H),
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where x and y are column vectors or elements in Mn,1(H) as in the exercise above.

a) Prove that
√
〈x, x〉 is the usual Euclidean norm.

Define Sp(n) as the matrices A in GLn(H) with A∗A = I. This is obviously equivalent
to the column vectors being orthonormal with respect to the inner product.

b) prove that Sp(n) is the subgroup of GLn(H) which preserves the inner product.

c) Prove that the Gram-Schmidt process can be generalized and replaces continuously
any basis with an orthogonal basis. Hint: write down the formula for steps in the process
taking care of which sides you multiply and use that the inner product above satisfy
relations similar to the one on C.

Exercise 2. Let D = R, C or H. Let F (n) be the space V1(D
k) defined in hatcher

example 4.53. I.e. F (n) is O(n), U(n) or Sp(n) depending on D, and are thus topological
groups (groups with topology where product and taking inverse is continuous). In class
we looked at the fiber-bundle.

F (n− 1) → F (n) → V1(D
k) ∼= S‖D‖k−1

Using the embeddings F (n− 1) → F (n) we defined

F = ∪n≥0F (n)

a) Identify the inclusion F (n− 1) → F (n) as an inclusion of topological groups, I.e. a
continuous homomorphism. Hint: think in matrices.

b) Prove that this provides a group structure on F making it a topological group.
You may use that F × F is homeomorphic to ∪n≥0(F (n)× F (n)) using the union of the
inclusions F (n) × F (n) → F × F without proof. [For a discussion of problems relating
cross products of unions with unions of cross products see appendix A in Hatcher].


