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Submission deadline

Thursday 20th April 2017, 14:30 in the mandatory activity hand-in box, situated on the 7th floor of Niels Henrik Abels
hus.

Instructions

You may write your answers either by hand or on a computer (for instance with LATEX). All submissions must include
the following o�cial front page:

http://www.uio.no/english/studies/admin/compulsory-activities/
mn-math-obligforside-eng.pdf

It is expected that you give a clear presentation with all necessary explanations. Remember to include all relevant
plots and figures. Students who fail the assignment, but have made a genuine e�ort at solving the exercises, are given a
second attempt at revising their answers. All aids, including collaboration, are allowed, but the submission must be
written by you and reflect your understanding of the subject. If we doubt that you understand the content you have
handed in, we may request that you give an oral account.

In exercises where you are asked to write a computer program, you need to hand in the code along with the rest of the
assignment. It is important that the submitted program contains a trial run, so that it is easy to see the result of
the code. In order to print the code from one of the Linux machines belonging to the university, move to the folder
containing your program and type

lpr ≠P pullprint_manufacturer filename

where filename is the file you wish to print and pullprint_manufacturer is the name of the manufacturer of the
printer you wish print from. Common choices are pullprint_Ricoh and pullprint_HP.

Application for postponed delivery

If you need to apply for a postponement of the submission deadline due to illness or other reasons, you have to
contact the Student Administration at the Department of Mathematics (7th floor of Niels Henrik Abels hus, e-mail:
studieinfo@math.uio.no) well before the deadline.

All mandatory assignments in this course must be approved in the same semester, before you are allowed to take the
final examination.

Complete guidelines about delivery of mandatory assignments:

uio.no/english/studies/admin/compulsory-activities/mn-math-mandatory.html

GOOD LUCK!



Problem 1. Consider the two covering spaces of the torus X = T (see the picture). The squares have sides of length
1 and the covering projections are given by the quotient by the equivalence relation (x, y) © (x + k, y), with k œ Z.

X̃1 X̃2

a) Show that X̃i are homeomorphic topological spaces, and the described projections give covering spaces of the
torus. Determine the number of sheets.

b) Find a loop in X whose lifts in X̃1 and X̃2 ar not homeomorphic. Deduce that X̃1 and X̃2 ar not isomorphic as
covering spaces.

c) To which subgroup of Z2 = fi1(X, x) correspond the two covering spaces?

Problem 2. a) Let K be the Klein bottle (left figure) and
X the subsapce of R3 consisting of a Klein bottle that self
intersects in a circle. Determine the fundamental group of
K and of X.

b) Let B be the Borromean rings (right figure). Compute the
fundamental group of the complement R3 \ B.

Problem 3. A topological group is a group (G, ú) equipped with a topology, such that the maps G ◊ G æ G,
(x, y) ‘æ x ú y and X æ G, x ‘æ x≠1 are continous.

Let p : X̃ æ G be a covering space where G is a topological group and X̃ is path-connected and locally path-connected.
Show that we can define a group-structure on X̃ such that X̃ becomes a group and p becomes a homomorphism.

Problem 4. A computation of the cross product of ≠≠æ
AB and ≠≠æ

BC considered as vectors in R2 ◊ {0} µ R3 shows that
the three points

A = (a1, a2), B = (b1, b2), C = (c1, c2) œ R2 ,

determine a positively oriented, labeled triangle �ABC if and only if

(b1 ≠ a1)(c2 ≠ b2) > (b2 ≠ a2)(c1 ≠ b1) .

a) Let
Y = {(A, B, C) œ (R2)3 | (b1 ≠ a1)(c2 ≠ b2) > (b2 ≠ a2)(c1 ≠ b1)}

be the space of all positively oriented, labeled triangles, viewed as an open subspace of (R2)3. Let Z µ Y

be the subspace of points (A, B, C) where A = (0, 0), ≠≠æ
AB has length 1, \ABC = fi/2 and ≠≠æ

BC has length
1. Show that Z is a deformation retract of Y . Use this to calculate the fundamental group fi1(Y, y0), where
y0 = ((0, 0), (1, 0), (1, 1)) is a base point in (Z and in) Y . Hint: Use Theorem 1.7 and Proposition 1.17.

b) Let
X = Y/ ≥ ,

where (A, B, C) ≥ (B, C, A) ≥ (C, A, B), so that a point in X is an unlabeled triangle. In other words, X is the
orbit space

X = Y/G

where G = {e, g, g2} is the cyclic group of order 3 and g œ G acts on Y by sending (A, B, C) to (B, C, A). Show
that the canonical map

p : Y æ X

(that forgets the labeling) is a covering space. Hint: Use Proposition 1.40.

d) Let x0 = p(y0). Determine the structure of the fundamental group fi1(X, x0), and describe the homomorphism
pú fi1(Y, y0) æ fi1(X, x0) in algebraic terms.

Problem 5. a) Let M be the closed Möbius strip (i.e. including its boundary). Let ˆM be the boundary of M .
Compute the relative homology groups Hn(M, ˆM) for n = 0, 1, 2, . . .

b) Recall that RP2 can be obtained from the Möbius strip by filling in the boundary circle with a disk. Using this
and excision, compute Hn(RP2) for n = 0, 1, 2, . . . .
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