
Exercise set 1: Basic properties of Brownian motion
Session 1: 2.3, 2.6, 2.7, 2.10, 2.14, 2.18, 2.19

Session 2:

Simple facts needed to solve these exercises:

• If t ≥ s, then Bs and Bt −Bs are independent.
• E[B2

t ] = t for all t.
• Bt is an N(0, t) random variable.
• If X is N(0, σ2), then

E[f(X)] =
∫ ∞
−∞

1√
2π
f(x)e−

x2

2σ2 dx

Problem 1
Let t ≥ s. Compute

E[B2
sBt −B3

s ].

Problem 2
Let t ≥ s. Compute

E[BtBs].

Hint: Bt = Bt −Bs +Bs.

Problem 3
Use E[B2

r ] = r for all r, to prove that

E[(Bt −Bs)2] = t− s.

Problem 4
Prove that

E[B4
r ] = 3r2

Hint: Use integration by parts to prove that E[B4
r ] = 3rE[B2

r ].

Problem 5
Let t ≥ s. Compute

E[B4
sB

2
t − 2BtB

5
s +B6

s ].

Problem 6
Let 0 ≤ t1 ≤ t2 ≤ · · · ≤ tN . Prove that

E

( N∑
i=1

(Bti+1 −Bti)
2

)2
 =

N∑
i=1

2(∆ti)2 + t2N
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