
Exercise set 4: Martingale properties and SDEs
Session 1: 5.4, 5.5, 5.6, 5.7, 5.8, 5.17.

Session 2:

Problem 1
Assume t ≥ s. Compute

i) E[(Bs +B2
t )eBt |Ft] ii) E[eBt−BsB2

s |Fs] iii) E[B2
t |Fs]

Problem 2
a) Prove that B3

t − 3tBt is a martingale using the definition.

b) Prove that B3
t − 3tBt is a martingale using Itô’s formula.

Problem 4
Let Y be a random variable (not a process) satisfying E[|Y |] <∞. Prove that the process
Xt = E[Y |Ft] is a martingale.

Problem 3
Let ρ, σ, T > 0 be constants, and consider

Xt = e−ρT exp[σBt −
1
2
σ2t]

a) Compute dXt by Itô’s formula on g(t, x) = e−ρT exp[σx − 1
2σ

2t], and use the result to
find E[XT ].

b) Find a stochastic process φ(t, ω) such that XT = E[XT ] +
∫ T
0
φ(t, ω)dBt. Is φ(t, ω)

unique?

Problem 5
Let Xt = eBt . Use Itô’s formula to prove that

dXt =
1
2
Xtdt+XtdBt

Are there any more solutions to this SDE?

Problem 6
Consider the SDE problem

dXt = (1 + |Xt|)3t+4t2dt+ 5 cos(Xt)dBt X0 = x

where x is a given constant. Find a value for T > 0 such that this equation has a unique
solution on [0, T ].
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