
COMPULSORY ASSIGMENT MAT4760

SPRING 2016

DEADLINE: APRIL 28, 2016, AT 10:15

To be eligible for the exam, one must have passed the compulsory assignment.
The answers to the assignment must be delivered within the deadline, either to the
lecturer or to the reception office of the Mathematics Institute.

Exercise 1. LetN(t) be a Poisson process with intensity λ. FindX(t), the solution
of the stochastic differential equation

dX(t) = −αX(t) dt+ dN(t)

with α > 0 a constant and X(0) = x given. Compute the characteristic function of
X(t), and analyse its properties when t tend to infinity.

Exercise 2. Let L(t) be a Lévy process with E[|L(1)|] < ∞ . Use Itô’s Formula
to express the differential of S(t), where S(t) = exp(L(t)). Assume that the Lévy
measure ν of L integrates exp(kz) for all constants k. Suppose that L(t) = µt +∫ t
0

∫
R zÑ(dz, ds). Analyse Merton’s portfolio optimization problem with S(t) being

the price dynamics of a stock, the risk-free interest rate earned on bonds being
r = 0, and the investor aims at maximizing the expected utility at time T , where
the utility function is U(x) = xγ/γ, γ ∈ (0, 1).

Exercise 3. Let {Xi}∞i=1 be a sequence of i.i.d H-valued random variables, where
H is a separable Hilbert space, and N(t) be a Poisson process (with values in the

natural numbers). Define L(t) =
∑N(t)
i=1 Xi. Show that L is a Lévy process with

values in H and that Lf (t) := (f, L(t))H is a compound Poisson process on the real
line, where f ∈ H and (·, ·)H is the inner product in H.

Exercise 4. Let W (t) be a Wiener process in the Filipovic space Hw with covari-
ance operator Q, where w : R+ → R+ is a continuously increasing function with
w(0) = 1. Express the covariance between W (t, x) and W (t, y) for x, y ≥ 0 in terms
of the operator Q. Suppose Q is the operator Hw 3 f 7→ Qf where

Qf(x) = q(x)

∫ ∞

0

r(y)f ′(y) dy ,

for q ∈ Hw with q(0) = 0 and r : R+ → R measurable and bounded. Show that
Q is a bounded linear operator on Hw, and find conditions such that it becomes
symmetric and positive definite. Finally, for this Q, what is the covariance between
W (t, x) and W (t, y)?
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