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Exercise 48. For each function f : @ — C holomorphic on a connected open set
Q C C prove the following statements.

(48.1) If f'(z) =0 forevery z € Q, then f isconstant.

(48.2) If there exists ¢ € C such that f(z) = ¢ - f(z) forevery z € 2, then f
is constant.

(48.3) If f(2) € R, then f isconstant.
(48.4) If |f]| is constant, then f isconstant.

(48.5) If g : C — C is holomorphic and g o f is constant, then f or g is
constant.

(48.6) If fi,..., fn are holomorphicon 2, andif | fi|>+- - -+ fn |2 is constant,
then each f; is constant.

Exercise 112. Prove thatif P : C — C is a polynomial, if f : C — C is
holomorphic on all of C, and if there exists areal C > 0 such that | f(z)] < C:|P(2)|
forevery z € C, then f = c . P for some ¢ € C. Is there an analogous statement
with P replaced by an arbitrary holomorphic function on all of C?

Exercise 220. Prove thatif f and g are entire and e/ + & = 1, then f and g are
constant.

Exercise 242. Show that for some compactly supported differentiable function ¢,
none of the solutions u of d;u = ¢ has a compact support.

Exercise 279. With the notation as in the text, prove that for each open subset 2 € C
and for all compact subsets K and L of € such that

Kcl?eR,
the following inclusion holds:
.'?Q & (Eg)o "

Exercise 297. Prove that there is no proper holomorphic map from the open unit disc
into the complex plane.



