
Contents

6 Forms and integration 
6.0.1 Differential forms . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.0.2 Hodge decomposition . . . . . . . . . . . . . . . . . . . . . . . . 
6.0.3 Exterior derivations . . . . . . . . . . . . . . . . . . . . . . . . . 
6.0.4 Holomorphic and harmonic forms . . . . . . . . . . . . . . . . . 

6.1 Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.1.1 Line integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.1.2 A classical view . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6.2 Paths and homotopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.2.1 Normal forms . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.2.2 Tubular neighbourhoods or bands . . . . . . . . . . . . . . . . . 
6.2.3 De Rahm theory . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.2.4 Surface integrals . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.2.5 Stokes’ formula . . . . . . . . . . . . . . . . . . . . . . . . . . . 
6.2.6 The class of a path . . . . . . . . . . . . . . . . . . . . . . . . . 
6.2.7 Intersection of paths . . . . . . . . . . . . . . . . . . . . . . . . 

6.3 Quatdratic integrable forms . . . . . . . . . . . . . . . . . . . . . . . . 
6.4 A closer study of L2X . . . . . . . . . . . . . . . . . . . . . . . . . . . 

6.4.1 Relation with the De Rahm group . . . . . . . . . . . . . . . . . 
6.5 Existence of harmonic functions . . . . . . . . . . . . . . . . . . . . . . 
6.6 Existence of meromorphic functions . . . . . . . . . . . . . . . . . . . . 

6.6.1 Recap on meromorphic forms . . . . . . . . . . . . . . . . . . . 
6.6.2 Existence of meromorphic forms . . . . . . . . . . . . . . . . . . 

7 The uniformization theorem 
7.0.1 The point of departure . . . . . . . . . . . . . . . . . . . . . . . 
7.0.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
7.0.3 The commutative fundamental groups . . . . . . . . . . . . . . 





MAT4800 — Høst 2016

—  —



6. Del

Forms and integration

version −∞+ ε — Tuesday, November 1, 2016 12:12:30 PM

Very, very preliminary and incomplete version prone to mistakes and misprints! More under way.

2016-11-24 11:49:54+01:00

6.0.1 Differential forms
Let X be Riemann surface and let V ⊆X be an open set. By a 1-form on V we

mean a function

ω : U →
⋃
a∈V

T ∗a ,

where as usual T ∗a stands for the cotangent space of X at the point a.
When U ⊆V is a patch with coordinate z, the coordinate function z induces the

cotangents dz and dz in every one of the cotangent spaces T ∗a with a ∈ U and they form
a basis for all theswe spaces; Loosely speaking they constitute a uniform or common
basis for all the cotangent spaces in U . Therefore one may write

ω|U = pdz + qdz

where p and q are functions in U . As its stands they are just set theoretical functions,
but as the theory develops we shall impose different conditions on them. For instance,
if they are smooth one says that the 1-form is smooth, and if both p and q are of class
Cr, the form is of class Cr. In the other end of scale, they can be just Borel measurable
in that case the form said to be measurable.

In an analogous way one introduces a 2-form as function

ω : U →
2∧
T ∗a .
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Locally, in a patch (U, z), there is the basis dz ∧ dz ,so in the patch one has

ω|U = fdz ∧ dz.

where p is a function, which of course may subjected to different kinds of regularity
conditions. Now, suppose that (V,w) is another patch related to (U, z) with w = w(z)
as transition function on the intersection U ∩ V . Then dw = ∂zw dz and dw = ∂zw dz
In V the form ω has an expression ω|V = gdw ∧ dw and since the two expressions for
ω must agree on the intersection, the following relation holds on U ∩ V :

f = g∂zw ∂zw. (.)

PaaSnittet

AbsoluttVerdiTpForm(.) There is a slightly subtle observation we shall need later on when we define
integrals. In short, every 2-form has an “absolute value”; a feature that is specific for
forms of top degree on oriented manifolds. Since it holds that ∂zw = ∂zw the transition
factor in (.) satisfies

∂zw ∂zw = |∂zw|2

and hence it is real and positive. This means that taking absolute values in (.) gives

|f | = |g| ∂zw ∂zw.

Hence there is real 2-form on X which we denote |ω| and which is shaped like

|ω| = − i
2
|f | dz ∧ dz = |f | dx ∧ dy

on a patch where ω = fdz ∧ dz.
JacobianTwoForms

(.) The transition factor appearing in (.) above is nothing but the Jacobian
determinant of the transition function effectuating the coordinate change. To see this,
let w = w(z) and name the real and imaginary parts of z as z = x + iy and of w as
w = u + iv. Then ∂zw = ux + ivx and ∂zw = ux − ivx from which we deduce the
equalities

∂zw ∂zw = u2
x + v2

x = uxvy − uyvx,

having the Cauchy-Riemann equations ux = vy and uy = −vx in mind.

(.) For the sake of a unified terminology, one frequently calls a function a 0-form,
so we have 0-, 1- and 2-forms. On manifolds of higher dimension there are forms of
higher degree, which we are not concerned about in this course.

—  —
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6.0.2 Hodge decomposition
Dealing with analytic structures has certain advantages over just dealing with dif-

ferentiable manifolds. There are several important structure that only materializes for
analytic manifolds. One such structure is the Hodge decomposition of the vector space
of forms.

Let E1
X denote the vector space of 1-forms on X (of some regularity, but for the

moment we are intentionally vague on precise requirement) The Hodge decomposition
is a canonically decomposition of E1

X in a direct sum

E1
X = E1,0

X ⊕ E
0,1
X .

The forms belonging to the factors will be described locally, patch by patch, and it
is quit remarkable that this gives a global decomposition. The subspace E1,0

X consists
of forms which in the patches (U, z) only involve dz; that is, they have the shape p dz.
This is independent of the coordinate used since if z = z(w) is a holomorphic change
of coordinates, one has p dz = p ∂wz dw. Likewise, the space E0,1

X consists of forms
locally of shape q dz, and a similar argument as given for E1,0

X shows that neither this
condition depends on the coordinate used; indeed, it holds that dz = ∂wzdw.

(.) There are two important operations one can perform on 1-forms. One is the
usual complex conjugation, i.e., if ω = p dz + q dz, the conjugate form ω is given as

ω = q dz + p dz.

Obviously complex conjugation interchanges the two summands E1,0
X ands E0,1

X .
One says that a form ω is real if ω = ω and it is imaginary in case ω = −ω.

Inspecting the form ω in a chart, one finds that it is real when and only when it has
the shape ω = pdz + pdz. In the real coordinates given by z = x + iy a real form
ω is expressed as ω = 2udx + 2vdy, where u and v are respectively the real and the
imaginary part of p. Similarly, an imaginary form ω has the shape ω = pdz − pdz in a
patch, and thus looks like ω = 2i(vdx+ udy) in the real coordinates.

HodgeDualDefinisjon
(.) The other operation is the so called Hodge ∗-operation. In contrast to the

complex conjugation, it preserves the Hodge decomposition. The two spaces E1,0
X and

E0,1
X are the eigenspaces of ∗; the former corresponds to the eigenvalue −i and the

latter to eigenvalue i. In local coordinates one thus has

∗(p dz + q dz) = −ip dz + iq dz. (.)

This might appear fortuitous, but in expressed in real coordinates it is more transparent
hodge*

from where it comes. If the form is given as ω = p dx + q dy, a small computation
shows that thew Hodge-dual equals −q dx + p dy, and this is the familiar conjugate
differential from complex analysis and theory of harmonic functions. The ∗-operation
is not involutive, but satisfies ∗ ∗ ω = −ω.

—  —
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6.0.3 Exterior derivations
At the same time as we introduced the cotangent space, we introduced the differen-

tial df of a function f , which necessarily must be of class C1. In a patch (U, z) it takes
the form df = ∂zf dz + ∂zf dz. One may think about it as an avatar of the gradient of
f we know from calculus courses.

In the setting of differential forms a function is considered a form of degree zero,
and there is a construct for forms of higher degree similar to what we just did for
functions. The exterior derivative of an n-form is an n + 1-form, so in our setting,
where no non-zero 3-forms exists, the exterior derivative of a 2-form is forced to be
zero, and we need only care about the derivative of 1-forms.

(.) We shall work 1-forms on an open subset U of a Riemann surface X, so let ω
be one, and assume that ω is of class C1; that is, it is the coefficient functions in every
patch are continuously differentiable. Its exterior derivative dω is a 2-form that locally,
in a patch where ω = pdz + qdz, by the formula

dω = (∂zp− ∂zq)dz ∧ dz. (.)

extder

As usual when giving a defining a form patch by patch, it must verified that the
form does not depend on the patch. Expressing the form in another coordinate and
applying the defining formula . must lead to the same form. So assume that z = z(w)
is a holomorphic change of coordinates. Then one has dz = ∂wz dw and dz = ∂wz dw,
and in the new coordinate the expression for ω becomes

ω = p ∂wz dw + q ∂wz dw,

and applying the recipe . to it one arrives at the expression

dω =
(
∂w(p ∂wz)− ∂w(q ∂wz)

)
dw ∧ dw. (.)

Substituting dz = ∂wz dw and dz = ∂wz dw in the formula (.) one obtains the identity
ExtDerv2

dω = (∂zp− ∂zq)∂wz ∂wz dw ∧ dw,

whose right side is identical to the right side of equation (.) in view of the equalities
∂w(p ∂wz) = ∂wp ∂wz = ∂zp ∂wz ∂wz and ∂w(q ∂wz) = ∂wq ∂wz = ∂zq ∂wz ∂wz. Notice
that we draw on the coordinate change being holomorphic. This implies that ∂w∂wz =
∂w∂wz = 0 since z depends holomorphically on w whereas z is anti-holomorphic in w.

(.) The exterior derivative of an exact form df vanishes. Indeed locally one may
express df as df = ∂zf dz + ∂zf dz and one finds

d2f = (∂z∂zf − ∂z∂zf)dz ∧ dz = 0,

—  —
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as ∂z∂zf = ∂z∂zf . The formula below, which one may think of as an analogue to
Leibnitz’ rule for the derivative of product, is sometimes useful when dealing with
forms. It is straightforward to verify it, a verification that is left to the zealous student.

d(fω) = df ∧ ω + fdω. (.)

usefulformel

(.) The exterior derivative decomposes as a sum d = ∂+∂ where ∂ is the restriction

of d to the Hodge factor E1,0
X and ∂ up to sign the restrictions to E0,1

X , so they are given
locally as

∂(p dz + q dz) = ∂zpdz ∧ dz ∂(p dz + q dz) = −∂zqdz ∧ dz.

(.) To have a unified notation, we shall henceforth denote the derivative of a

function—that is of a zero form— with ∂f in stead of ∂zf dz and with ∂f in stead
of ∂zf dz. Thence one has the decomposition d = ∂ + ∂ for zero forms as well. The
following formulas are straightforward to verify by simple calculations

d2 = ∂2 = ∂
2

= 0,

and
∂∂ = −∂∂

(.) The operator ∂∂ is up to a constant factor a global version of the Laplacian.
Indeed, locally in a chart one computes

2∂(∂f) = 2∂(∂zf dz) = 2∂z∂zf dz ∧ dz = −i∆fdx ∧ dy (.)

since (we recall)
LaplacianDBarD

4∂z∂z = (∂x − i∂y)(∂x + i∂y) = (∂2
x + ∂2

y) = ∆

and dz ∧ dz = (dx− idy) ∧ (dx + idy) = 2idx ∧ dy. Another formula in this direction
whose flavour is more that of real forms is the following

d(∗df) = ∆fdx ∧ dy (.)

To establish is, write df = fxdx+fydy, Then ∗df = −fydx+fxdy, and hence one finds
Harmonicd*d

d(∗df) = −fyydy ∧ dx+ fxxdx ∧ dy = ∆fdx ∧ dy.

(.) These two derivations are maps

∂ : E1,0
X → E1,1

X and ∂ : E0,1
X → E1,1

X .

an
∂ : E0

X → E1,0
X and ∂ : E0

X → E0,1
X .

—  —
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6.0.4 Holomorphic and harmonic forms
Our main interest are the holomorphic forms on a Riemann surface, in some sense

they are the integrands in the integrals we are interested in. And under favourable
circumstances, they can be integrated to give us holomorphic functions on the surface.

(.) A 1-form is called holomorphic if it locally in patches (U, z) has the shape p dz
where p is a holomorphic function of z. Every holomorphic 1-form is closed. Indeed,
in a patch one has d(fdz) = ∂zf dz∧ dz, and so d(fdz) vanishes if and only if ∂zf = 0;
that is, if and only if f is holomorphic. This argument shows as well that a closed form
is holomorphic if and only if ∂ω = 0, which also is equivalent to the two equations
∂ω = ∂ω = 0 since d = ∂ + ∂.

Example .. There are no holomorphic one-forms on the Riemann sphere. Indeed,
assume that ω was one. Om the patch U0 = Ĉ \ {∞} one would have ω|U0 = f(z)dz
where f is an entire function, and om the patch U∞ = Ĉ \ {0} the form ω would have
the shape ω|U∞ = g(w)dw where g is an entire function of w. On the intersection
U0 ∩ U∞ one has dw = −z−2dz, and hence

f(z)dz = −g(z−1)z−2dz,

and therefore one has
z2f(z) = −g(z−1)

in C \ {0}. This is clearly impossible; it would imply that g(z−1) has a removable
singularity at 0 with the value zero. But it is regular at {∞} as well, so by Liouville it
would be constant and equal to zero. e

HarmonicFormsII

(.) The one-form ω is said to be harmonic if locally it is the differential of a har-
monic function; that is, the surface X has an atlas so that for every patch U one has
ω|U = df for a harmonic function in U . In view of equation . above a harmonic form
ω is at the same time both closed and co-closed; that is, it fulfils the two conditions
dω = d∗ω = 0.

With some very mild integrability conditions on the form ω the converse also holds.
This is a deep theorem that we certainly come back to; indeed, it is the hub of this
chapter. The proof hinges on a famous theorem of Hermann Weyl, the so called “Weyl’s
lemma”.

Locally in a patch (U, z) there is an expression ω = pdz+ qdz for ω, and by a small
computation one arrives at the following identity

d∗ω = i(∂zp+ ∂zq)dz ∧ dz

for d∗ω. Combining this with the expression dω = (∂zp−∂zq)dz∧dz for the derivative
dω, one sees that ω being closed and co-closed is equivalent to ∂zp = ∂zq = 0. In
other words, it holds that the functions p and q are respectively holomorphic and anti-
holomorphic. In terms of the Hodge decomposition of ω = α + β of ω, the (1, 0)-part
α of ω is holomorphic and the (1, 0)-part β is anti-holomorphic.

—  —
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(.) Assume that ω = df is an exact form. Then locally df = pdz+qdz with p = ∂zf
and q = ∂zf . From the discussion above we deduce the formula

d(∗df) = 2i∂z∂zfdz ∧ dz = 2−1∆fdx ∧ dy,

and conclude that df is a harmonic form if and only if both the real and the imaginary
part of f are (real) harmonic functions; in short, if f is harmonic.

The converse of this holds locally. One has

ClosedCoClsedHarmonic

Proposition . Let ω be a 1-form of class C1. Assume it is closed and co-closed.
Then ω is locally of the shape df for f a harmonic function; that is, it is harmonic.

Proof: Since ω is a closed form it is locally exact by the Poincaré lemma (lemma
. on page  below), and so for patches (U, z) of an atlas on X, one has ω|U = df
where f is a C2 function in U . Now ω is co-closed so d(∗df) = 0, but this is exactly
the condition ∆f = 0, so f is harmonic. o

6.1 Integration

The late danish mathematician Birger Iversen said once that in terms of junk food a
1-form feeds spaghetti and a 2-form feeds on pizza (and he added, a 3-form feeds on
hamburgers). There will be no hamburgers on our menu, but as a solace for the lovers
of exotic junk food we shall resort to a quadruple integral in the course of proving the
so called Weyl’s lemma about harmonic functions.

In more serious terms, this means that a 1-form can be integrated along a path
and a 2-form over a surface. The two are treated somehow differently in this text.
Although it is feasible to integrate 1-forms along non-compact (read infinite) paths, we
concentrate on compact paths, i.e., those parametrized over finite intervals. They will
be sufficient for our needs.

Concerning surface integrals, however, we shall frequently be using improper integ-
rals. The Riemann surfaces we study are not necessarily compact and it is paramount
to be able to integrate 2-forms over the whole surface. Of course just as with tradi-
tional improper integrals, not all forms have a finite integral so we need a concept of
integrable forms. At a few but crucial moments we use forms that are not continuous
in an essential way, but surely, they will be locally integrable.

6.1.1 Line integrals
Recall that a path γ in X is a piecewise continuosuly differentiable map γ : I → X

where I is an interval [a, b]. In what follows we shall give menaing to the integrtal
∫
γ
ω

where Ω is a 1-form on X.
There are two steps in the definition, the first being the case when the path γ is

entirely contained in a coordinate patch U with coordinate z. We are then in the

—  —
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familiar situation with a line integral of a form in an open disk in the complex plane,
and writing the form ω as ω = pdz + qdz in U , the integral is given as∫

γ

ω =

∫ b

a

(p(γ(t))γ′(t) + q(γ(t))γ(t)
′
)dt.

(Strictly speaking the integration takes place along the path z◦γ in ζ(U)). Any change
of coordinate in D brings along a corresponding reparametrization of the path, and
a straightforward application of the formula for the change of variable in an integral,
shows that the integral does not depend on the choice of coordinate.

In the second step, where γ can be any path piecewise of class C1 in X, one chooses
a finite open covering Di of the image γ(I) by coordinate disks which can be done
since γ(I) is compact. Applying Lebesgue’s lemma one finds a partition {ti} of the
interval I such that every one of the subintervals [ti−1, ti] is contained in the inverse
image γ−1(Dj) of one of the D′js. Let the restriction of γ to [ti−1, ti] be denoted by γi.
The integral of ω along γi is well defined by what we did in step one, and of course,
we put ∫

γ

ω =
∑
i

∫
γi

ω.

It remains to be checked that the integral neither depends on the choice of covering
nor on the choice of partition. This is small exercise involving a common refinement
of the two partitions, whose details are left to the zealous students to fill in.

(.) The integral of an exact form df is just the difference of the values f takes the
end points of γ. In particular the intregral does not depend on the path γ as longs the
end points are fixed. If f is a function of class C1 one has∫

γ

df = f(b)− f(a),

where γ is a path from a to b.
We have seen several instances of the converse being true when doing function

theory in the complex plane, and this holds true also for Riemann surfaces, and the
proof is the same of course with the necessary adjustments to notation and wording.

KlassikExact

Theorem . Let ω be a continuous 1-form on X. Assume that the integrals of ω
around closed paths all vanish. Then ω is exact, i.e., there is a function f of class C1

with df = ω.

Proof: Let x0 be a fixed point in X, and letx be any point in X and γx any path
from x0 to x. If γ′x is another one, the composite γ′x · γ−1

x is a loop at x0 and by the
hypothesis that integrals of ω around loops vanish, it holds true that

0 =

∫
γ′x·γ

−1
x

ω =

∫
γ′x

ω −
∫
γx

ω,

—  —
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and the integral of ω along a path leading from x0 to x has the same value whatever
the path is. Hence putting

f(x) =

∫
γx

ω

gives us a well defined function on X. A variant of a familiar argument shows that
df = ω. Indeed, let D be a coordinate disk centered at x, and let h be a complex
number with that x + h ∈ D. Choose a path γx joining x0 to x and let l be the line
segment from x to x+ h, then the composite l · γx is a path from x0 to x+ h. We find
using the parametrisation x+ th with 0 ≤ t ≤ 1 of l that

f(x+ h)− f(x) =

∫
l

ω = h

∫ 1

0

p(x+ th)dt+ h

∫ 1

0

q(x+ th)dt.

Since p and q are continuous, the two integrals tend respectively to p(x) and q(x) as
h tends to zero. Letting h approch zero through real values gives ∂xf = p + q, and
when h approches zero trough imaginary values one finds ∂yf = ip− iq. In view of the
equalities 2∂z = ∂x − i∂y and 2∂z = ∂x + i∂y this implies that ∂zf = p and ∂zf = q. o

The integrals
∫
γ
ω of ω around closed loops γ are traditionally called the periods

of the form ω, hence the name “theorem of vanishing periods” for the theorem. They
played prominent role when computing integrals where high tech (and they still do even
if the center of mass of the theory has shifted somehow); the periods of ω determine
all the integrals

∫
γ
omega where γ is any path, and gives a grip on the ambiguity of

integrals
∫
γx
ω where γx joins a base point x0 to x.

(.) The following corollary is a special case of general principle which one normally
contributes to Henri Poincaré, hence it is frequently called the Poincaré lemma.

PoincareLemma

Corollary . A closed 1-form ω is locally exact.

Proof: It suffices to prove that ω is exact over any disk D in X. One may define
a function f in D by integrating ω along the ray joining the origin of D to x. On a
triangle with corners 0, x and x + h, Stokes’ theorem holds and since ω is closed, it
follows that

f(x+ h)− f(x) =

∫
l

ω.

The rest of the proof is word for word the same as the last part of the proof of ??
above. o

(.) The following is a fundamental result. It is a variant for surfaces of one of the
main result in the calculus of forms on manifolds. The proof is mutatis mutandis the
same as the one we gave of ?? on page ??, just a few obvious changes in the notation
are necessary.

—  —
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HopotopiInvarIntegral

Theorem . Let γ and γ′ be two homotopic paths in X. Assume that either there is
a homotopy between them fixing the end points, or that both paths are closed. Let ω be
a continuous closed 1-form in X. Then it holds true that∫

γ

ω =

∫
γ′
ω.

In particular, integrals of closed forms along null-homotopic loops vanish. If you are
suspicious about integrating along constant paths, you can argue by dividing a closed
loop in two γ = γ · γ′. Then γ ∼ γ′, and∫

γ

ω =

∫
γ

ω +

∫
γ′
ω = 0

since by the theorem

−
∫
γ

ω =

∫
γ−1

ω =

∫
γ′
ω.

On a simply connected Riemann surface all loops are null-homotopic and the fol-
lowing corollary holds true:

Corollary . Every closed 1-form on a simply connected Riemann surface is exact.

In partr icular this applies to the universal covering X̃ of a Riemann surfaace X.

6.1.2 A classical view
This connects up to the classical view on Riemann surfaces associated to so called

multivalued functions.
Let Ω be a domain in the complex plane, and let U be a covering of Ω by open sets.

Assume given a holomorphic function fU for each U ∈ U ; this is what the old-timers
called a “function element”. Assume further that on the intersections U ∩ V of very
pair of opens U and V form U , the derivatives of the functions fU and fV coincide.
This amounts to the differences fU−fV all being constant. So the functions do not glue
together to make a function in Ω, but their derivatives patch up to a global holomorphic
1-form ω in Ω!

Now comes the salient point. The pullback to Ω̃ is exact! So there is a function,
unique up to an additive constant, such that dF = pi∗ω. In opens U ′ = π−1(U)⊆ Ω̃
where π is biholomorphic, one has fU ◦ π|U ′ = F |U ′ and F is in some sense a global
realization of the function elements {fU}.

6.2 Paths and homotopy

Every integral has two parts which are equally important. There is an integrand and a
path of integration. In many text books on Riemann surfaces the integrands —may be

—  —



MAT4800 — Høst 2016

rightfully—receive most of the attention and the paths often come in the background.
They are however important and they pose some subtle issues not to complicated to
resolve, but some times requier some fiddling work.

We treat mostly paths and homotopy and touch the concept of chainsm for two
reasons. The students all have a mandatory course in general topoly the the basics of
paths and homotopy are tretaed, but not everyone has a course in algebraic topology
where homology os done. Covering spaces and the universal coverings are fundamental
concepts in the theory and of course they they are based on paths and homotopy.

6.2.1 Normal forms
The elements of π1(X) are homotopy classes [γ] of continuous paths, but continuous

paths can be extremely complicated. The Peano curve for instance, fills up a square
and the Osgood curve is a Jordan curve with a positive area. But the world is so well
shaped, that in every homotopy class there are well behaved paths. Every class has
smooth and regular representatives, and can be factored in a product of classes having
simple representatives, that is paths without self-crossings.

(.) We start making paths piecewise “linear” in the following sense:
Let (D, z) be a coordinated disk, and let L′⊆ z(D) be a line segment. The inverse

image L = z−1(L′) is called a linear segment in D. Any path γ contained in D is
homotopic to a linear segment having shearing end points a and b with γ. Indeed, the
genuine disk z(D) in the complex plane is convex and hence F (s, t) = szD◦γ+(1−s)L′
is a homotopy in z(D) fixing end points between the image of γ and the line segment
joining z(a) to z(b). Bringing things back to the Riemann surface gives us the homotopy
z−1 ◦ F (s, t) from γ to L in D.

A path is piecewise linear if it can be decomposed into a sequence of linear segments.
Notice that we do not require these segments to be disjoint, so there can be multiple
point on the path, i.e., points through which pass several of the linear segments. If
only two linear segments pass by the point we call it a double point .

Lineare veier

Lemma . Any γ is homotopic to a piecewise linear path whose only multiple points
are double points.

Proof: Let γ be a continuos path with the parameter running in the interval I. Pick
a finite covering of the image γ(I) by disks and let {tj} be a partition of I such that
the image of each subinterval [ti−1, ti] lies in Dj for some j. By what we just said, the
restriction of γ to [ti−1, ti] is homotopic in D to a linear segment. Performing these
homotopies for each subinterval in succession closes the argument for the first part of
the statement.

In a disk, if more than two line segments pass through the center, just move the
end points of the segments slightly, and the multiple point resolves into a bunch of
double points. There is, however, a rate of exchange; a point by which the path passes
n times is worth n(n− 1)/2 double points. o
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Problem .. In a disk any path is null-homotopic. Explain why the above proof
does not show that any path on X is null-homotopic. X

Problem .. Prove the statement that an n-tuple point can be deformed into n(n−
1)/2-double points. X

Smoothing out the corners where two linear segments meet is just a matter of
some elementary manipulation with smooth functions. One replaces a small part of
the corner by a smooth bend matching the two linear segments to the second order.
We leave the details to the ever-zealous students as a sequence of exercises (problems
.–. below).

(.) Recall that one says that a smooth path γ is regular if the derivative of γ never
vanishes. When a path is without multiple points—that is γ : I → X is injective—one
calls it simple and if additionally it is closed, it is a Jordan path. A regular path has
at any point a well defined tangent vector pointing in the forward direction. Being
smooth and regular is a property local in the parameter interval, so it is not excluded
that smooth regular curves have self-intersections, just as the piecewise linear paths can
have. However, the self-intersections can be reduced to double points by a homotopy
as the next lemma shows. The proof consists of smoothing the corners of the piecewise
linear paths one finds by lemma . above.

GlattRegHomotp

Lemma . Any path in X is homotopic to a smooth, regular path whose self inter-
sections are just double points.

(.) Bad examles Smooth paths can behave rather badly. They can have infinitely
many self intersections, (a path can for instance come back on itself even if it is smooth),
and there can be points through which the path passes infinitely often. Lemma .
shows that pathologies of this type can be removed by a homotopy, so they will not
bother us much in the future, but it is worthwhile having in the back of the mind that
even the smooth world can be exotically complicated.

Example .. Let f(t) be a smooth real function of a real variable t all whose deriv-
atives vanish at the origin. A path γ in C with parameter interval [−1/π, 1/π] is given
by

γ(t) =

{
(t2, f(t) sin 1/t) when t ∈ [0, 1/π]

(t2, 0) when [−1/π, 0]
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Then γ is a closed smooth path and for any natural number n the parameter values
1/nπ and −1/nπ give the same point in C. e

Example .. Let f(t) be as in the previous example. Define a path γ(t) by giving it
in polar coordinates as γ(t) = (f(t) sin 1/t)eit, with t ∈ [−1/π, 1/π]. Then γ is smooth
and passes infinitely often by the origin. e

Problem .. Show that there is a smooth path going to and fro along the interval
[0, 1] infinitely often. X

(.) Double points can not always be removed by a homotopy. The simples example
being a figure eight in the complex plane with to points removed, one inside each bend.
The figure eight F is parametrized as you write it, one bend traversed clockwise and
the other counterclockwise. This figure eight is what the topologist call a deformation
retract of X implying that π1(F ) = π1(X), and this group is free on two generators,
i.e., isomorphic to Z ∗ Z. It is a result in topology that a deformation retract stays
a deformation retract in a homotopy, so the figure eight can not be homotopic to a
simple closed curve since the latter is topologically a circle with fundamental group
equal to Z.

However any homotopy class can be factored as the product of finitely many ho-
motopy classes each one containing a smooth and regular Jordan path.

Lemma . Any loop γ is homotopic to a finite product γ1 . . . γ2 of loops that are
smooth, regular and simple.

Proof: The proof goes by induction on the total number of self crossings the path
has. We define with reparametrisation the path such that the initial point of the path
is a multiple point, and such that the parameter interval is [0, 1].

Let s be the time when γ first comes back to γ(0); that is, the first parameter value
for which γ(s) = γ(0). We denote by γ′ the first loop of γ; that is the path obtained
by confining the parameter to [0, s]. This clearly a simple path.

Let and γ′′ be the rest of ,path with the parameter running in [s, 1]. Then we have
the factorization γ = γ′ ·γ1 and the path γ′ is closed since γ′(s) = γ(0) = γ(1) = γ′′(1).
The path γ′′ has one crossing less than γ and by induction we can factorize [γ′′] as in
the lemma, and after shaping up the first loop γ′ by a smoothing and a regularization,
we are through. o

6.2.2 Tubular neighbourhoods or bands
Every closed, smooth, regular and simple path γ has a tubular neighbourhood . On

a surface this is a narrow band surrounding the path—on a three dimensional manifold
it would be a tube, hence the name. Since X is orientable the band decomposes into
two connected components when the path γ is removed; there is one part to the left of
the path and one to the right (no orientable surfaces contains Möbius bands).
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To construct a band B surrounding γ we choose a partition {ti} = {t0, . . . , tr} of
the parameter interval I with γ mapping the subintervals [ti−1, ti] into patches, and
as usual we let γi = γ|[ti−1,ti]. In the patches the paths γi have non-vanishing tangent
vectors Ti(t) and hence non-vanishing normals Ni(t) pointing to the left. Where the
paths γi and γi+1 meet—that is, at the point with parameter among the ti-s—there
are two normals, one defined using γi and one using γi+1. Since the tangent at γ(ti)
is non-zero, they have the same direction, but A priori there is no reason they should
have the same length. However, multiplicating the normals by appropriate smooth
functions one can make them agree.

In the patch where γi lives, the band Bi consists of the points with γi(t) + uNi(t)
and with |u| < ε, and since the the two normals Ni and Ni+1 coincide at the points ti
separating the subintervals, they match up to a band B. The boundary ∂B has two
components, both are closed, regular and smooth. If they are oriented in the canonical
way with B to the left, one is freely homotopic to γ and the other one to −γ.

Problem .. Convince yourself that this works, remember that the path is closed.
Hint: Let N1(t) and N2(T ) be parallel vector fields on the regular curve γ and γ(t0) a
point. Then there is a positive smooth function κ with 1−κ supported in a prescribed
small interval round t0 such that N1 = κ(t)N2. Finish off by induction on i, with
special care since γ(tr) = t(γ0). X

Problem .. Given two positive numbers d1 and d2 with d2 > d2. Given four real
Smooth1

numbers a1, a2 and b1, b2. Show that there exists an increasing functions u of class C∞

with u(di) = ai, u
′(di) = bi and u(j)(di) = 0 for j ≥ 2 and i = 1, 2. X

Problem .. Let γ be a path in a disk D centered at the origin in C. Assume that
Smooth2

γ is parametrized by [−1, 1] and consists of two different line segments meeting at the
origin. Show that γ is homotopic to a regular, smooth path δ with δ(t) = γ(t) for
|t| ≥ ε for any preassigned positive number ε. X

Problem .. Prove lemma .. X
smooth3

Problem .. Let X be the elliptic curve C/Λ where Λ is a square lattice gener-
ated by 1 and i, which also is called the lemniscate lattice. Let π : C → X be the
parametrization (i.e., the quotient map).

a) Show that the image in X of the line parametrized as (t, αt) is a closed curve if and
only if α is a rational number. Let γ1(t) = π(t, 0) and γ2(t) = π(0, t).

b) Show that the image of the line (t, αt) is homotopic to the path γp1 ◦γ
q
2 when a = p/q

is the reduced representation of α as the quotient of two natural numbers.

c) Show that any closed curve on X is homotopic to one of the curves γp1 ◦ γ
q
2 .

X
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6.2.3 De Rahm theory
In 1931 the Swiss mathematician George De Rahm proved a fundamental theorem

that connects the spaces smooth, real differential forms on a manifold with the co-
homology groups of the manifold with coefficients in R, and there is a version involving
complex forms and cohomology with complex coefficients that follows immediately from
the real case. Several proofs are around, and you can find many good references. A
nice introduction to general the De Rahm theory is in

www1.mat.uniroma1.it/people/piazza/deRham-thm.pdf

(.) To give a taste of the bigger theorem, we shall formulate De Rahm’s theorem
for 1-forms on Riemann surfaces but merely sketch a proof for the easy part of it. This
is in fact a fundamental and important result being the connection between the purely
topological invariant π1(X) of the Riemann surface X and the analytical invariant
H1
DR(X). More precisely, it is the dual group Hom(π1(X),C) of groups homomorph-

isms from the fundamental group into the complex numbers that relates to the De
Rahm H1

DR(X). By a handful of theorems in algebraic topology, this dual group is
isomorphic to the cohomology group H1(X,C), but for us the relation with π1(X) is
quit satisfactory.

The compact, connected and oriented smooth manifolds of dimension two are com-
pletely classified, and these are exactly the underlying smooth manifolds of the compact
Riemann surfaces. Up to diffeomorphism there is one such manifold Xg for each natural
number number g—the famous genus.

The fundamental groups π1(Xg) are all well known. They are not very complicated
groups (although infinite and non-abelian), but we do not dive into a closer description.
For us the important thing is that HomC(π1(Xg),C) is a vector space of complex
dimension 2g.

We are going to see that the Hodge-decomposition of E1 induces a decomposition
of H1

DR(H) into two spaces H1,0 and H0,1 both of dimension g.

(.) The De Rahm group H1
DR(X) we are most concerned about is defined as the

middle cohomology of the complex below (called the De Rahm complex, by the way)
where Ei

X stands for the vector space of smooth, complex i-forms:

0 // E0 d // E1 d // E2 // 0

That is H1
DR(X) = Ker d/Im d, or in words the vector space of closed smooth and

complex forms modulo the subspace of exact smooth and complex forms. Of course
one puts H0

DR(X) = Ker d0 and H2
DR(X) = Coker d2. Since our Riemann surfaces

are connected by convension, the group H0
DR(X) reduces to C; indeed if df = 0 the

function f must be constant. The space H2
DR(X) consists of all 2-forms modulo the

exact ones. This a more suble space, which we may be come back to.

(.) The main theorem in the previous paragraph shows that the integral
∫
γ
ω is

constant on the homotopy class c = [γ] containing γ. Of course this statement must
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be taken with a small grain of salt only being meaningful for the representatives of [γ]
being pointwise C1, but lemma . on  save us.

The isomorphism in De Rahm’s theorem comes from the most natural paring

π1(X)×H1
DR(X)→ C,

namely the one defined by integration a form agains a path:

([γ], [ω]) 7→
∫
γ

ω.

Certainly one must verify that the integral
∫
γ
ω does not depend on the chosen repres-

entatives γ and ω. We proved in . that the integral
∫
γ
ω does only depend on the

homotopy class of γ when ω is a closed form, and by it is a much simpler result that
integrals of exact forms round loops vanish. So, indeed, the pairing is well defined.

The pairing induces a map

Φ: H1
DR(X)→ HomC(π1(X),C)

which sends a class [ω] to the map sending [γ] to the integral
∫
γ
ω; that is Φ([ω])([γ]) =∫

γ
ω. Proposition ?? on page ?? tells us that if this map is identically zero, the form

ω is exact, in other words the class [ω] vanishes. Hence Φ is injective, and we have
proved half (confessedly, by far the easiest half) of the theorem:

Theorem . The map Φ is an isomorphism H1
DR(X) ' HomC(π1(X),C).

6.2.4 Surface integrals
The aim of this section is to define the integral over X of a 2-form ω, generalizing

the old acquaintances from calculus, the surface integrals. The Riemann surfaces X we
are interested in are not all compact (and for the moment not even second countable) so
we shall include improper integrals in the definition. This opens the way to L2-spaces
of forms, but the prise to pay is a definition with some nooks and the corners and some
laborious checking.

Just as for line integrals there are two steps. In the initial step, which is the easy
one, we define integrability and the integral of 2-forms supported in a coordinate patch.
In the second step we resort to partitions of unity to extend the definition to 2-forms
with some very mild restrictions on their support. The restrictions are kind of artificial
and rooted in that the topology of X is not a priori second countable — we simply
assume that the supports of the forms are second countable.

(.) We begin with the easy case that the two-form ω is supported in a coordinate
patch U with coordinate z. So we identify U and z(U) and assume that U is an open
subset of the complex plane. And as usual, we let let z = x + iy. In the plane open
set U the 2-form ω is expressed as ω|U = fdz ∧ dz = 2ifdx ∧ dy, and we say that ω is
integrable over U if the function f is integrable, that is f the function is measurable
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and the Lebesgue integral
∫
U
|f | dxdy is finite. In case ω is integrable, we define the

integral of ω as ∫
X

ω = 2i

∫
U

f dxdy. (.)

By the paragraph (6.2) on page  this condition is independent of the coordinate we
DefIntDisk

use, and by paragraph (6.1) on the same page, the integral in (.) has the same value
whatever change of coordinate we make. Hence the definition is legitimate.

(.) In the second step, we loosen the hypothesis and do not assume that ω has
support in a patch. We say that the 2-form ω is integrable if there is a countable
family of coordinate patches {Di} and a partition of unity {ηi} subordinate to that
family such that the following three conditions are fulfilled

IntegrabelBetingelser

� The form ω is supported in the union
⋃
iDi.

� Each ηiω is integrable in Di.

� The series
∑

i

∫
Di
|ηiω| is convergent.

And then, if ω is integrable, we define∫
X

ω =
∑
i

∫
Di

ηiω. (.)

Of course, it is necessary to establish that the notion of integrability and the definiton of
DefIntegral

the integral do not depend on the choices made, i.e., the choice of the family of patches
and of the partition of unity. To that end, assume that {εj} is a second partition of
unity subordinate to a family {D′j} of coordinate patches fulfilling the three conditions
above. Our task is to establish the following:

Lemma0DefInt

Lemma . With the two sets of data given above, the 2-form ω is integrable with
respect to {εi} and {Di} if and only if it is integrable with respect to {εj} and {D′j}.
In case it is, one has ∑

i

∫
X

ηiω =
∑
j

∫
X

εjω.

The proof will rely on two further lemmas that follow.

Lemma1DefInt

Lemma . The forms εjηiω are integrable over Dj ∩ D′i and one has the equality∫
Di
ηiω =

∑
j

∫
D′j∩Di

εjηiω.
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Proof: This is basically a consequence of Lebesgue’s dominated convergence theorem.
Let ω = fdz ∧ dz in the patch Di, and then |ω| = |f | dx∧ dy there. By hypothesis ηiω
is integrable on Di meaning that ηiω is meseaurable and |ηif | has a finite integral over
Di. One has |εjηif | ≤

∑
j<m |εjηif | ≤ |ηif | since

∑
j<m εj ≤

∑
j εj = 1. Hence εjηif is

integrable and by Lebesgue’s dominated convergence theorem one deduces, using that∑
j εj = 1, the equality

∑
j

∫
D′j∩Di

εjηif =

∫
D′j∩Di

∑
j

εjηif =

∫
Di

ηif,

which is just the statement of the lemma, taking into account the definition in step
one of integrals over patches. o

Lemma2DefInt

Lemma . The double series
∑

i,j

∫
D′j∩Di

|εjηiω| converges.

Proof: Let M and N be two arbitrary natural numbers. Using that |εiηiω| = εjηi |ω|
one has the following self explanatory sequence of equalities and inequalities∑

i<N,j<M

∫
X

|ηiεjω| =
∑
i<N

∫
X

∑
j<M

ηiεj |ω| ≤
∑
i<N

∫
X

∑
j

ηiεj |ω| =

=
∑
i<N

∫
X

ηj |ω| <
∑
i

∫
X

ηj |ω| .

o

We proceed to finish the proof of lemma .. By lemma . the double series∑
i,j

∫
X

εiηjω

converges absolutely and the terms can be rearranged at will. In particular we have∑
i,j

∫
X

εjηiω =
∑
i

∑
j

∫
X

εjηiω =
∑
i

∫
X

ηiω

where the last equality was proven in lemma .. A analogous formula with the roles
of ηi and εj interchanged holds true by symmetry , and we conclude that∑

i

∫
X

ηiω =
∑
j

∫
X

εjω,

which is what we intended to establish.
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6.2.5 Stokes’ formula
In Green’s theorem, which is Stokes’ in the plane, there is an issue of the orientation

of the boundary; especially when the boundary disintegrates into several components
that may nested this can be slightly subtle. Normally it is solved by saying that the
the boundary must be traversed with the domain D lying to the port, as a sailor would
say; that is, it lies to the left when you look in the direction of the forward tangent.

When generalizing to a Riemann surface this issue persist, and it resolved in the
same way. The point being that Riemann surfaces are canonically oriented and this
orientation induces a canonical orientation of the boundary. The procedure is the same
as in the plane: Keep the domain to the port. However, on a Riemann surface it can be
challenging to keep track of the different boundary components and their orientations.

Figur .: A domain on a Riemann surface with boundary.

(.) We come to the formulation of Stoke’s theorem; we only need the special case for
1-forms with compact support. The theorem is part of the area of mathematics called
“calculus on differentiable manifolds” and a proof may be found in most text books
covering that area—but since we, contrary to most text books, work with surfaces that
are not a priori second countable, we briskly indicated the salient points of the proof.

Theorem . (Stoke’s theorem) Let D be region in X with a piecewise smooth
boundary ∂D. Let ω be a 1-form with compact support and of class C1. Then the
following equality holds true: ∫

D

dω =

∫
∂D

ω.

The boundary ∂D which appears is a possibly infinite chain, but the support of ω being
compact there are only finitely many non-zero terms to the left. The components of
the boundary ∂D are given the orientation they inherit from the canonical one on X,
i.e., they have the region D on their left. Notice that we do not assume that D is
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connected nor relatively compact. Whether D is open or closed or neither is not an
issue, neither the boundary nor the integral depends on such conditions.

Proof: The tactics are to reduce the theorem to Green’s theorem by use of a partition
of unity. As the support K of ω is compact, it has a finite covering {Di} by disks which
has a partition of unity ηi subordinate to it. Then it holds true that∫

∂D

ω =
∑
i

∫
∂D

ηiω and

∫
D

dω =
∑
i

∫
D

d(ηiω).

Corresponding terms in the two sums satisfy∫
∂D

ηiω =

∫
∂(D∩Di)

ηiω =

∫
D∩Di

d(ηiω) =

∫
D

d(ηiω),

where the equality in the middle comes from Green’s theorem in the plane. The salient
point is that boundary ∂(D ∩Di) can be split into two parts, one being ∂D ∩Di and
the other being contained in ∂Di. On the latter the form ηiω vanishes and we have∫

∂(D∩Di)

ηiω =

∫
∂D

ηiω.

o

Figur .: Randen til omr̊adet i en disk.

(.) We shall frequently use two corollaries of Stokes’ theorem. The first is what
one could call a partial integration formula. If ω is a 1-form and f a function, both of
class C1, one has the equality

d(fω) = df ∧ ω + f dω. (.)

When f and ω are integrable we may integrate over D to obtain the formula∫
D

d(fω) =

∫
D

df ∧ ω +

∫
D

f dω,

and when Stokes’s theorem is applicable, this in turn leads to the formula
PartialIntegration1 ∫

∂D

fω =

∫
D

df ∧ ω +

∫
D

f dω. (.)

PartialIntegrasiom
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(.) The second corollary is fundamental and often in use. It says that integrals
over X of derivatives of forms with compact support vanish. Comparing the statement
in the lemma with the one variable analogue can be instructive. If a smooth and real
function f on R has compact support then

∫
R f
′(x)dx = f(a)− f(b) where a and b lies

on either side of the support, and consequently the integral vanishes.

KompaktStotteForsvinner

Corollary . If ω is a 1-form of class C1 with compact support, one has
∫
X
dω = 0.

Proof: Let γ be a closed, smooth and regular path in X and let B be a tubular
neigbourhood of γ. Then X decomposes in two parts: The band B and its complement
Bc = X \ B. After a short moment of reflection, one realizes that if ∂B = γ1 − γ2,
where γ1 and γ2 are the two boudary components of the band, then ∂Bc = γ2 − γ1; to
put it simply, B and its complement Bc are on opposite sides of ∂B. Hence by Stokes’
formula,

∫
X
ω =

∫
B
ω +

∫
Bc ω = 0. o

Figur .: A green Riemann surface with a red band

6.2.6 The class of a path
In modern geometry a common technic is to associate to “subgeometric objects” a

cohomology class in a cohomology theory (preferably your favorite one). This vague
statement is made precise in our context. We want to associate to any closed, smooth
path on X a class in the De Rahm cohomology group H1

DR(X). That is, to a closed
path γ, we associate the class of a closed 1-form χγ, which in fact will be smooth and
of compact support, and up to exact forms it should only depend on the homotopy
class of γ.

(.) The starting point is to chose a band B round the path γ, and then shrinking
the band a little to get a band in the band, that is a second and smaller band A lying
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within the first. The portions of A and B lying to the left of the curve are denoted by
A′ and B′, and we put D = B′ \ A′. It is a band lying some distance away and to the
left of the path γ (D is bluish on the figure).

Given the bands above, we define a function f with compact support on X in the
following manner. On A′ it is constant and equals 1, in D it decreases in a smooth
way to zero, and in the complement of B′ it takes the constant value 0. Notice that f
is not continuos. When γ is crossed from the left to the right f jumps from 1 to 0.

Figur .: The different bands surrounding the path γ.

ClassOfClosePath

(.) Then 1-form χγ associate to γ is defined by putting

χγ =

{
0 on γ

df off γ

The support of χγ is evidently contained in the blue band B′ and χγ is of class C∞.
It is exact off γ but not in the entire X, and it a closed form. Evidently the form χγ
depends on the several choices made, but the differences between forms arrising from
various choices wil be exact, so the class [χγ] in the De Rahm group is well defined.

ClassOfPathIntegral
Proposition . When α is a closed 1-form of class C1, one has the equality∫

γ

α = −
∫
X

α ∧ χγ.

In particular the integral
∫
X
α ∧ χγ does only depend on the free homotopy class of γ.

Proof: The support of χγ is contained in region D defined above, and the boundary
of D has two components. We push them a small amount to obtain paths. The one
farthest from γ is pushed slightly farther away into the region where f vanishes. And
the other is moved slightly closer to γ, into the region where f equals one. The resulting
paths are respectively named γ′ γ′′ and they are both homotopic to γ. We find using
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integration by parts, the insensitivity of the integral to homotopy and that fact that α
is closed, the sequence of equalities which finishes the proof:∫

γ

α =

∫
γ′
fα−

∫
γ′′
fα =

∫
X

d(fα) =

∫
X

df ∧ α +

∫
X

fdα =

∫
X

df ∧ α.

o

Finally, we have to see that χγ only depends on the homotopy class of γ:

Proposition . If γ and γ′ are two freely homotopic closed paths, it holds true that
[χγ] = [χγ′ ] in the De Rahm group H1

DR(X).

Proof: It suffices to show that
∫
δ
χγ =

∫
δ
χγ′ for all closed paths δ, since then by

proposition ?? on page ?? the difference χγ − χγ1 is exact. One finds∫
δ

(χ− χ′) =

∫
X

χδ ∧ (χ− χ′) =

∫
χ

χδ −
∫
χ′
χδ = 0,

using proposition . above and the insensitivity of the integral to homotopy. o

Problem .. Show that the class [χγ] does not depend on the choices of the bands
ChiUavhengig

A and B and the function f . Hint: Given two sets of bands, use the largest B and
narrowest A to find a common band for the two situations. If f ′ and f are two choices
of functions, the difference f − f ′ is smooth on the entire surface X. X

Problem .. Show the one dimensional analogue of proposition .: Given a point
a ∈ R define an integrable and positive function ga such that

∫
R fga = f(a) for all C1

functions f . Hint: Partial integration. X

6.2.7 Intersection of paths
From a naive view point two closee paths on X can of course intersected, and the

naive way of measuring how big the intersection is , is just to count the number of
common points. To be able to prove theorems about the intersection, we want the
“measure” or “the intersection product” to e.g., be invariant under homotopy.

Given two closed paths γ1 and γ2. One say that they intersect properly at a point
x if they both are regular near x and their tangents at the point are neither parallel
nor antiparallel. They are in general position if this happens in every point of their
intersection. Any pair of paths can be brought into general position by a homotopy.
Indeed, they can both be brought into piecewise linear paths, and after one has been
moved slightly, if necessary , they will have no common linear components and no com-
mon break points (points where linear components meet). If one insists on smoothing
them, one can do that as before but making the modifications so close to the break
points that smoothing out the corners does not affect the intersection points.
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The tangents to the two curves intersecting propely in a point x are different and
one defines the local intersection multiplicity (γ1, γ2)x at x as 1 or −1 according to the
principal angle1 between the tangents being positive or not. Then of course (γ1, γ2) =
−(γ2, γ1), since the angle from T2 to T1 is the negative of the one from T1 to T2.

Finally, one define the intersection product of the two paths γ1 and γ2 by summing
up all the local contributions; that is, one puts

(γ1, γ2) =
∑

x∈γ1∩γ2

(γ1, γ2)x.

The idea in this paragraph is to express the intersection product as integral of
forms, and in the way se that it is constant on homotopy classes (at least among the
piecewise smooth members) and in executing that Stokes’ theorem will be useful.

we want multiplisities at each intersecton so that sum is an invariant unde homotopy.
If the two curves are reasonably place As an application of Stokes’ we Let c1 and c2

be two homotopy classe and let γ1 γ2 be two paths representin the classes. We may
assume that γ1 both are

6.3 Quatdratic integrable forms

Recall that a 1-form α is measurable form if for any patch (U, z) the functions p and
q appearing in the expression α|U = pdz + qdz are Lebesgue-measurable. Another
measurable form β is equal to α almost everywhere if its component functions in every
patch coincide almost every where with those of α, that is if locally β = p′dz + q′dz
with p = p′ a.e and q = q′ a.e. A change of coordinates does not affect this, as p and
p′ (respectively q and q′) pick up the same factor when the coordinate change.

(.) Recall the two operations ∗α and α we introduced for 1-forms. The ∗-operation
and the conjugation anticommute; that is it holds that ∗(α) = −∗α. Indeed, in a patch
where α = pdz + qdb̀z one has

∗(α) = ∗(pdz + qdz) = −ipdz + iqdz

and on the other hand it holds true that

∗α = −ipdz + iqdz = ipdz − iqdz = −α.

Furthermore one can move the star through the wedge, that is it holds true that:

∗α ∧ β = α ∧ ∗β. (.)

starWedge
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DefNorm
(.) In the previous section we introduced the notion of integrable 2-forms. Now the
turn has come to 1-forms and we are about to explain what we mean by quadratically
integrable 1-forms. So let ω be a 1-form on X and consider the integral

‖ω‖2 =

∫
X

ω ∧ ∗ω. (.)

In case this integral is finite one says that ω is quadratically integrable over X and
DefNorm

(.) serves as the definition of the norm ‖ω‖. That the integral is positive2 unless ω
vanishes almost everywhere is seen as follows. In a patch where ω = pdz+ qdz one has
∗ω = ipdz − iqdz, and hence

ω ∧ ∗ω = (pdz + qd) ∧ (ipdz − iqdz) = (.)

= −i(pp+ qq)dz ∧ dz = 2(|p|2 + |q|2)dx ∧ dy, (.)

and this is a non-negative expression that vanishes if and only if the form ω vanishes
NrmPositiv

almost everywhere. We also observe that p and q are quadratically integrable in the
patch.

(.) It is a matter of easy computations to see that the parallelogram law holds.
That is, one has the equality

‖α + β‖2 + ‖α− β‖2 = 2 ‖α‖2 + 2 ‖β‖2 ,

the corresponding relation between the integrand holds even before we integrate. A
consequence is that the sum (and the difference) of two quadratically integrable 1-forms
is integrable, and hence the quadratically integrable forms form a complex vector space
that we shall denote L2(X).

(.) There is an inner product on the space L2(X) of quadratically integrable forms
that induces the norm we just defined. It is given by the following integral

(α, β) =

∫
X

α ∧ ∗β,

which is finite once both the forms α and β are quadratically integrable. This follows
for instance by integrating the two relations

2 Reα ∧ ∗β = (α + β) ∧ ∗(α + β)− α ∧ ∗α− β ∧ ∗β
2Imα ∧ ∗β = (α + β) ∧ ∗(α + iβ)− α ∧ ∗α− β ∧ ∗β.

1that is the one between −π and π
2Needless to say, the norm ‖ω‖ is the positive square root of the integral in (.).
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Switching the order of α and β results in conjugating the inner product, that is (α, β) =
(β, α), which the following small calculation one has using that ∗α = − ∗ α shows:

α ∧ ∗β = α ∧ ∗β = −β ∧ ∗α = β ∧ ∗α.

In paragraph (6.2) we showed that product is positive definite and we have defined
a genuine inner product.

Proposition . The product (α, β) is a positive definite complex inner product on
the space L2X of quadratically intergrable forms. Hence L2(X) is pre-Hilbert space.
One has (∗α, ∗β) = (α, β).

Proof: The only thing that is not already shown is the formula (α, β) = (∗α, ∗β). To
that end we offer the following computation∫

X

∗α ∧ ∗ ∗ β =

∫
X

∗α ∧ −β =

∫
X

α ∧ ∗(−β) =

∫
X

α ∧ ∗β.

o

(.) The space L2(X) of quadratic integrable 1-forms is in general not a complete
vector space. Our surfaces X are for the moment not even second countable, so we
must live with not knowing whether L2(X) is complete or not, that is can not assume
it is. However, this functions well with a little care.

Among the many situations when L2(X) is complete The easiest case to establish
is when X is compact. For the sake of completeness (!!) we sketch a proof in that
case. Any Cauchy sequence {ωn} in L2(X) of global forms induces in a any patch
U a Cauchy sequence in the space L2(U), and we know from real analysis that this
space is complete. Hence we get quadratically integrable function φU to which the
sequence {ωn|U} converges. The rest of the proof consists of checking that the ω|U can
be patched together to a global quadratically integrable form ω and that the original
sequence converges to ω in L2.

Proposition . If X is compact, the space L2X is complete, hence it is a Hilbert
space.

Proof: We have the Cauchy sequence {ωk} in L2(X); that is ‖ωn − ωm‖X → 0 when
n,m→∞. Let {Ui} be a family of patches, finite since X is compact, and let {ηi} be
a partition of unity subordinate to {Ui}. Then given ε > 0 we have

‖ωn − ωm‖X =
∑
i

‖ηiωn − ηiωm‖Ui

On the other hand we have ‖ωn − ωm‖Ui
≤ ‖ωn − ωm‖X hence {ωn|Ui

} is a Cauchy se-
quence in the space L2(Ui). This space is complete and the sequence {ωn|Ui

} converges
to a 2-form ωU in L2(Ui).
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On the intersections Ui ∩ Uj one obviously has that ωUi
= ωUj

a.e, since they are
L2-limits of the same sequence. A small argument implies that they can be altered on
a set of measure zero to patch together to a global 2-form ω. Indeed, if Kij denotes the
set in Uij where they disagree, the finite union K =

⋃
i,jKij is a set of measure zero.

Letting χK denote the characteristic function of K (the one that equals 1 on K and 0
off) one sees that the forms χKωUi

agree on the intersections, and patch together to a
global measurable (even locally integrable) form ω.

It remains to see that ω is quadratically integrable and that the sequence {ωn}
converges to ω in L2(X). We find

‖ω − ωn‖X =
∑
i

‖ηiω − ηiωn‖X ≤
∑
i

‖ω − ωn‖Ui
.

Given a positive ε there is an N such that ‖ω − ωn‖Ui
< ε for n > N . A priori this N

depends on i, but the covering being finite the largest work for all i. Hence for n > N
one has

‖ω − ωn‖X < rε

where r is the number of patches, which is a constant in the context, and we are
through. o

6.4 A closer study of L2X

Weel technique, E1
∞(X) denote the set of smooth 1-forms on X with compact support.

There is an avatar of Stokes’ theorem for such functions, namely∫
X

d(ηω) = 0

for any C1 form ω, indeed Stokes gives

(.) We introduce two closed subspaces E and E∗ of L2(X). The first space E is the
closure of the subspace consisting of the exact forms dη where η runs through all smooth
functions with compact support; that is E is the closure of the set { dη | η ∈ C∞0 (X) }
in L2(X). This means that any form ω in E is the L2-limit of a sequence {dηi} of
differentials of smooth functions ηi with compact support.

The other subspace E∗ is analogously defined as the closure of the space whose
elements have the shape ∗dη for η smooth with compact support; that is, it is the
closure of the set { ∗dη | η ∈ C∞0 (X) }. So to say, the space E∗ is just the star of E.
The spaces E and E∗ are closed vector subspaces of L2(X).

SnittNull
Lemma . The two subspaces E and E∗ are orthogonal, in particular they have no
non-zero common element.
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Proof: Let to begin with ε and η be two smooth functions whose supports are
compact. We compute using partial integration and obtain

(dε, ∗dη) = −
∫
X

dε ∧ dη = −
∫
X

d(εdη) = 0,

where the last equality holds since εdη has compact support (proposition . on page
). Assume now that α = limi εi and β = limj ∗ηj are elements in E and ∗E respect-
ively, so that the εi-s and the ηj-s all lie in C∞0 (X). As the inner product is continuous
in L2-norm, we get from the above that

(α, β) = (lim
i
εi, lim

j
ηj) = lim

i,j
(εi, ∗ηj) = 0.

o

(.) The orthogonal complements of E and E∗ are of basic interest. They consist
of what one respectively calls weakly closed and weakly co-closed forms. The elements
of E∗⊥ are by definition those integrable forms satisfying (ω, ∗dη) = 0, whereas those
in E⊥ are characterized by the relation (ω, dη) = 0; in both cases the equalities must
remain valid for all η ∈ C∞0 (X).

The reasons behind the names “weakly closed” and ”weakly co-closed” become clear
with the lemma below. It tells us that sufficiently regular forms in E∗⊥ are genuinely
closed, and those in E⊥ are genuinely co-closed:

WeaklyClosed

Lemma . Assume that ω is a quadratically integrable C1-form. Then ω belongs to
E∗⊥ if and only if ω is closed, and it belongs to E⊥ if and only if it is co-closed.

Proof: By partial integration the relation

(ω, ∗dη) = −
∫
X

ω ∧ dη =

∫
X

d(ηω)−
∫
X

ηdω,

holds for all smooth functions η with compact support. The support of η being compact
one has

∫
X
d(ηω) = 0 after corollary . on page .. This yields

(ω, ∗dη) = −
∫
X

ηdω.

The first part of the lemma now follows since the integral to the right vanishes for all
η ∈ C∞0 (X) if and only if dω = 0. The proof of the second part of the lemma is mutatis
mutandis the same as of the first. o
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(.) The orthogonal complement to the space spanned by smooth co-closed and
compactly support forms are the weakly exact forms. If such a form is of class C1 it is
genuinely exact.

WeaklyExactC1

Proposition . A quadratically integrable 1-form ω of class C1 is exact if and only
if (ω, β) = 0 for all smooth co-closed forms β with compact support.

Proof: Assume (α, β) = 0 for all co-closed, smooth and compactly supported forms
β. To see that ω is exact, it suffices by the theorem of vanishing periods (theorem .
on page ) to see that

∫
γ
ω = 0 for every loop γ. In paragraph (6.2) on page  we

constructed the De Rahm class of loops γ. They are represented by a real, smooth and
closed forms χγ with compact support, and their constituting property is that∫

γ

α =

∫
α ∧ χγ

for all closed C1-forms α. We deduce from this, using that ∗χγ is co-closed, the following

0 = (ω, ∗χγ) =

∫
X

ω ∧ ∗(∗χγ) = −
∫
X

ω ∧ χγ = −
∫
γ

ω,

and we are done.
The other implications follows easily by use of partial integration. Indeed,assume

ω to be exact and let ω = df where f is a C2-function on X. For any 1-form β being
smooth, co-closed and of compact support, we find

(df, β) =

∫
X

df ∧ ∗β =

∫
X

d(f (∗β))−
∫
X

f d(∗β) =

∫
X

d(f ∗β) = 0.

where we use that integrals over X of closed forms of compact support vanish (corollary
. on page ) and that ∗β is closed. o

Problem .. Show the “co-version” of proposition . above. That is ω is co-exact
if and only if (ω, β) = 0 for all closed β, smooth and of compact support. X

The space of harmonic forms
By far the most interesting subspace of L2(X) is the subspace H = E⊥ ∩ E∗⊥. By

trivial and elementary linear algebra one sees that (E ⊕ E∗)⊥ = E⊥ ∩ E∗⊥ This has
several consequences. First all, there is a direct sum decomposition

L2 = E ⊕ E∗ ⊕H.

Secondly, the technical lemma below shows that the space H is the subspace of L2(X)
consisting of the quadratic integrable forms one calls weakly harmonic, and combining
this with the miraculous Weyl’s lemma one concludes that the forms in H are genuinely
harmonic, and this is the main theorem of the present section. Such a result is serious
bootstrapping; we start out by forms that are merely measurable with finite integrals,
and end up concluding that they in fact are smooth.
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(.) A technical lemma The technical lemma is formulated in a real setting, which
possibly makes it a little more transparent. The setting is local and computations take
place in a patch U in X with coordinate z = x+ iy. We are given a form ω expressed
as ω = pdx + qdy which is integrable in U , and we shall make use of test-functions η
that are smooth and compactly supported in U . The point of the lemma is to express
the integral of p and q against the Laplacian ∆η of η in terms of the inner product on
L2(X) and thus preparing the ground for applications of Weyl’s lemma.

TekniskLemma

Lemma . Let η be a smooth and real function in a patch (U, z) whose support is
compact. Then one has the two equalities

(ω, dηx − ∗dηy) =

∫
U

p∆ηdx ∧ dy,

(ω, ∗dηx + dηy) =

∫
U

q∆ηdx ∧ dy.

Proof: This is a matter of some simple computations. One has

dηx = ηxxdx+ ηxydy and ∗ dηy = −ηyydx+ ηxydy

Hence the equality

dηx − ∗dηy = (ηxx + ηyy)dx = ∆ηdx,

which yields the first equation in the lemma:

(ω, dηx − ∗dηy) =

∫
X

ω ∧ ∗(∆ηdx) =

∫
U

p∆ηdx ∧ dy.

To show the second equation one applies the first to the form −(∗ω) = qdx − pdy
observing that

(−(∗ω), dηx − ∗dηy) = (ω, ∗dηx + dηy)

since (∗α, ∗β) = (α, β). o

(.) The impact of this technical lemma is that the Hodge-components of a form
α in H are weakly harmonic; in other words, if α = pdx + qdy in a patch (U, z), the
two component functions p and q are weakly harmonic. Indeed, for any smooth η with
compact support in U the two left integrals in lemma . vanish since α lies in both E⊥

and E∗⊥. Consequently the right integrals vanish also, and this is just the definition
of p and q being weakly harmonic.

By Weyl’s lemma xxx on page xxx, it follows that p and q are harmonic functions,
and we are more than half way in the proof of the following:

Theorem . Assume that ω is a quadratically integrable form. Then ω is harmonic
if and only if ω ∈ H.
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Proof: Assume that ω lies in H. We found out just before the theorem that the
local component functions of ω in any patch are harmonic. In particular, the form
ω is smooth. By lemma . it is therefore both closed and co-closed and hence is a
harmonic form, as follows from proposition . on page .

To establish the implication the other way let ω be a harmonic form. By the
observation in the paragraph about harmonic forms (paragraph 6.2 on page ) the
form ω is at the same time closed and co-closed, and being smooth it therefore belongs
to both E⊥ and E∗⊥ by lemma .. o

6.4.1 Relation with the De Rahm group
The main theorem about harmonic forms has several severe consequences and is

really the hub of the theory. For instance, it establishes a very close relation between
the space of harmonic forms and the De Rahm group.

Proposition . Any class [ω] in the De Rahm group H1
DR(X) is represented by a

harmonic form. In case X is compact, the harmonic representative of a class is unique,
hence H and H1

DR(X) are isomorphic vector spaces.

The proposition says that the canonical map H → H1
DR(X) sending a form α to its

class [α] always is surjective. In particular if the De Rahm group H1
DR(X) is non-zero,

on can conclude that there are harmonic forms on X. In the compact case the canonical
map is even an isomorphism.

For instance this implies that the classes of closed paths, i.e., classes of the shape
[χγ] are represented by harmonic forms αγ, which in the compact case is uniquely
defined by the free homotopy class of [γ]. In the non-compact case the map is not
injective, e.g., the derivative of any holomorphic function will lie in the kernel.

Proof: Pick any closed ω of class C1 (closed formes forcibly are). As L2(X) =
E⊕E∗⊕H the space of weakly closed forms E∗⊥ obviously satisfies E∗⊥ = E⊕H. The
form ω being closed is weakly closed and lies in E∗⊥. It can therefore be decomposed
as a sum

ω = β + α

with β ∈ E and α ∈ H. Harmonic forms are closed so it holds that 0 = dω = dβ+dα =
dβ. Hence β is closed, and being the difference between two forms of class C1 it is C1

as well.

Now, let γ be any loop in X. It has a closed form χγ associated with it and, β
being closed and C1, the first equality below holds true (by proposition . on page
) ∫

γ

β = (β, ∗χγ) = 0,

and the second holds since χγ is co-close and hence lies in E⊥. By the theorem of
vanishing periods, the form β is exact, and it follows that [ω] = [α].
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If the Riemann surface X is compact, it has no globally defined harmonic functions
on it, so harmonic forms can not be exact. In other words, the canonical map H →
H1
DR(X) is injective. o

Problem .. Assume that γ is loop in X that is non-separating meaning that the
complement X \ γ is connected. Show that there is harmonic form α on X such that∫
γ
α = 1. X

6.5 Existence of harmonic functions

It is of course a fundamental result that on any Riemann surface X there are non-
constant meromorphic function. The study of a Riemann surface is for most of its
parts based on understanding the meromorphic functions that live on it. Finding a
meromorphic function on a Riemann surface is not a trivial matter, and the result
is specific for Riemann surfaces, that is for analytic manifolds of complex dimension
one. Already in dimension two there are examples of manifolds without non-constant
meromorphic functions. Finally, Riemann surfaces turn out to have lots of meromorphic
functions, but to begin with, we will be happy to just find for one!

auxFu

(.) An auxiliary function We shall need the function h(z) = z−n + zn which is
harmonic for z 6= 0 being the sum of a holomorphic and an anti-holomorphic function.
It has the property that the angular part of its conjugate differential ∗dh vanishes on
the unit circle, so that by Stokes’ theorem we obtain:∫

D
d(η ∗dh) =

∫
∂C
η ∗dh = 0, (.)

for any η of class C1 around the unit disk. A little computation yields that
AuxOne

∗dh = niz−n
dz

z
+ nizn

dz

z
, (.)

and on the unit circle, where z = eit, we find dz/z = idt and dz/z = −idt, and (.)
AngularPart

reduces to the equality

∗dh|∂D = −n(z−n − zn)dt = 0

since z−1 = z on D.
The function we shall use is an avatar of the function h being h made smooth in

a smaller disk D′ about the origin. Let D′′⊆D′ be another small disk and choose a
smooth function in D that vanishes on D′′ and equals one in D⊆D′. Then g = ηh is
a smooth function in D which equals h in the annular region D \D′.
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(.) Let us agree to say that a complex harmonic function u in X \ {x} has a pole
of order n at the point x if there is a patch (U, z) centered at x such that for some
non-zero complex constant a the function u − az−n on U \ {x} can be extended to a
harmonic function in U . Of course, from the point of view of singular behavior the
real and the imaginary parts Reu and Imu resemble Re az−n and Im az−n near x. For
instance if the real part of a harmonic function behaves like (αx− βy)(x2 + y2)−1 near
a simple pole with a = α + iβ.

(.) The main theorem whose proof occupy the rest of this section is the following;
it asserts that we always can find a harmonic function on X with just one pole where
the singular behavior is prescribed:

HarmFuFinnes

Theorem . Let X be a Riemann surface and let x0 ∈ X and let x0 be a point. Let
n be a natural number. Then there exists a harmonic function u in X \ {x0} having a
pole of order n at x0. Furthermore there is a neighbourhood U of x0 such that

� u− z−n is harmonic in U ,

� ‖du‖X\U <∞,

� (du, dη) = (du, ∗dη) = 0 for all smooth η having compact support and vanishing
in U .

(.) The set up In this paragraph we describe set up and the main ingredients of
the proof of theorem . above. The situation is as follows. We fix a point x0 in the
Riemann surfaces X and additionally we fix two disks D′ and D both centered at x0

and D′ being the smaller. The open annulus D \D′ will be denoted by A.
Furthermore we are given a smooth function θ in a neighbourhood of D, harmonic

in the annulus A and havimg the property that the angular component of ∗dθ vanishes
along the boundary ∂D of D so that (.) holds for ∗dθ. Of course our favorite
example of such a function is the function g we studied in paragraph (6.1); which can
be transported to X once we choose a coordinate in D making D a disk of radius one.

(.) The main player and the first lemma The main player in the proof is the
1-form Θ on X defined by

Θ =

{
dθ in the closed disk D

0 outside the closed disk D i.e., in X \D

It certainly not smooth having a discontinuity across the boundary ∂D, but it evidently
lies in L2(X), since the norm ‖Θ‖X equals the integral

∫
D
|θ|2 which is finite. And

clearly Θ is of compact support.
Now, the Hilbert-space L2(X) of quadratic integrable forms on X decomposes in

the orthogonal direct sum E ⊕ E⊥ and consequently the form Θ nay be written as
Θ = α+ β where α ∈ E and β ∈ E⊥; recall that E⊥ = E ⊕E∗ ⊕H. The main lemma
in the proof of theorem . above is the following

—  —



MAT4800 — Høst 2016

Lemma . The form α is harmonic off the smaller disk D′, that is, it is harmonic
in X \D′.

Proof: Once we have established that α is smooth, it follows from lemma . that α
is a closed form since α belongs to E and E ⊕ H = E∗⊥, and it will be co-closed as
well. Indeed, near points in the annulus A it holds true that α = dθ − β and dθ being
smooth β is smooth and both are co-closed since the function θ is harmonic in A and
β lies in E⊥. In the vicinity of points outside the disk D, one has α = −β, so when α
is smooth, β will be as well and hence both are co-closed by proposition . on page
.. It follows from proposition . on page  that α harmonic.

In the disk D we express α as α = pdx+ qdy. To prove that α is a smooth form we
once more appeal to Weyl’s lemma, and it will suffice to find a neighbourhoods round
all points not belonging to D′ where p and q are weakly harmonic. That is, we must
exhibit neighbourhoods U such that∫

U

p∆η =

∫
q∆η = 0

for all smooth functions η supported in U , and we can as well require the neighbour-
hoods to be disks. To this end we shall make use of the technical lemma . on page ,
and check that (α, dη) = (α, ∗dη) = 0 for all smooth functions η compactly supported
in U .

Since E⊆E∗⊥, the equality (α, ∗dη) = 0 is for free. For the other equality, one
observes that β ∈ E⊥, so that (β, dη) = 0 for all η ∈ C∞0 (X) , hence (α, dη) = (Θ, dη).

For any disk U in X \ D′ one may write U = U1 ∪ U2 with U1 = U ∩ A and
U2 = U ∩X \D. We find, by partial integration and Stokes’ theorem the equalities for
η is supported in U

(Θ, dη) =

∫
U

Θ ∧ ∗dη =

∫
U1

Θ ∧ ∗dη =

∫
U1

d(η ∗Θ) =

∫
∂U1

η ∗dθ = 0

where the last integral vanishes for the following reason: The boundary ∂U1 has two
components. One is part of ∂D, and there ∗dη vanishes by hypothesis, and the other
is disjoint from the support of η. Hence η ∗dθ vanishes there as well. o

(.) The second lemma The next lemma concerns the behavior of α near the
basepoint x0, that is the behavior in the smaller disk D′, We shall appela to lemma
.. Let η be smooth of compact support in D. Using that dθ and ∗dηy are orthogonal
we find

(dθ, dηx) =(dθ, dηx − ∗dηy) =

∫
θx∆η

(α, dηx) =

∫
p∆η
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and since θ − α = β ∈ E⊥ it holds true that∫
(p− θx)∆η = 0

for all η. A reasoning, mutatis mutandis the same, shows that∫
(q − θx)∆η = 0

for all η as well.
Hence by Weyl’s lemma α − dθ is smooth in D, and since θ is smooth, it follows

that α is smooth in the entire Riemann surface X.
Lemma2ExHarm

Lemma . The form α is smooth and exact in X, and α − Θ is harmonic in the
disk D.

Proof: We already established that α is smooth, and by a by now standard reasoning,
α−Θ is harmonic. It remains to see that α is exact. Now α ∈ E, and by lemma . on
page . all co-closed smooth forms are orthogonal to α. By proposition . on page
 we conclude that α being smooth, is exact. o

(.) Proof of theorem . So far the function θ was not explicit, however we use
a θ constructed with the help of the auxiliary function from paragraph 6.1.

The form α is exact, so let α = df where f is a smooth function on X which is
harmonic in the complement of the smaller disk D′. Let u be the function defined by

u =

{
f − θ + h in D \ {x0}
f in X \D′

In the intersection of the two domains, that is the annular region A, the two definitions
agree since h = θ there and consequently u is well defined everywhere away from
x0. It his clearly harmonic outside D′, since f harmonic there, and in D′ \ {x0}
lemma . tella us that f − θ is harmonic a priori the function h is harmonic, and
u− z−n = f − θ− h− z−n = f − θ− zn is clearly harmonic in D′. This proves the first
part of the theorem.

For the remaining two statements, take neighbourhood U to be D. outside D it
holds that du = α which lies in L2(X). As α lies in E it is orthogonal to forms of type
∗dη with η having compact support, and off D it holds true that α = −β which by
choice lies in E⊥.

6.6 Existence of meromorphic functions

The aim of this section is to show that every Riemann surfaces has a non-constant
meromorphic function; that is

—  —
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6.6.1 Recap on meromorphic forms
Recall that a 1-form on X is said to be meromorphic if there is an open dense set

V such that ω is holomorphic on V , and if there is a covering of X by patches (U, z)
such that ω = f(z)dz where f is meromorphic in U . The ω is properly defined away
from the poles of the f ’s, and these form a discrete set P in X. We may assume that
patches (U, z) are disks each containing just one pole at the origin.

(.) Assume now that ω is a given meromorphic form on X, and that (U, z) is a
coordinate patch around a point x in X. Let (V,w) be another patch around x. In the
intersection U ∩V the relation between the coordinates z and w has the form w = w(z)
where w is biholomorphic. In the patch (V,w) one has an expression ω = g(w)dw and
therefore ω = g(w(z))∂zw dz in U ∩ V . Hence the identity

g(w(z))∂zw = f(z)

holds true in U ∩ V and ∂zw vanishes nowhere in U ∩W the coordinate w depending
biholomorphically on z.

One observes that since ∂zw is biholomorphic it holds true that ordw(x)g(w) =
ordz(x)f(z). Hence one can speak about the order ordxω of the meromorphic differential
ω at x, and therefore also the divisor (ω) of the meromorphic form ω. It is given as
(ω) =

∑
x∈X ordxω. This divisors is positive if and only if ω is holomorphic, and it is

an easy exercise to check that (fω) = (f) + (ω) for any meromorphic function f on X.

(.) Given two non-zero meromorphic forms on the Riemann surfaces X. In some
sense their “quotient” is a meningfull construct, and it is a meromorphic function on
X. In a precise formulation; given two meromorphic forms ω1 and ω2 then there is
unique meromorphic function f such that ω1 = fω2, and f evidently merits the name
“the quotient of ω1 by ω2”.

Indeed, locally in a patch (U, z) the two forms satisfy relations like ωi = fi(z)dz
where the fi’s are meromorphic functions none of which vanishes identically. In another
coordinate patch (V,w) the forms are shaped like ωi = gi(w)dw, and the transition
relations on U ∩ V have the form

gi = fi∂zw.

Hence the quotients g1/g2 and f1/f2 coincide on the intersection U ∩ V and therefore
can be patched together to give a meromorphic function on U ∪ V . The quotient
formed on the patches in an atlas in this way, fit together to give a global meromorphic
function on X.

Example .. On the Riemann sphere Ĉ the form ω = dz is meromorphic. In the
patch C∗ = U∞ ∩ U0 the relation z = w−1 holds, so that dz = −w−2dw there. Hence
dz has a pole of order 2 at infinity. Every other meromorphic form on the Riemann
sphere is shaped like f(z)dz where f is any function meromorphic in Ĉ; that is, f is
any rational function. e

—  —
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6.6.2 Existence of meromorphic forms
The theorem xxx tells us that there are harmonic functions on X with a prescribed

singular behavior at a given point in X. Recall the way to obtain a holomorphic
function with a given real harmonic function u as real part in a domain Ω. One forms
the conjugate differential ∗du and tries to integrate it, and in case of success in writing
∗du = dv, the function f = u+ iv will be holomorphic.

We mimic this process mutatis mutandis to obtain a holomorphic 1-form from a
harmonic one. If α is harmonic, it is patchwise presented as α = pdz + qdz where p
and q are holomorphic. An easy computation shows that α + i ∗ α = 2pdz, and hence
α + i ∗ α is holomorphic.

To get hold of meromorphic 1-forms, we start with the function u given us in
theorem . that is harmonic in X \ {x} and behves like z−n near x. The differential
du is a harmonic form in X \{x} and near x it can be expresses as (−nz−n−1 +φ(z))dz
with φ harmonic in the vicinity of x. It follows that du+ i ∗du is holomorphic inan x.
We have thus established the following theorem

ExistenceOfMeroForms

Theorem . Let X be a Riemann Surface, x ∈ X a point and n a natural number.
Then there is a meromorphic 1-form on X having a pole of order n+ 1 at x as its sole
singularity.

(.) Now, we are ready for finding a non-constant meromorphic function on X, and
naturally, we shall exhibit it as the “quotient” of two meromorphic forms. To this end,
pick two different points x1 and x2 on the Riemann surface. By theorem . above X
affords to meromorphic forms ω1 and ω2 having a pole of order two respectively at x1

and x2 and having no singularities elsewhere. Then ω1 being holomorphic at a point
where ω2 has a pole, is not a constant multiple of ω2, and hence “quotient” f with
ω1 = fω2 is not constant. We thus proved

Theorem . Let X be a Riemann surface. Then X has a non-constant meromorphic
function. In other words, there is a non-constant holomorphic map f : X → Ĉ

Notice that even if we control the poles of the two forms completely, we have no
control at all on their zeros. Hence the fibre of f over the point at ∞ (or over 0 for
that matter) can contain several other points than x1, and it usually does. Indeed, any
zero of ω2 that is not cancelled by a zero of ω1 will be a pole of f .

In case X is compact it has a degree but the theorem says nothing of this degree.
For most Riemann surface it is not two. Those Riemann surfaces being double covers
of the Riemann sphere are called hyperelliptic and, expressed in a very vague way, they
form a “thin” part of all Riemann surfaces at least if the genus is as 3 or more. Compact
Riemann surfaces of genus g may be parametrized by a space of dimension 3g− 3 and
the hyperelliptic ones correspond to points in a subspace of dimension 2g − 1.

(.) The first consequence of having a meromorphic function, is that the topology
of X is second countable. One may even show that X is triangulable.

—  —
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Proposition . If X is a Riemann surface, then X is second countable

Knowing that there is a non-constant holomorphic function f : X → Ĉ, this is
an immediate consequence of the proposition lemma that usuallu goes under name of
the Poincaré-Volterra lemma—indeed a holomorphic map has discrete fibres (propo
xxxx). The Poincaré-Volterra lemma was proved independently by Poincaré and Vol-
terra in , but it seems that the statement is due Cantor. One consequence of the
proposition above is

Corollary . Let X be a Riemann surface and let X̃ be a universal cover. Then the
natural map X̃ → X has countable fibres. The fundamental group π1(X) is coutable.

Proof: In a second countable space discrete sets must be countable; indeed if D⊆X
is discrete, there is for each x ∈ D an open set U from any basis with U ∩D = {x}. o

(.) The old-timers expressed this by saying that a holomorphic function takes “at
most countably many values” in a point. This is a little like log z which we know
is defined only up to multiples 2πi. Frequently when a function is e.g., defined by
a differential equation or an algebraic equation in a domain Ω, there are several local
solutions. On the universal cover Ω̃ these patch together to a global solution f : Ω̃→ C,
and the different local values at a point z correspond to the fibre over z of the natural
map Ω̃→ Ω.

(.) Here comes the Poincaré-Volterra lemma; the proof is an exercise in general
topology:

Proposition . Assume that X is a connected topological manifold and that f : X →
Y is a continuous map to a Hausdorff space Y whose fibres are discrete. If Y is second
countable, then X is.

Proof: The proof has two stages. First we define a particular basis B for the topology
on X and secondly we show that this basis is countable.

In the first stage, we begin with a countable basis U for the topology on Y of open
sets. For any U from U the different connected components of f−1(U) can be second
countable or not, and we include those which are in B. So B of all components of
inverse images f−1(U) that are second countable. We claim that B is a basis for the
topology of X. Notice that since X is a locally connected space, the components of
the open sets f−1U are all open.

To this end, let x ∈ X and let V a open neighbourhood of x. We must come up
with a set B from B with x ∈ B⊆V . Using that X is a manifold, there is a relatively
compact W neighbourhood of x homeomorphic to a ball in some euclidean space, in
particular it is second countable, and since the fibre f−1(f(x)) where x belongs, is
discrete, we may choose W so that W ∩ f−1(f(x)) = {x}.

The image f(∂W ) of the boundary of W is compact and closed and contains x.
Hence there is an open set U from the basis U containing f(x) which is disjoint from
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f(∂W ). Let B be the connected component of f−1(U) where x lies. We claim that
B⊆W , and hence B is second countable and belongs to B. Since B ∩ ∂W = it holds
that

B = (B ∩W ) ∪ (B ∩X \B)

The two sets appearing in the union are open and the union is clearly disjoint. Hence
B, being connected, must equal one of the sets and the other is empty. As x ∈ B ∩X,
it must hold that B = B ∩X, and therefore B⊆W .

The second stages starts with the elementary observation that only countably many
of the connected components of f−1(U) can intersect a given B from B.

Let Bn be the subset of B of those B’s that can be connected with B0 theorug a
chain of sets from B of lebgth n+ 1: that is the sets for which there exsists a sequence
B0, . . . , Bn og sets from B with Bn = B and Bi ∩ Bi+1 6= ∅. Since X is connected it
holds true that

⋃
Bn = B. Evidently the union

⋃
B∈Bn,nB is open and connected and

therefore meets every element B from B. This implies that B meets some B′ in some
Bn hence B belongs to Bn+1.

To see that B is countable it suffices to see that each Bn is, and this follows by
induction: There are only countably many possible B’s from B that meets a given A
in Bn, and hence Bn+1 is countable if Bn is. o

Example .. Assume that X has a holomorphic 1-form that never vanishes. Show
that there is meromorphic function f2 and f3 with a double and a triple pole at x as
only singularities. Show that there is a non trivial cubic polynomial P (x, y) such that
P (f3, f2) = 0.

Problem .. Let D =
∑

x nxx be a positive divisor; i.e., nx ≥ 0 for all x and as
usual, the nx’s form a locally finite familly. Let L(D) be the space of meromrphic
functions f with (f) ≥ −D. Show that dim L(D) ≤ degD + 1. X

—  —
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7. Del

The uniformization theorem

On the road to the uniformisation theorem, we exploit theorem ?? to find a mero-
morphic function f on a simply connected Riemann surface X having a simple pole
as its sole singularity. This gives a holomorphic map f : X → Ĉ whose fibre over the
point ∞ is just one point and that point counts with multiplicity one. Hence when
f is proper it must be an open embedding as follows since the fibres of proper maps
all have the same number of points (counted with multiplicities). The image f(X) is
therefore a simply connected domain, so if is not the entire Riemann sphere Ĉ, and it
is either biholomorphic to C or D by Riemann mapping theorem. But properness of
the map, is quite sublet.

7.0.1 The point of departure
From what our study of harmonic functions in the previous chapter, we easyly

deduce that any Riemann surface carries non-constant meromorphic functions with
just one pole and that pole is simple, and this function is our point of departure, and
in the end of the day f will turn out to be an open immersion, that is it will be a
biholomorphic between X and f(X), and f(X) is an open subset of Ĉ by the Open
Mapping Theorem. This follows immediatly if we know that f is proper since fibres
of proper maps have the same number of points when counted with the appropriate
multiplicity, and the f one simple pole its fibre over ∞ has just one point. However
this a rather long way to go that we start on here.

Proposition . Let X be a simply connected Riemann surface and p0 ∈ X a point.
Then there is a meromorphic function f on X having a simple pole at p0 as sole
singularity. For any open U containing p the Diriclet norm of f satisfies ‖df‖X\U <∞
and forthermre it holds true that (df, dη) = (df, ∗dη) = 0 for any smooth function η of
compact support not meeting U .

Proof: From the existence theorem of harmonic functions . on page  we obtain
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a function g that is harmonic in the set X \ {p0} and has a singular behavior like z−1

at p0. Let u = Re g. The differential ω = du + i ∗du is holomorphic in X \ {p0} and
has the shape −z−2dz + φ near p0 where φ is holomorphic near p0.

We claim that ω is exact in X \ {p0}. Indeed, since X simply connected, either
X \{p0} is simply connected or its fundamental group is Z generated by a small circle c
round p0. But then

∫
c
ω =

∫
c
z−2dz+

∫
c
φ = 0, so by the Theorem of Vanishing Periods

one has ω = df for a holomorphic function on X \ {p0}, and clearly the principal part
of f at p0 equals z−1.

Notice that f = u+ iv where v is harmonic function such that dv = ∗du away from
p0.

As to the statement about the norm, a standard calculation using properties of the
inner product and that u is real one deduces that

(df, df) = 2(du, du)

and the statement about ‖df‖U follows from the theorem .. o

(.) One small observation is that if X is compact, the degree of f is one and hence f
is an isomorphism between X and the Riemann sphere. So the only compact Riemann
surface of genus zero is the Riemann sphere. Phrased in a slightly different manner,
there is up to isomorphism only one analytic structure on the two-sphere.

7.0.2 Notation
The proof centers around the subsets of X where either the imaginary part u of f or

the real part v of is bounded from one side, and it is convenient to introduce a notation
for these sets. So for α a real number we let Let Zα = u−1(−∞, α] = { p | u(p) ≤ α },
and Zα = u−1(−∞, α] = { p | u(v) ≥ α }. The corresponding sets where imaginary
part is bounded from either side are denoted by Wα and Wα.

An essential part of the proof is to control the asymptotic behavior of f(p), that is
when p is far away from the base point p0. The presise menaing of this is as follows.

The main ingredient in the proof is the following property

Proposition . The function u(x) tends to zero when x tends to infinity in X \D.
That is, for every ε > 0, there is a compact set K ⊆X \D such that |u(x)| < ε when
x /∈ K (but x ∈ X \D).

First of all, it suffices to show that the restriction of f to the inverse image of any
half plane is proper. Indeed, any compact set in Ĉ is contained in a half plane, and by
a benign coordinate shift in C we we can assume the half plane to be the upper half
plane.

Lemma . If u = Re f then for any ε > 0 there is a compact set K with x ∈ K such
that |u(z)| < ε when z /∈ K.

—  —
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(.) The lemma we prove in this paragraph is fairly general and is valid for any
continuous function u on a topological space X (which will be a Riemann surface for
us). We say that the function u tends to a value c when p tends to infinity if and only
if for any positive ε given, there is compact K in X such that |u(p)− c| < ε whenever
p /∈ K. In a similar manner we say u(p) teds to infinity, if there for any constant C
one may find a compact K in X with u(p) > C for all p not in K. We introduce some
notation and for constants c and d we let Xc = u−1(−∞, c] and Xd = u−1[d,∞)

Lemma . Let u be any real function on the topological space X. Either u(p) tends
to a value c when p tends to infinity, or u(p) tends to ±∞, or one may find α < β
such that neither Xα = u−1(−∞, α] nor Xβ = u−1[β,∞) is compact.

Proof: Assume that neither of two first three possibilities occur. If all the sets
Xα = u−1(−∞, α] were compact u(x) would evidently tend to infinity with x, and if
all Xβ = u−1[β,∞) were compact u(x) would tend towards −∞. Hence there is at
least one pair α, β with both sets Xα and Xβ non-compact. If α and β are different
we are through, so assume α = β. Given ε > 0. If Xα−ε or Xα+ε is non-compact we
are through; indeed, we may use one of the pairs Xα−ε, X

α or Xα, X
α+ε according to

the case. So we can assume that K = Xα+ε ∪Xα−ε is compact. In its complement it
holds that |u(x)− α| < ε, and hence u tends towards the constant α. o

(.) To apply this lemma we need to get rid of the cases that u(p) tends to ±∞.
We have our function u whose derivate is dα it is smooth and harmonic off a small but
fixed disk D about the base point p0. The conjugate differential ∗dα is closed and since
we work on a simply connected surface it is exact. Hence u has a conjugate function
v with dv = ∗α. It is smooth and harmonic where u is, that is off D. The constant
C = max(supp∈D |u| , supp∈D |v|) plays a role in what follows.

Lemma . The function v does not tend to ±∞ in Xc.

Proof: Assume that v tends to infinity in Xc. Let d > C, and let W = u−1[−∞, c)∩
v−1[d,∞) and assume that W is compact. Since d > C the disk D is lies in the exterior
of W . The boundary ∂W has two components B1 and B2. One, say B1, is part of level
curve v(p) = d and the other is part of the level curve u(p) = c. Stokes’ formula gives

0 =

∫
W

d(∗dv) =

∫
∂W

∗dv =

∫
B1

∗dv +

∫
B2

∗dv

The boundary ∂W has two components B1 and B2. The component B1 being part of
the level curve v(p) = c the form ∗dv is as we know from calculus courses tangent to
B1 and one has ∫

B1

∗dv > 0.

On the other hand along the second component B2 which is part of the level curve
u(p) = c, the form ∗dv = du is orthogonal to the tangent and the so the integral of ∗dv
along B2 vanishes. Contradiction! A similar argument with the set v−1(−∞, d] shows
that v does not go to −∞. o

—  —
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Similar resultas hold for all compinations of the sets Z’s, and the W ’s and with the
role of u and v interchanged.

Lemma . There are cinztants ci so that ψi = ηi+ ci with ψi converges to u in every
coordinate patch.

Proof: Fix ci so that ψi converges in L2(U) to u, the set of points x in X for which
ψi convegers to u in L2-norm over a coordinate beighbourhood is clearly open. But in
fact it is closed as well, for if x i a boundary point there is a neighbourhood V of x and
constants c′i such that ψi + c′i tend to u over V . But V contains an open set over which
φi tends to u as well, so c′i tends to zero, and ψi tends to u in the entire neighbourhood
V .

For any bunded, open and convex plane set Ω and any smooth ψ defined in a
neighbourhood of Ω with

∫
Ω
ψ = 0, one has teh following estimate

‖ψ‖2 ≤ CΩ ‖dψ‖2

where CΩ is a positive constant than only depends on the domain Ω.
Let ci =

∫
K
|ηi|2 dα ∧ ∗dαφ o

Lemma . Let β be given. Then v−1(β,∞) is a connected set.

Proof: Let H ′ a the connected component where p0 lies, and assume that H is another
connecetd component. Let ξ(t) and η(t) be two auxiliary functions both C∞, bounded
with bounded derivatives and are such that ξ(t) > 0 for t > 0 and ξ(t) = 0 when t ≤ 0
and such that η′(t) > 0 for all t. Clraly ξ(v − β)η(u) is a limit of smooth functions of
compact support. Define the function h on X by h(p) = ξ(v − β)η(u) for p ∈ H and
h(p) = 0 elswere. One finds in H by differentiating

hx =η′ξux + ξ′ηvx = η′ξux − ξ′ηuy
hy =η′ξuy + ξ′ηvy = η′ξuy + ξ′ηux

Off H and on ∂H all derivatives of h vanish (easy induction on the order of the
derivative) so h is smooth and has support in H. Assume that K is a compact subset
of H, for instance a path connecting two points. Then replace h by ηh where η is a
smooth function of compact support that takes the value one on a relative compact
open V neighbourhood of K and takes values between 0 and 1.

Then dh is of compact support and in side U we find

(du, dh) =

∫
X

(hxux + hyuy)dx ∧ dy > 0

since
hxux + hyuy = ηξ′(u2

x + u2
y) = ηξ′ |f ′(x)|

But by xxxx, the (du, dh) = 0.

o
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7.0.3 The commutative fundamental groups
Proposition . Assume that the imaginary part v(p) tends to zero when p tends to
infinity in Zα for all α. Then the maps f+ and f− are proper and hence biholomorphic.

Proof: We substantial point is that f+ and f− are proper. We know they are un-
ramified, so once we have established that they are proper, they will be coverings. But
H+ and H− are simply connected, so they are isomorphism.

To see that e.g., f+ is proper, let K ⊆H+ be a compact set. The imaginary part
of points in K are bounded below by say β, and the real parts are bounded above by
say α. Since v(p) tends to zero in Zα, there is a compact Kα such that for points p in
Kα ∩ Zα it holds that v(p) < β. But then f−1(K)⊆Kα ∩ Zα and consequently it is
compact. o

Lemma . One of the three cases occur:

There is a constant c so that for all α the imaginary part v(p) tend to c in Zα or in
Zα or the real part u(p) tends to c in Wα or Wα.

There exists α < β and γ < δ such that the four intersections

Zα ∩Wγ Zα ∩W δ Zβ ∩Wγ Zβ ∩W δ

are non-compact

Lemma . The imaginary part v does not tend to ±∞ in Zα nor in Zα. The real
part u does not tend to infinity in Wα nor in Wα.

Lemma . One of the following thwo cases occure:

� There is a constant c so that for all α the imaginary part v(p) tend to c in Zα or
in Zα or the real part u(p) tends to c in Wα or Wα.

� There exist real numbers α < β and γ < δ such that the four intersections

Zα ∩Wγ Zα ∩W δ Zβ ∩Wγ Zβ ∩W δ

are non-compact

—  —
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