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Mandatory assignment MAT 4800 - Autumn 2016

The problems are grouped in three groups according to the theme. They should be
handed in at latest at November 9. You are of course free to cooperate and of course,
you can ask me (or any other person) for hints and help.

I consider the mandatory assignment not as an exam, but as being part of the
learning process. So as long as you work seriously and do your best, I’ll be very liberal
when correcting.

Proper maps from D to D
The three problems in this section are all about proper holomorphic maps from D

to D. The aim is to classify them completely; that is, to show they are products of
finitely many Möbius transformations of a certain kind. These Möbius transformations
are introduced in the first problem. The next is a warming up to the third.

Problem .. Let a be a point in the unit disk D = { z | |z| < 1 } and define a function
by

ψa(z) =
z − a
az − 1

.

a) Show that one has the equality

1− |ψa(z)|2 =
(1− |a|2)(1− |z|2)

|az − 1|2
.

b) Show that ψa is a biholomorphic map from D to D.

X

Problem .. Assume that f : D → D is a continuous map that is holomorphic in D
which maps the boundary ∂D to the boundary ∂D; that is, it holds that f(∂D)⊆ ∂D.
The aim of this exercise is to show that f may be represented as a product

f(z) = η
∏

1≤i≤n

ψi(z), (Y)

where the ψai ’s are as in problem . and η is a constant with |η| = 1.

a) Show that unless f is constant it has a zero in D. Hint: Use the minimum principle
for non-vanishing functions.

b) Show that f has finitely many zeros in D.

c) Show that f can be factored as in (Y) and that the factors are unique up to order.

X

—  —
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Problem .. Let f be a holomorphic map f : D → D. Recall that one says f is a
proper map if the inverse images under f of every compact subset K ⊆D is compact.

a) Show that if f is proper, it is surjective. Hint: if f(an)→ a, the set A = { f(an) |
n ∈ N } ∪ {a} is compact.

b) Show that f is proper if and only if for every sequence {an} in D converging to a
point a on the boundary ∂D the sequence {f(an)} converges to a point on the boundary
∂D.

c) Show that if f is proper, it has finitely many zeros in D and has a factorization as
in (Y).

X

Biperiodic or elliptic functions
Recall that a lattice in C is a set of the form

Λ = {n1ω1 + n2ω2 | n1, n2 ∈ Z },

where ω1 and ω2 are linearly independent over R. In the subsequent problems f will
always be a function meromorphic in the whole plane which is Λ-periodic; that is, it
satisfies f(z + ω) = f(z) for all ω ∈ Λ and all z ∈ C (with the usual convention that
∞ + x = ∞ whatever x is). Such functions are called elliptic. Let α be a complex
number and set

A = {α + t1ω1 + t2ω2 | 0 < t1, t2 < 1 }

. It is called a fundamental parallelogram.

Problem .. Show that any point in C is a Λ-translate of a point in A. Show that
if f is entire, then f is constant. X

Problem .. Show that the boundary ∂A is a parallelogram whose opposite side are
translates of each other by elements in Λ. X

Problem .. Assume that Aa is chosen so that f has no zeros or poles on the
boundary ∂Aa. Show each of the following formulas

�
∑

a∈A resa f = 0;

�
∑

a∈A ordaf = 0;

�
∑

a∈A(ordaf)a ∈ Λ.

X

—  —
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In the following problem you are of course allowed to use the theory of Weierstrass
products that we developed in the course. You are also allowed to compute the logar-
ithmic derivative of a product as if the log behaves decently, in the good old way; that
is, d log of the product equals the sum of the derivatives of the factors, and the sum
converges absolute and upk. This is true, and can be used, but you are not asked to
show it.

Problem .. Consider the Weierstrass product σ(z) given as

σ(z) = z
∏

ω∈Λ,ω 6=0

(1− z

ω
) exp(

z

ω
+

z2

2ω2
).

a) Show that the product converges to an entire function σ(z), which has simple zeros
in the point of the lattice Λ.

b) Show that triple derivative of log σ(z) is given by:

d3/dz3 log σ(z) = 2
∑
ω∈Λ

1

(z − ω)3
.

Give an argument that the series converges normally, and conclude that it is Λ-periodic.

c) By re-integration, show that the σ-function satisfies the relation

σ(z + ω) = ea(ω)z+b(ω)σ(z)

for all z, where a(ω) and b(ω) are complex numbers only depending on ω.

X

The following problem treats the converse to the third formula in problem ., the
result is a famous theorem of Abel’s giving sufficient conditions for the existence of
meromorphic Λ-periodic functions with prescribed zeros and poles.

Problem .. Let n(z) be a function with integral values and of finite support defined
in a fundamental parallelogram A of the lattice Λ. Assume that n(z) satisfies the
two conditions

∑
a∈A n(a) = 0 and

∑
a∈A n(a)a ∈ Λ Show that then there exists a

meromorphic and Λ-periodic function f with no poles or zeros on ∂A and satisfying
ordaf = n(a) for all a ∈ A. Hint: Reduce to the case

∑
a n(a)a = 0 and use the

σ-function. X

Bad sequences constructed by Runge’s theorem
There is only problem in this section:

Problem .. Let f(x) be a real analytic function on a closed interval I contained in
the real axis, that is; f is the restriction to I of a holomorphic function in a neighbour-
hood of I.

—  —
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For any n any natural number n, let Kn = {x + it | t ∈ R, |t| ≤ 1/2n, x ∈
I, |x+ it| ≤ n } and Ln = {x + it | t ∈ R, |t| ≥ 1/n, x ∈ I, |x+ it| ≤ n }. Let c be a
complex number.

a) Show that there is a polynomial pn that approximates c on Ln and f on Kn ∩ I to
any given degree of accuracy.

b) Show that there is a sequence of polynomials pn(z) that converges to f(x) on I and
to zero elsewhere.

X

—  —


