
7. Del

The uniformization theorem

version −∞+ ε — Friday, November 25, 2016 8:12:11 AM

Very, very preliminary and incomplete version prone to mistakes and misprints! More under way.

2016-11-28 11:02:33+01:00

There a many proofs of the Uniformisation theorem
On the road to the uniformisation theorem, we exploit theorem ?? to find a mero-

morphic function f on a simply connected Riemann surface X having a simple pole
as its sole singularity. This gives a holomorphic map f : X → Ĉ whose fibre over the
point ∞ is just one point and that point counts with multiplicity one. Hence when
f is proper it must be an open embedding as follows since the fibres of proper maps
all have the same number of points (counted with multiplicities). The image f(X) is
therefore a simply connected domain, so if is not the entire Riemann sphere Ĉ, and it
is either biholomorphic to C or D by Riemann mapping theorem. But properness of
the map, is quite sublet.

7.0.1 The point of departure
From what our study of harmonic functions in the previous chapter, we easyly

deduce that any Riemann surface carries non-constant meromorphic functions with
just one pole and that pole is simple, and this function is our point of departure, and
in the end of the day f will turn out to be an open immersion, that is, it will be a
biholomorphic map between X and f(X), and the image f(X) is an open subset of Ĉ
by the Open Mapping Theorem. This follows immediatly if we know that f is proper
since fibres of proper maps have the same number of points when these are counted
with the appropriate multiplicity, and our function f having just one simple pole has
a fibre over ∞ with just one point. However it is a rather long way to go to see that
f is proper.

PointOfDep
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Proposition . Let X be a simply connected Riemann surface and p0 ∈ X a point.
Then there is a meromorphic function f on X having a simple pole at p0 as sole
singularity. For any open U containing p the Diriclet norm of f satisfies ‖df‖X\U <∞
and forthermre it holds true that (df, dη) = (df, ∗dη) = 0 for any smooth function η of
compact support not meeting U .

Proof: From the Existence Theorem of harmonic functions ?? on page ?? we obtain
a function g that is harmonic in the set X\{p0} and has a singular behavior like z−1

in a vicinity of p0. Let ũ = Re g. The differential ω = dũ + i ∗dũ is holomorphic in
X\{p0} and has the shape −z−2dz + φ near p0 where φ is holomorphic near p0.

We claim that ω is exact in X \{p0}. Indeed, since X simply connected, either
X\{p0} is simply connected or its fundamental group is Z generated by a small circle
c round p0. But then ∫

c

ω =

∫
c

z−2dz +

∫
c

φ = 0,

so by the Theorem of Vanishing Periods one has ω = df for a holomorphic function on
X\{p0}, and clearly the principal part of f at p0 equals z−1.

Notice that f = ũ + iṽ where ṽ is a harmonic function such that dṽ = ∗dũ away
from p0.

As to the statement about the norm, a standard calculation using properties of the
inner product and that u is real one deduces that

(df, df) = 2(dũ, dũ)

and the statement about ‖df‖X\U follows from the theorem ??. o

CompactCase
(.) One small observation is that if X is compact the map f is automatically
proper and hence is a biholomorphic map between X and the Riemann sphere. The
only compact Riemann surface of genus zero is therefore the Riemann sphere. Phrased
in a slightly different manner, there is up to isomorphism only one analytic structure
on the Riemann sphere:

ThewCompact case

Theorem . If X is a compact simply connected Riemann surface, then X is biho-
lomorphic to the Riemann sphere.

This closes the case of compact, simply connected surfaces and henceforth we assume
that X is not compact.

(.) As stated in the proposition . the function f enjoys the property that ‖df‖X\U <
∞ for all open neigbourhood of the pole p0.

Recall that df ∧ ∗df = −i |J(f)| dz ∧ dz = |J(f)| dx ∧ dy, where J(f) denotes the
Jacobian of f , locally given as |f ′(z)|2. If A is a region in X where f is injective the
usual theorem about changing variables in the integral shows that

∫
A
df ∧∗df = ‖df‖2A

—  —
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equals there area of the image f(A). If f is not injective parts of f(A) can be covered
several times by f so the equality does not persist, however the inequality

area of (A) ≤
∫
A

df ∧ ∗df = ‖df‖2A

is generally true (of course A must reasonably nice, e.g., a domain).
It follows that given ε > 0, there is a compact K in X so that ‖df‖K < ε. Indeed,

by definition of the integral there is partition of unity ηi with ηi supported in a compact
set Ki so that ∫

X\U
df ∧ ∗df =

∑
i

∫
Ki

ηidf ∧ ∗df =
∑
i

‖ηidf‖2Ki
.

Since X is not compact the sum to the right is a genuine infinite sum, and that ‖df‖X\U
is finite means precisely that this sum converges. Hence there is an N so that

‖df‖2X\UN
=

∑
i>N

‖ηidf‖2Ki
< ε

where UN = X\
⋃
i≤N Ki. We have thus established

Proposition . Given an ε > 0, there exists a compact set K such that for any
domain A in X disjoint from K the image f(A) has an area at most equal toε.

7.0.2 Notation and conventions
The proof centers around the subsets of X where either the imaginary part u or the

real part v of f is bounded from one side, and it is convenient to introduce a notation
for these sets. So for c a real number we let Zc = u−1(−∞, c] = { p | u(p) ≤ c }, and
Zc = u−1(−∞, c] = { p | u(v) ≥ c }. The corresponding sets where the imaginary part
is bounded from either side are denoted by Wc and W c. When c′ < c one obviously
have Zc′ ⊆Zc and Zc⊆Zc′ and the corresponding relations for Wc and W c hold.

An essential part of the proof is to control the asymptotic behavior of f(p), that is
the over all size of |f | when p is a point far away from the base point p0. The precise
meaning of this is as follows. In general, a continuos function φ on a topological X
space is said to tend to a constant c when p tends to infinity if for any ε > 0 one may
find a compact set K such that |φ(p)− c| < ε when p /∈ K. We say that φ tends to ∞
if for any c there is a compact set K such that one has φ(p) > c for p /∈ K, and finally,
φ to −∞ if for every c one has φ(p) < c for p not lying in a compact K.

The upper and lower half planes are denoted by H+ and H− respectively, and f+
and f− are the restrictions of f to respectively f−1(H+) and f−1(H−).

7.1 A connectedness theorem

This section is devoted to the proof of a basic connected result. The regions where
either the real part or the imaginary parts are bounded—from above or from below—by

—  —



MAT4800 — Høst 2016

a constant, are connected. This is a basic ingredient The proof of the uniformisation
theorem we present is based on this result, but one nice corollary we include in this
section, is that function f is unramified. Like in Hitchcock film, the suspense increases
through out. We start with some words about a simple dipole, continue with a local
study of f and finally prove the global connectedness theorem.

(.) The simple dipole It is worth while casting a glans on the the simple function
1/z and its behavior near the origin. One has

1

z
=

z

|z|2
=

x− iy
x2 + y2

and the level sets of the real and imaginary parts are circles with centers one axis. The
locus where the real part takes the value c, for instance, is given by the equation

x = c(x2 + y2),

which describes a circle through the origin with centre at c−2/2. The regions u(z) > c
and u(z) < c are respectively the interior and the exterior of this circle. We have
depicted some level sets of the simple dipole z−1 in figure . where one of the regions
of type u > c coloured red and a region of the type u < c coloured blue.

Figur .: Level sets of the real part of the simple dipole z−1.

Dipol

(.) The picture near the pole This sounds like an entry in Fridjof Nansen’s
diary, but the substance is that locally near the pole of f , the configuration of the level
sets is a slight deformation of that of the simple dipole.

Indeed, if w is the standard coordinate on the Riemann sphere near the north pole
the relation w = f(z)−1 holds in a patch (U, z) near p0. Since the pole of f is simple,
the derivative ∂zw does not vanish at p0, and hence f induces a biholomorphic map
between U and the polar neighbourhood V = f(U) in Ĉ, and in V one has f(z) = w−1.

—  —
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The point is that w−1 is a simple dipole at the north pole (a simple polar dipole, one is
tempted to say), and hence locally the the “dipole” f(z) is biholomorphic to a simple
dipole. For instance, we immediately get the following lemma:

LocalConn

Lemma . Given a real number c. The four sets u−1(−∞, c), u−1(c,∞), v−1(−∞, c)
and v−1(c,∞) are locally connected near p0.

Proof: The statement is true for the corresponind sets in the simple dipole picture.
o

Another conclusion one can draw is that if c and d are real numbers whose absolute
values are sufficiently large, the level sets v(p) = c and u(p) = d have components
that are simple closed paths contained in the neigbourhood U . Indeed, the level sets
of a simple dipole will be contained in a given open neighbourhood once the levels are
sufficenetly large in absolute value.

Figur .: Level sets of the simple dipole z−1.

(.) The conectedness theorem We are now ready for the fundamental connec-
tedness result in this part of the story. It says that the sets from lemma . are not
only locally connected near p0, but in fact they are connected.

Connecte

Proposition . Let c be a given real number. The four loci u−1(−∞, c), u−1(c,∞),
v−1(−∞, c) and v−1(c,∞) are connected.

Notice that the statement is about open loci where u or v are bounded. Of course
the corresponding closed sets will also be connected, but since the closure of two dif-
ferent components of the open loci could have a common point, the statement in the
proposition is stronger.

Proof: We shall carry out the proof for the set v−1(c,∞), the proofs of other three
cases being mutatis mutandis the same.

Assume that v−1(c,∞) is not connected. Thence, as we know it is locally connected
near p0, v

−1(c,∞) must have at least one connected component whose closure does not
contain p0. Pick your favorite one and call it H.

—  —
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We need two auxiliary real functions a(t) and b(t) of one real variable. They are
both smooth and bounded and have bounded derivatives, and additionally, they satisfy
the following properties: When t > 0 it holds that a(t) > 0 and a(t) = 0 when t ≤ 0
and the function b is positive everywhere. Notice that a being smooth, all its derivatives
vanish at the origin.

The main character of the piece is a function h that is defined on the Riemann
surface X by the assignment {

a(v − c)b(u) in H

0 off H.

As we soon shall see, the function h is smooth, its differential dh is quadratically
integrable and dh is the L2-limit of differentials of smooth functions of compact support.
Hence dh belongs to the space E from the previous chapter.

Computing derivatives of h in a small patch one finds— using that u and v are
harmonic conjugates—in the part of the patch lying within H that

hx =b′aux + a′bvx = b′aux − a′buy
hy =b′auy + a′bvy = b′auy + a′bux

On the boundary of H both a and a′ vanish, so the two partials vanish there as well.
This shows that h is of class C1, but in fact, an easy induction implies that the all
higher derivatives vanish as well. Therefore h is smooth.

The differential dh is the limit of forms of the shape dηi with ηi smooth of compact
support. Indeed, as H does not have the basepoint p0 in its closure, the form du is a
limit of forms dηi. Performing the construction above with ηi in place of u, i.e., letting
hi = a(Re ηi − c)b(Im ηi), it is easy to see that dhi tends to dh in L2-norm using that
a and b are bounded with bounded derivatives. It follows by xxx that

(du, dh) = 0 (.)

NullingAvIndreProd

On the other hand, in a patch U in H one finds that

hxux + hyuy = ba′(u2x + u2y)

which is positive almost everywhere in U , both a′ and b being positive there and u2x+u2y
only vanishing at the critical points of f which form a discrete set. Hence one has

(du, dh) =

∫
U

du ∧ ∗dh =

∫
U

(hxux + hyuy)dx ∧ dy > 0.

This being true for all patches in H it follows that

(du, dh) =

∫
X

du ∧ ∗dh > 0

which contradicts (.). o

—  —
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(.) The map f is unramified As announced, the following is a direct consequence
of the connectedness theorem:

Proposition . The holomorphic map f : X → Ĉ is unramified; i.e., its derivative
never vanishes.

Proof: At the point p0 this since the pole is simple, or if you want, it follows from
the formula (.) in exercise . below as well. So assume that p is point different from
p0 where the derivative vanishes. After changing f by an additive constant we may
assume that f(p) = 0.

After proposition xxx there is a patch (U, z), centered at p, where f has the shape
z 7→ zn with n ≥ 2. For simplicity we assume that n = 2, leaving the general case to
the zealous students

The set u−1(0,∞) is no more locally connected at p, it consists of the parts of the
first and third open quadrant lying in the patch. Choose a point z1 in one of these.
Then −z1 lies in the other, and since u−1(0,−∞) is connected by the Connectedness
theorem there is a path entirely contained in u−1(0,∞) connecting the two points. This
path can be closed up by adding the line segment between z1 and −z1. So in the end
of the day, we have a closed path γ1 in u−1(0,∞), shaped like a line at the origin.

In a similar fashion we produce a closed path γ2 in u−1(−∞, 0). The two paths in-
tersect at the origin, transversally since they they are shaped like different line segments
near the origin, and the local intersection number is therefore ±1, the sign depending
the orientations. Now, the origin is their only common point, the sets u−1(0,∞) > 0
and u−1(−∞, 0) > 0 being disjoint. So for the global intersection number we have
γ1 · γ2 = ±1 which is impossible as all intersection numbers on a simply connected
surface vanish. o

Problem .. Show that lemma . is not true for f(z) = z−n. X

Problem .. Given real numbers c and c′ with c′ < c. Show that the two sets
u−1(c′, c) and v−1(c′, c) are locally connected near p0. X

Problem .. Assue that f(z) = z−1 + φ(z) with φ holomorphic near 0. Show the
DerivExerc

equality

(f(z)−1)′ =
1− z2φ′(z)

(1 + zφ(z))2
. (.)

X
DeriveetAtPnull

Problem .. Given real numbers c′ < c. Show that the sets u−1(c′, c) and v−1(c′, c)
are connected. Hint: Find appropriate auxiliary functions. X

—  —
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7.1.1 Bounding the real and the imaginary part
We continue the praxis letting (U, z) be a patch near the pole p0 where f is biho-

lomorphic so the local configuration of the level sets in U is that of a simple dipole.

Proposition . Assume that Zc is not compact, then the imaginary part v does not
tend to infinity in Zc.

The corresponding statements for v on Zc and for u on W c and W c follows by applying
the proposition to the functions ±f and ±if .

Proof: Assume that v tends to infinity in Zc.
To begin with we choose d positive and so big that the level set v = c has a

component entirely contained in the neighbourhood U—it is shaped like a small circle
passing through p0, and we denote by D the disc it bounds. Locally near the pole the
set Wd ∩ U is the complement of D. Let A be a disc centered at 0 containing D and
contained in U . The situation is sketched in figur . below.

Now the set W = Zc ∩Wd is compact since v tends to infinity in Zc, and hence the
set W ′ = W \ A is compact as well.

Figur .: The situation at the pole.

LocalPictNeraPoe

In the set W ′ the functions u and v are conjugate harmonic functions, in particular
since v is harmonic one has

0 =

∫
W ′
d(∗dv) =

∫
∂W ′
∗dv. (.)

The contradiction we shall arrive at, is that the boundary integral to the right must
MainIntegral

be strictly positive. To evaluate that integral we observe that the boundary ∂W ′ can
be split into three parts.

The first part, which we call B1, is contained in the level set v = d. The disk D
where v > d in U being entirely enclosed in A, the boundary part B1 does not meet
the neigbourhood U , but since Zc ∩Wd is compact and Zc not, it must be non-empty.
Indeed, were it empty, the intersection Zc ∩Wd would be both open and closed in Zc,

—  —
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and Zc being connected it would follow that Zc = Zc ∩Wd. This is impossible since
Zc is assumed to be non-compact. Along the path B1, which is a part of the level set
v = d and oriented according to the rule from Stoke’s theorem, the form ∗dv is parallel
to the tangent. Hence the integral

∫
B1
∗dv is strictly positive:∫
B1

∗dv > 0.

The second part B2 is contained in the level set u = c. The functions u and v are
conjugate harmonic functions in W so it holds that ∗dv = du. Now from calculus we
know that the from du vanishes along the level set u = c (in calculus-lingo du is the
gradient and the gradient is normal to level curves) Hence the integral

∫
B1
∗dv vanishes:∫

B2

∗dv = 0.

The third and last part B3 is completely contained in the patch U , and is formed by
the sector of the circle ∂A where u > c. It is has two end points—say p1 and p2—both
lying on the level set u = c, we find∫

B3

du = u(p1)− u(p2) = c− c = 0.

And there we are. We have a contradiction, The integral in (.) is both zero and
strictly positive! (.) is both zero and strictly positive! o

Decay at infinity
Having the physics in mind and regarding f as an electric dipole on our surface,

it is pretty clear that the field induced must decay to zero at infinity. The effect of
the dipole is minimal at large distances. And indeed, this is true in the mathematical
setting as well, except for a constant, which physically is just reflects the choice of zero
for the units.

TendStoZero

Proposition . There is a number a so that the imaginary part v(p) tends to a in
Zc for every c.

Replacing f by f − a we may as well assume that v tends to zero in Zc. The rest
of the is devoted the proof of this proposition, but first shall see that it implies the
Uniformisation theorem:

(.) Proposition . implies the theorem. Indeed, f+ is proper, for if K is compact
subset of the upper half plane, then the real part is bounded above, say by c. The
imaginary part of the points in K is bounded away from zero, say by Im z > ε when z
lies in K. Since v tends to zero in Zc, t follows that f−1+ (K) is contained in a compact
set, hence compact being closed.

—  —
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It follows that f+ being unramified by xxx, is biholomorphic to f−1+ (H+) and H+,
ditto, f− is a biholomorphic from f−1− (H−) and H−. If f(p1) = f(p2) = z , clearly
z is real, and there is a neighbourhood D of z and disjoint neighbourhoods Di of pi
mapping biholomorphically to D. Since f−1− (H−)∪ f−1+ (H+) is dense in X, parts of D1

and D2 both map to D ∩H+ contradicting that f+ is injective.
First of all, it suffices to show that the restriction of f to

KonstantExists

Lemma . Let u be any continuous real function on a topological space X. Either
u(p) tends to a value c when p tends to infinity, or u(p) tends to ±∞, or one may find
α < β such that neither Xα = u−1(−∞, α] nor Xβ = u−1[β,∞) is compact.

Proof: Assume that neither of two first three possibilities occur. If all the sets
Xα = u−1(−∞, α] were compact u(x) would evidently tend to infinity with x, and if
all Xβ = u−1[β,∞) were compact u(x) would tend towards −∞. Hence there is at
least one pair α, β with both sets Xα and Xβ non-compact. If α and β are different
we are through, so assume α = β. Given ε > 0. If Xα−ε or Xα+ε is non-compact we
are through; indeed, we may use one of the pairs Xα−ε, X

α or Xα, X
α+ε according to

the case. So we can assume that K = Xα+ε ∪Xα−ε is compact. In its complement it
holds that |u(x)− α| < ε, and hence u tends towards the constant α. o

Lemma . One of the following statemets holds:

� There real numbers α < β and γ < δ such that W γ ∩Zα, W δ ∩Zα, W γ ∩Zβ and
W δ ∩ Zβ are non-compact.

� The imaginary part v or the real part u tends to a constant either in Zα for all
α such that Zα is non compact, or in Zα for all α such that Zα is non-compact.

Proof: Assume the contrary to the second statement. Then u does not tend to
constant in X itself, so in view of xxx, lemma . above then gives us an α and a β
with α < β such that neiter Zα nor zβ is compact. Then we apply the lemma . to v
on Zα and Zβ and conlude that there exist two pairs γ < δ and γ′ < δ′ of real numbers
with Wγ ∩ Zα, W δ ∩ Zα, Wγ′ ∩ Zβ and W δ′ ∩ Zβ are all non-compact sets. Renaming
the smaller of the numbers γ and γ′ as γ and the bigger of δ and δ′ to δ, we are trough.

o

Finally, let ε be a numbef less that (β − α)(δ − γ) given and find a cmpact such
that the ‖XK‖df < ε. Pick points x1, x2, x3 and x4 in the sets W γ ∩ Zα, W δ ∩ Zα,
W γ ∩ Zβ and W δ ∩ Zβ.

Since the Z’s and the W ’s are connecetd, we can joint the points such tha the
enuong closed curve has an image enclosing the rectangle [α, β] × [γ, δ], and together
with xxxx this contradicts xxxx.

Lemma . Assume that there exists α such that Zα ∩W0 is compact for all β > α
one has Zβ ∩W0 compact. Then f− is proper.

—  —
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7.1.2 Abelian fundamental group
The fundamental group π1(X) acts on the universal cover X̃ of a Riemann surface

X. The actio is free and proper meaningb that for any x ∈ X̃ there is a neigbourhood
U such that gU ∩ U = ∅ for non-trivial g from π1(X).

—  —
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