
Modelling and Pricing in the Stock Market: the Black-Scholes model

In financial markets people trade financial assets, such as stocks, financial contracts written on stocks
or other options based on some price index. Also, it is possible to trade directly commodities, such as
gold, coffee beans, or contracts based on commodities such as future contracts, for instance, traded at
the New York Mercantile Exchange.

The prices of such financial assets are modelled using stochastic processes. In other words, they are
considered to be random, as many external factors interfere in the change of prices, such as, the law of
supply and demand, human decisions, catastrophic events, bankruptcy, etc. For the well-functioning of
the economy, it is important that financial contracts or agreements between two parties are priced in a
correct manner. The philosophy behind should be that, if two parties agree to sell or buy an asset at a
given price p, this price should be arbitrage-free in the sense that, if both parties repeat the transaction a
large amount of time, the expected loss/gain for each of them will remain even. So that the possibility of
making money with no risk is excluded. Such markets are called arbitrage-free markets. Markets where
arbitrage is not excluded are not viable.

First, we will start by introducing the modelling framework of a financial asset that Fischer Black and
Myron Scholes had in mind in their seminal paper from 1973, ”The Pricing of Options and Corporate
Liabilities”, see [2], which was part of the work that granted Scholes the Nobel Memorial Prize in Economic
Sciences in 1997 together with Robert C. Merton.

Using a different notation and approach, we will consider a stock whose price is given by a stochastic
process S = {St, t ∈ [0, T ]} where St denotes the price of the stock at time t ∈ [0, T ] within a time horizon
T > 0. Hence, S0 denotes today’s price. We impose the following (distribution) dynamics for St as in [2],
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where µ is a real number, also known as the drift or trend, σ > 0 is a positive real number, also known as
volatility, and here ε ∼ N(0, 1) is a standard normal random variable. It is easy to see that if ε ∼ N(0, 1)
then (
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In this project we will study the above model. We will collect data from the market and try to find
the best estimates for the unknown parameters µ and σ2 that fit to the empirical data and conduct some
statistical analysis on the data and the estimators. We will use the maximum likelihood estimators for µ
and σ2.

Finally, if time permits, we will study some very commonly traded financial options, as for instance,
European options, American options, Asian options, etc. and find the fair or also called arbitrage-free
prices of such options either analytically or using Monte-Carlo methods.

Summary of the work.

• Understand the model given in (0.1) and its meaning.
• Since the prices are observed at discrete times, we will consider n observations of St, i.e. s1 ∼ St1 ,
. . . , sn ∼ Stn (here denoting realisations of Sti in small letters). Instead of si, we will consider
the so-called log-returns. Defined as: ri := log si

si−1
, i = 1, . . . , n.

• We will conduct a statistical analysis based on the observed log-returns {ri}i=1,...,n using basic

statistics from previous courses in order to estimate µ and σ2. Are the estimators µ̂, σ̂2 biased?
Are they of minimal variance? We will also carry out some hypothesis-test to check for the (rather
strong) normality assumption made in (0.1).

• If time permits, we will try to price financial options such as European Call or Put Options
(in other words, we will derive the well-known Black-Scholes formula), or American Call or Put
options.
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