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Abstract
The Brownian motion is a well studied Stochastic process. While the

discovery of random phenomena is often credited to the Botanist Robert
Brown for studying the random behavior of pollen grains in water (1827),
the mathematical description was first introduced by Thorvald Thiele and
Louis Bachelier Independently at the end of the 19.th century. Bachelier
published in 1900 his PhD thesis, where he used the Brownian motion
to describe the dynamics of the stock market. However, the idea to use
mathematics in economics at this time was unheard of, and his thesis was
soon forgotten. Over 50 years later the renowned economist Paul Samuel-
son discovered Bachelier’s work, and introduced it to the modern world of
economics and finance. Soon, the field of mathematical finance exploded,
and among the outcomes was the celebrated Black-Scholes formula from
1973. There were also critics of the use of Brownian motion to model as-
set prices. One of those critics was named Benoit Mandelbrot. He argued
that the stock market tends to be self-simlar, and in some sense repeat
itself, very similar to how fractals may look chaotic but really behaves in
a self repeating way. Mandelbrot proposed a generalized version of the
Brownian motion to take this behavior into account. This process is called
the fractional Brownian motion. In the project we propose the student
will focus on how we can construct integrals with respect to stochastic
processes, and the probabilistic properties of these integrals. Further, the
student will analyze a generalization of the fractional Brownian motion
called multifractional Brownian motion (mBm). This continuous stochas-
tic process is characterized by a covariance function with a regularity (or
self-similarity) parameter which varies in time. This kind of process has
proven to be very useful both in studying the regularity of stochastic
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differential equations, and in applications such as modeling of financial
assets, internet traffic, and even landscapes (see picture)!

Project
1. Write a short description of the Brownian motion denoted as {Bt}t∈[0,T ]

and the construction of the Wiener/Itô integralˆ t

0

ϕ(s, ω)dBs; t ≥ 0,

and explain the Itô isometry. What conditions do we need on ϕ for the
above integral to exist? and in which space does the integral live? Calcu-
late the mean and variance of the integral.

2. Let h be a sufficiently smooth function (imagine C∞ for now... ) from
[0, T ] and taking values in [a, b] ⊂ (0, 1). We define the Lèvy-Volterra
multifractional Brownian motion

{
Bh

t

}
t∈[0,T ]

by the stochastic integral

Bh
t =

ˆ t

0

(t− s)ht− 1
2 dBs.

Verify that this integral is well defined according to what you found in
(1), and calculate mean and variance. Also calculate the auto-covariance,
that is,

Covar(Bh
u , B

h
t ) = E

[
Bh

uB
h
t

]
− E[Bh

u ]E[Bh
t ].

3. Look at Kolmogorov’s continuity theorem, and try to apply this to Bh.
Does there exist a continuous version of Bh, and if so, what can we say
about the Hölder of its sample paths?

Start your work by reading up on Brownian motion, stochastic integration, and
multifractional Brownian motion (see references), and then continue by doing 1,
2, and 3 above. Write an introduction to your paper covering the applications
of such processes, and try to find concrete examples of where the process can
be useful. References may include the following; [AA11, SB11, RFP95, Pro05,
SS00]. For a more light read on the fractional behavior of stock markets, and the
use of fractional Brownian motion, take a look at the book “The (Mis)Behavior
of Markets” by B. Mandelbrot.

Regards,

Fabian A. Harang and Frank N. Proske.
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