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Exercise 1. Let S(t) be a geometric Brownian motion with dynamics

dS(t) = αS(t) dt+ σS(t) dB(t)

Here, B is a Brownian motion, and α, σ > 0 constants.

a) Use Ito’s Formula to find the dynamics of Sk(t), where k is a natural
number, and show that this again is a geometric Brownian motion.

b) Let Q be the risk neutral probability with r > 0 being the risk-free interest
rate. Find the risk neutral dynamics of S(t) and Sk(t).

c) Show that e−rtSk(t) is not a Q-martingale as long as k 6= 1.

Exercise 2. Let X(t) be given by the dynamics

dX(t) = −αX(t) dt+ σdB(t)

where α, σ are two constants and B is a Brownian motion.

a) Show that

X(t) = X(0)e−αt + σ

∫ t

0

e−α(t−s) dB(s)

where X(0) is the initial value of X(t).
b) Let S(t) = exp(X(t)), and define the α-adjusted logreturns of S(t) to be

A(T ) := lnS(t)− e−αt lnS(t− 1)

for t = 1, 2, 3, ...... Show that {A(t)}∞t=1 are indendepent identically dis-
tributed random variables, with distrbution being normal. Find the mean
and variance of A(t).

Exercise 3. Let B(t) be a Brownian motion.

a) Argue that B(t) is Ito integrable on [0, T ].

b) Use Ito’s Formula to find
∫ T
0
B(t) dB(t). Compute the expectation and

variance of this stochastic integral.
c) Define a martingale, and prove that M(t) = B2(t)− t is a martingale.

Exercise 4. A life insurance company guarantees a yearly return g on a client’s
portfolio. We assume the portfolio value managed by the insurance company follows
a geometric Brownian motion

dS(t) = αS(t) dt+ σS(t) dB(t)

where α, σ > 0 are constants and B a Brownian motion. The returns g is assumed
to be continuously compounding and time t is measured on a yearly time scale.
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a) If the client invest S0 in the portfolio, argue that the company should pay
the client

max(S0e
g − S(1), 0)

after one year. What type of option is this?
b) Derive the arbitrage-free price of this option. The risk-free interest rate is

denoted r > 0.
c) Find the replicating portfolio hedging the option.


