
Exercises Part I

Exercise 1.1

Exercises 5.7.2, 3, 4 in Chapter 5.

Exercise 1.2

a) Simulate the model in Exercise 5.7.2 m = 1000 (or m = 10000) times up to n = 20 years
(start at 3%) and compute

P̄ ∗

0:k =
1

m

m
∑

j=1

k
∏

i=1

1

1 + r∗ij

where r∗ij is simulation j at time ti. Use Exercise 1.1b) to explain what the mean signifies.

b) Solve (after having stored P̄ ∗

0:k) the equation

P̄ ∗

0:k(1 + y∗0:k)
k = 1

for y∗0:k and plot the sequence y∗0:k against k for k = 1, 2, . . . , 20.

c) Explain what the the plot tells us in economic terms.

d) Repeat the entire excerise when you let the rate of interest

Exercise 1.3

Let tk = kh, for k = 0, 1, 2 be a sequence of time points with t0 = 0 being at present. Here
h > 0 is a given time increment. Suppose rk is the rate of interest over the interval from
tk−1 to tk so that a bank account of size Bk−1 at time tk−1 grows to Bk = (1 + rk)Bk−1

at tk. Other notation needed is P0:k as the price at t0 = 0 of a zero-coupon bond (unit
face) expiring at tk and similarly r0:k as the rate of interest earned over the same period.
In addition let P0(i : k) be the price agreed today of buying at ti a unit face bond maturing
at tk where i < k.

a) Argue that r0:k = (1 + r1)(1 + r2) · · · (1 + rk) − 1.

b) Use an arbitrage argument to justify that P0:k(1 + r0k) = 1 so that

P0:k =
k
∏

i=1

1

1 + ri

c) Also show that P0:k = P0:iP0(i : k) if i < k. Interprete the real meaning of the relation-
ship in a) and b)

d) Prove relation (1.1) in Chapter 14.

e) Use d) to establish the following. If we make a contract where a certain number of
shares in a company is bought at time tk for a price agreed today, the value of this contract
will not depend on the actual stock price, neither today, nor in the future.
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Exercise 1.4

Exercises 2.1, 2.2, 2.4, 2.5, 2.6, 2.7,2.8,2.9 (in Norwegian) from STK4520 for the year 20071.

Exercise 1.5

From Chapter 5: 5.3.5, 5.3.6, 5.4.4, 5.4.5.

Exercise 1.6

One of the most popular dynamic investment rules for choosing between risky and safe assets
is the so-called constant proportion portfolio insurance (CPPI) strategy which goes back to
Merton (1971)2. Let Sk and Bk be equity and cash held at time tk = kh with Vk = Sk +Bk

the portfolio value. Here Bk is risk-free earning fixed interest r whereas the stock return in
period k is Rk = eξ+σεk −1 with ξ and σ parameters and ε1, ε2, . . . independent and N(0, 1).

The CPPI strategy is based on a specified sequence of floors fk, below which the port-
folio value isn’t supposed to fall and mulipliers ωk (also specified) which set the following
recursion in motion:

S′

k = (1 + Rk)Sk−1, B′

k = (1 + r)Bk−1, Vk = S′

k + B′

k

Sk = ωk max(Vk − fk, 0), Bk = Vk − Sk,

for k = 1, 2, . . ., starting at S0 = s0 and B0 = v0 − s0. On the upper line S′

k and B′

k are
the values of equity and cash at time tk before a round of selling and buying (assumed free
of cost) taylor the portfolio to the desired strategy. As the portfolio value Vk approaches
the floor fk, the equity holding diminishes and becomes zero. Portfolio values below fk are
impossible with frequent rebalancing, i.e. as h → 0, hence the name floor. The simulations
below are on annual time scale, and now floors might from time to time exceed the value
of the portfolio.

a) Which well-known investment strategy emerges if all fk = 0?

b) Assume fk = f and ωk = ω (same for all k) and write a program that simulates
the portfolio with a given CPPI strategy.

The rest of the exercise assumes ξ = 0.08, σ = 0.30 and r = 0.05 which may be con-
strued as annual parameters. Initial portfolio values are v0 = 1 and s0 = 0.6.

c) Simulate the system ten years ahead when f = 0.8 and ω = 3. Repeat m = 50 times
and plot the realisations V∗

0 , . . . ,V∗

10 jointly.

d Run the program m = 10000 (or preferably m = 100000) times and compute the per-
centiles qǫ for ǫ = 0.01, 0.05, 0.25, 0.50, 0.75, 0.95 and 0.99.

1You find them on http://kurs.nr.no/stk4520 (which you enter via the currrent home page of
STK4520), click into ‘the “oppgaver” section.

2Merton, R.C. (1971) Optimum Consumaption and Portfolio Rules in a Continuous-Time Model.
Journal of Economic Theory, 3, 373-413.
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e) Repeat c) and d) when f = 0.

f) Compare the results for f = 0.8 and f = 0. Is there any discernable pattern in the
discrepancies?

Exercise 1.7

Prove the floor formula in Chapter 14 (in Section 14.6).

Exercise 1.8

Suppose interest rate follows the Black-Karisinsky model with ξ = 4%, σ = 0.25 and
a = 0.7. The initial rate is r = 8%.

a) Use the program in Exercise 1.3 to compute the theoretical bond price and the the-
oretical interest rate curve.

b) What’s their mathematical relationship?

If you haven’t done it yourself, an approximate answer to a) is (in %)

Time 1 2 3 4 5 6 7 8 9 10
Discount (%) 94.347 89.574 85.389 81.642 78.208 75.028 72.049 69.244 66.574 64.016
Yield curve (%) 5.992 5.660 5.406 5.202 5.039 4.905 4.795 4.701 4.624 4.561

c) Compute the steady-state volatility for rk when the model is Black-Karisinsky model
with the parameters above [Answer: 0.01015 ]

Suppose σk = 0.0105
√

1 − 0.72k is the volatility function for the interest rate under the
risk neutral model.

d) Explain how the floorlet prices are determined from the information given.

e) Write a program that computes the floor price when the derivative is annual and lasts
from 1 to 10 years. What price is charged for for the entire floor?

f) Suppose your intial capital is v0 and that your purchase a floor, as above, to protect
financial earnings. You use part of the capital to pay for the derivative. How much is left
after expenses for the floor has been deducted?

Exercise 1.9

Write a program that computes the swap rate from the information in Exercise 2.2. What
is the numerical value for it?

Exercise 1.10

We shall in this exercise examine how much option prices would fluctuate due to oscillations
in volatility. One popular model to describe this is the Garch(1.1) model according to which
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log-returns and volatilities evolve according to

Lk = ξ + σkεk

and

σk = {θ0 + θ1(Lk−1 − ξ)2 + θ2σ
2
k−1}1/2

Some elementary properties of the model are given (in Norwegian!) on the next page.

The parameters identified for two stock indexes in different periods are shown in the table.

Standard & Poor TOTX
Periode θ0 θ1 θ2 θ0 θ1 θ2

83 Jan. - 87 Mars 0.071 0.017 0.976 0.684 0.225 0.329
87 Apr. -91 June 0.329 0.156 0.769 0.625 0.382 0.461
91 July - 95 Sep. 0.051 0.000 0.991 0.139 0.095 0.894
95 Oct. - 00 Jan. 0.159 0.068 0.917 0.209 0.175 0.801
83 Jan. - 00 Jan. 0.103 0.067 0.925 0.363 0.216 0.703

a) Make a simulation program that simulate GARCH- processes

b) Use the parameters for Standard & Poor indexes for the four periods and investigate
through plots how much the volatility fluctuates. Start in σ0 = (θ0/(1 − ζ))1/2 (why rea-
sonable? look at the next page)

The parameters for the Garch are daily

c) Calculate how much the price of a call option over a month would oscillate due to
Garch for the four sets of parameters (you must then combine the call option program from
exercise 10 with the present one for Garch). Use the option parameter from exercise 10.

d) Why does not ξ matter for this study?

Exercise 1.11

The Vasicĕk model describes rates of interest as the stochastic recursion

rk = ξ + Xk where Xk = (1 − a0h)Xk−1 + σ0

√
h εk,

where h is the time increment. Its popularity (despite its weaknesses) is due to the fact
that it is both simple and admits closed expressions for theoretical bond prices; see below.
It is assumed that |bh| < 1. At the start X0 = r0−ξ where r0 is the rate of interest observed.

a) Argue that

E(rk|r0) = ξ + (1 − a0h)k(r0 − ξ)

b) Consult Section 5.6 in Chapter 5 and justify that

var(rk|r0) =
σ2h

1 − (1 − a0h)2
(1 − (1 − a0h)2k) =

σ2
0

2a0 − ha2
0

(1 − (1 − a0h)2k)
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Suppose k → ∞ and h → 0 jointly so that their product t = kh fixed. What happens in
the limit can be understood by inserting h = t/k into the expressions for the mean and
variance and taking k to its limit.

c) Show that

E(rk|r0) = ξ + (1 − a0t/k)k(r0 − ξ) → ξ + e−a0t(r0 − ξ)

as k → ∞. Interprete the result

d) Carry out the analogy for the variance; i.e. prove that

var(rk|r0) =
σ2

0

2a0 − ta2
0/k

(1 − (1 − a0t/k)2k) → σ2
0

2a0
(1 − e−2a0t).

Interprete this result too.

e) Analyse cov(rk, rk+l) in the same manner; i.e. let t = kh and s = lh where t and s
are kept fixed. Find the limiting covariance when h → 0.

Let rk be the interest rate intensity.

f) How do you select the parameters of the continuous time model so that they corre-
spond to to a given quantities on annual time scale? Do it when ξ = 4% annualy, the
standard deviation of rk is 1.5% annually and the correlation one year apart is 0.70.

Exercise 1.12

The arguments of the preceding exercise suggests that continuous time models are mathe-
matically well defined. Suppose rk is the interest rate intensity and that it is described by
the continuous time Vasicĕk model. Let

dk = e−h(r1+...+rk)

be the discount over time t = kh. A theoretical bond price can then be defined through

P (r0, t) = lim
h→0

E(dk|r0), t = kh fixed,

and it can be shown (Exercises 5.7.12-14 in Chapter 5) that

P (r0, t) = eA(t)−B(t)r0

where

B(t) =
1 − e−a0t

a0
and A(t) = (B(t) − t)

(

ξ − σ2
0

2b2
0

)

− σ2
0B(t)2

4b0
;

a) Use the parameter setting in Exercise 3.2.f to plot the Vasicĕk bond price when r0 = 2%.

Suppose

Xk =
K
∑

i=0

P (rk, ti) where ti = i years.
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This is a fair value discount of a one-unit constant payment stream.

b) Write a simulation program of Xk when rk follows a Vasicĕk model on annual time
scale.

c) Run simulations over 20 years when K = 10 and the parameters of the model are those
in Exercise 3.2.f, both in the Vasicĕk bond price and in the model for rk. Plot simulated
X∗

k against k.

Exercise 1.13

The swap rate r0 for a swap between tJ = Jh and tL = Lh is defined as

s0 =
L
∑

k=J+1

wkr0(k) where wk =
P (0:k)

P (0:J+1) + . . . + P (0:L)

where r0(k) is the forward rate of interest between tk−1 and tk.

a) Dig out the relationship bewteen forward rates of interest and bond prices from some-
where and prove that the swap rate can be re-written

s0 =
P (0:J) − P (0:L)

P (0:J+1) + . . . + P (0:L)
.

Suppose we have an built an analytical model for bond pricing from somewhere with P (r0, T )
being the value of a bond expiring at T when r0 is the rate of interest today.

b) Argue that a reasonable model for the future swap rate sk at tk is

sk =
P (rk, J) − P (rk, L)

P (rk, J+1) + . . . + P (rk, L)

where it is assumed that the underlying swap is between an interval that is shifted with the
movement of k.

c) Develope an alternativ model with the interval fixed at tJ and tL regardless of k (now
we must assume k < J).

We shall consider simulated swap rates.

d) Try to discuss whether the model for rk then should be the same as the one under-
lying the bond price model.

e) Develope simulation programs for both c) and d) when P (r0, T ) is given by the Va-
sicĕk term structure

P (r0, T ) = eA(T )−B(T )r0

where

B(T ) =
1 − e−a0t

a0
and A(T ) = (B(T ) − T )

(

ξ − σ2
0

2a2
0

)

− σ2
0B(T )2

4a0
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and rk is follows the Black-Karisinsky model.

Suppose J = 5 and L = 10 years and use the parameter setting in Exercise 3.2.f for
the Vasicĕk bond model and ξ = 4%, σ = 0.25 and a = 0.7 for the Black-Karisinsky model.

f) Simulate sk 20 years ahead for the case in b) and 5 years for that in c). Start at
r0 = 2%, repeat 20 times and plot the rates together.

Exercise 1.14

A cliquet option on equity has payment function

H(r) =

R − rg, R ≤ rg

0, rg < R < rc

−(R − rc), R > rc

where R is equity return and rc > rg. The option resembles an ordinary put in that re-
turns below rg are compensated, but there are also back-payments when they exceed rc.
Put options are expensive, and this is an attempt to make them cheaper by renouncing the
highest earnings. Option premia below (π, πP and πC) apply to a capital of one money unit.

a) Show that X = H(R) can be written X = XC − XP where XP and XC are pay-
ments for a pure put and a pure call option.

b) Argue that the option premium π equals the difference between a put premium πP

and a call premium πC , and use the Black-Scholes formula to write down a mathematical
expression for π.

Suppose v0 is used to purchase equity which is held for K years with annual cliquet options
to protect the downside. Compensation received for low returns are used to buy more equity
(at no cost), and in the same manner equity is liquidated to pay the option seller his due
(again no cost) when returns exceeed rc. This means that the value Vk at time tk evolves
according to the recursion (k = 1, . . . ,K)

Vk = (1 + RHk)Vk−1 where RHk =
Rk + H(Rk) − π

1 + π

where Rk is the return in year k and π the option premium per unit capital; see Section
15.4. The start is at V0 = v0/(1 + π).

c) Write a simulation program for V0, . . . , VK with this rolling option-strategy.

Suppose equity follows a geometric random walk with parameters ξ = 0.08, σ = 0.25
and that risk-free interest r = 0.05.

d) Determine π when rg = 4% and and rc = 10% and when rg = 4% and rc infinite.

e) Compare ten-year returns for three strategies by using m = 10000 simulations: i) No
option, ii) pure put with rg = 4% and iii) cliquet with rg = 4% and rc = 10%. Look at
both downside and upside, any comments?
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Exercise 1.15

Many theorists argue that expected shortfall or CVaR is a better measure of the downside
than percentiles or VaR. Let X be a risk variable with percentile qǫ. Then

CVaRǫ = E(X|X ≤ qǫ)

a) How do you determine CVaRǫ (approximately) from m simulations X∗

1 , . . . ,X∗

m?

b) Run m = 100000 simulations of the standard normal and the standard Gamma dis-
tribution with shape α = 5. In both cases compare the numerical values of qǫ and CVaRǫ

for ǫ = 5% and ǫ = 1%. Any comments?

c) Go back to e) of the preceding Exercise and approximate qǫ and CVaRǫ for ǫ = 5%
and ǫ = 1% for all three scenarios simulated there. Comments?
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