
UNIVERSITY OF OSLO
Faculty of Mathematics and Natural Sciences

Examination in: STK4540 — Non-Life Insurance Mathematics

Day of examination: Wednesday, December 4th, 2013

Examination hours: 14.30 – 17.30

This problem set consists of 5 pages.

Appendices: None

Permitted aids: Approved calculator

Please make sure that your copy of the problem set is
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Problem 1

Assume policy risks X1, ..., XJ are stochastically independent with mean
and variance for the portfolio payout X being

E(X ) = π1 + ...+ πJ and Var(X ) = σ21 + ...+ σ2J (1)

where πj = E(Xj) and σj = sd(Xj).

a) Use average portfolio expectation and average portfolio standard
deviation to explain the concept of diversification.

b) Does part a) imply that general insurance is risk-free? Justify your
answer.

c) How can the risk of an insurance company be reduced? Why would
an insurance company be interested in this?

d) The loss ratio for a portfolio is incurred losses divided by earned
premium. The gross earned premium refers to the premium which
is actually earned over the financial year and recognised as revenue.
This is calculated before the effect of re-insurance. Similarly the gross
incurred losses refers to the losses which are actually paid out during
the financial year plus changes in loss reserve during the financial
year. The gross incurred losses are also calculated before the effect
of re-insurance. The gross loss ratio is gross incurred losses divided
by gross earned premium. The net earned premium and net incurred
losses are the cedent’s part of gross earned premium and gross incurred
losses. The net loss ratio is net incurred losses divided by net earned
premium.

Calculate the loss ratio gross and net for the insurance company in
Table 1. What does the difference in loss ratio gross and net tell us
for the insurance company in Table 1?

(Continued on page 2.)
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Gross Net

Incurred losses 1070 850

Earned premium 1340 1095

Table 1: Incurred losses and earned premium gross and net for an insurance
company.

Problem 2

The estimates in Table 2 shows the effect of gear type and annual driving
limit on claim intensity in autmobile insurance. Estimates are from monthly
data.

Variable Value Regression estimate standard deviation

Intercept -5.407 0.01

Gear type Manual 0

Gear type Automatic -0.340 0.005

Driving limit 8 000 0

Driving limit 12 000 0.097 0.006

Driving limit 16 000 0.116 0.007

Driving limit 20 000 0.198 0.008

Driving limit 25 000 0.227 0.019

Driving limit 30 000 0.308 0.012

Driving limit No limit 0.468 0.019

Table 2: Regression estimates with standard deviation for a Poisson
regression.

a) Argue that the model applies on annual time scale if the intercept
parameter is changed.

b) How much higher is the annual claim intensity for cars with manual
gear?

c) How do you interpret that the driving limit coefficients increase as the
driving limit increases?

d) Use Table 2 to compute annual claim intensities broken down on gear
type and driving limit as shown in Table 3.

e) Create a new table from Table 3 by dividing the entries on the
corresponding driving limit (include all driving limits from Table 3
except the driving limit ‘No Limit’). Argue that this new limit is a
rough measure of claim intensity per kilometer.

f) What is the change in pattern from d) to e)? What is the underlying
phenomenon do you think?

g) Let Tij and nij be total risk exposure and total number of claims for
gear type i and driving limit j, where i = 1, 2 and j = 1, ..., 7. Assume
elementary estimates µ̂ij are given as µ̂ij = nij/Tij and that they are

(Continued on page 3.)
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Manual gear Automatic gear

8 000

12 000

16 000

20 000

25 000

30 000

No limit

Table 3: Annual claim intensities broken down on gear type and driving
limit.

Manual gear Automatic gear

8 000 5.4% 3.8%

12 000 5.8% 4.4%

16 000 6.3% 4.3%

20 000 6.8% 4.5%

25 000 6.6% 4.8%

30 000 7.0% 5.0%

No limit 8.9% 6.0%

Table 4: Elementary estimates broken down on gear type and driving limit.

as presented in Table 4. Compare the method of elementary estimates
and the Poisson regression in a)-f) and judge both approaches.

Problem 3

Let X be the sum of claims for a policy holder during a year and introduce

π(ω) = E(X|ω) and σ(ω) = sd(X|ω)

where ω is an underlying, unknown, random quantity. We seek π = π(ω),
the conditional pure premium of the policy holder as basis for pricing. On
group or portfolio level there is a common ω that applies to all risks jointly.
The target is now Π = E(X|ω) where X is the sums of claims from many
individuals.

Let X1, ..., XK (policy level) or X1, ...,XK (group level) be realizations
of X or X dating K years back. The standard method in credibility is the
linear one with estimates of π of the form

π̂K = b0 + wX̄K where X̄K = (X1 + ...+XK)/K.

The structural parameters are defined as

π̄ = E{π(ω)}, v2 = var{π(ω)}, τ2 = E{σ2(ω)} (2)

where π̄ is the average pure premium for the entire population. Both v and
τ represent variation. Their impact on var(X) can be understood through
the rule of double variance,

var(X) = E{var(X|ω)}+ varE(X|ω) = E{σ2(ω)}+ var(π(ω)) = τ2 + v2.

(Continued on page 4.)
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The optimal linear credibility estimate is

π̂K = (1− w)π̄, where w =
v2

v2 + τ2/K
. (3)

a) Prove that E{X̄K} = E{π(ω)} and that Var{X̄K} = v2 + τ2/K.

b) Prove that Cov{X̄K , π(ω)} = v2. (Hint: Find E((X̄K−π̄)(π(ω)−π̄)|ω)
and use the definition of covariance and the rule of double expectation.)

c) Prove that w = v2

v2+τ2/K
minimizes Var{π̂K − π(ω)}. (Hint: Use that

Var{π̂K − π(ω)} = Var{b0 + wX̄K − π(ω)} (4)

and use the definition of the variance of the sum of dependent, random
variables.)

Suppose we seek Π(ω) = E{X |ω} where X is the sum of claims from a
group of policy holders where J denotes the group size. Now ω represents
uncertainty common to the entire group. and the linear credibility estimate
(3) is applied to the record X1, ...,XK of that group. The structural
parameters differ from what they were above. If individual risks are
independent given ω, then

E{X |ω} = Jπ(ω) and sd{X |ω} =
√
Jσ(ω). (5)

d) What do the structural parameters become now?

e) Use (3) to express the best linear estimate Π̂K and find the equivalent
of w from (3) on group level.

Problem 4

The portfolio loss X for independent risks becomes Gaussian as the number
of policies J → ∞. One form of this applies when X = Z1 + ... + ZN
where N , Z1, Z2, ... are stochastically independent. Let E(Zi) = ξZ and
sd(Zi) = σZ .

If N is Poisson distributed so that E(N ) = JµT then

E(X ) = JµTξZ and Var(X ) = JµT (σ2Z + ξ2Z). (6)

a) Assume φε is the upper ε -percentile of the standard normal
distribution. How can the true percentile qε of X be approximated
using E(X ) and sd(X ) from (6) above and φε?

b) Assume that a2 =
ζ σ3

Z+3ξσ2
Z+ξ3Z

σ2+ksiξ2Z
and that d = (φ2ε − 1)/6 are given.

How can qε of X of part a) be adjusted for skewness?

Consider a portfolio with Poisson distributed number of claims with
parameter λ = Jµ and with the log-normal model for the individual losses
Z, where Z = eθ+σε, ε N(0, 1).

(Continued on page 5.)
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c) Write a program simulating the portfolio loss X .

d) Assume a re-insurance contract applying to single events is used in the
cedent responsibility portfolio. Which part of the program in c) needs
to be modified?

e) Assume an a× b contract is used, where the re-insurer’s responsibility
is

Zre =


0 if Z < a,

Z − a if a ≤ Z < a+ b,

b if Z ≥ a+ b,

(7)

and where Zre + Zce = Z.

Modify your program so that the cedent’s liability is simulated.

Modify your program a third time so that the re-insurer’s liability is
simulated.

f) Suppose that you are asked to analyze some fire data and that you are
asked to use the program in c). You are asked to compare 3 parametric
models and the empirical distribution for the claim size model. The
3 parametric models are the log normal distribution, the gamma
distribution and a mixed distribution, where the empirical distribution
is used up to the 90th percentile and the Weibull distribution is
used in the tail. You are also supposed to compare these results
with the normal approximation from part a) and the normal power
approximation from part b). Re-insurance can be disregarded. The
results from the simulations are shown in Table 5. Assume that QQ
plots and Akaike’s information criterion and other tests have indicated
that the mixed model is performing well.

In light of this additional information from the model selection process,
what does Table 5 tell you about the performance and reliability of the
different methods? Compare the results of the normal approximation
method and the normal power approximation method with the results
of the program in part c) with the log normal claim size model, the
gamma claim size model, the empirical distribution claim size model
and the mixed distribution claim size model.

Method 95% percentile 99% percentile 99.97% percentile

Normal approximation 19.0 23.0 29.3

Normal power approximation 20.4 26.5 38.0

MC - log normal 12.7 24.9 102.1

MC - gamma 88.4 401.3 6 327.7

MC - mixed distribution 20.2 24.2 30.9

MC - empirical 19.2 24.3 32.4

Table 5: Results from using the normal approximation in part a) and b) and
the program in part c).

END


