
University of Oslo / Department of Economics / NCF

ECON3120/4120 Mathematics 2 – on the 2017–01–01 exam

• Standard disclaimer: This note is not suited as a complete solution or as a template
for an exam paper. It was written as guidance for the grading process � however,
with additional notes and remarks for using the document in teaching later.

� The document re�ects what was expected in that particular semester, and which
may not be applicable to future semesters. In particular, what tests one is requi-
red to perform before answering �no conclusion� may not apply for later.

• Weighting: This semester's exam has indicated �Expected weight�. The committee
(and in case of appeals: the new grading committee) could deviate at their discretion.
The problem set was written with the intention that (within each of problems 1�4)
a uniform weighting over letter-enumerated items should be a feasible choice.

Addendum after grading: Parts 1(d) and 1(e) were merged to a single �letter-enumerated
item� and then uniform weighting was applied, producing the �expected� weights.

• Default percent score to grade conversion table for this course:
F (fail) E D C B A
0 to 39 40 to 44 45 to 54 55 to 74 75 to 90 91 to 100

The committee (and in case of appeals, the new committee) is free to deviate.

Addendum after grading: The following modi�cations were applied:
The pass mark was set to 36, the �D� threshold to 44, the �C� threshold to 50 and the
�A� threshold to 87, as these thresholds produced a clear distinction between grading
bins: the weakest E's were clearly better better than any F, the �44� clearly better
than the marginally passing ones, etc.

Problems restated as given, followed by annotations boxed. The abbreviations �TP� (with
problem number) refers to this semester's compulsory term paper problem set.
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Problem 1 (Expected weight: 40 percent.)
Let R > 1. De�ne the functions

h(t) = t1−R − eet for t > 0 and g(t) = (t− tReet)e−πt for t ≥ 0

where π and e are the well-known constants π = 3.14159 . . . and e = 2.71828 . . . . Note
that h(t) = g(t)t−Reπt wherever h is de�ned.

(a) Find lim
t→+∞

h(t) and lim
t→+∞

g(t).

(b) Show that the equation h(t) = 0 has one and only one solution z > 0.
(Hint: what is limt→0+ h(t)? Note that you are not asked to calculate z!)

(c) Show that g has a globalmaximum T such that T ∈ (0, z). (Hint: show �rst: T ∈ [0, z].)

(d) • The maximum value g(T ) depends on R, call it V (R). Find an expression for
dV

dR
.

• z (from part (b)) also depends on R. Find an expression for
dz

dR
.

(e) The area A =

∫ z

T

g(t) dt depends on R. Show that

dA

dR
= −V (R)

dT

dR
−
∫ z

T

tRe−(π−e)t ln t dt

You are not asked to calculate neither the integral (do not try!) nor dT
dR
.

On problem 1 About half of the questions correspond to questions in (the simpler
part of) TP problem 2 � though, herein with functions that should be easier to handle.

(a) limt→+∞ h(t) = −∞ as −eet does so and tnegative → 0. The second limit is akin
to �rst question of TP2(b): once one points out that π > e, the exponential will
kill both t and tR. Brief justi�cations like e.g. �exp. decay vs. polynomial growth�
or even �the exponential wins� would be su�cient provided it is used correctly.
Exp. vs. powers is a topic where students from outside this university may not
realize this does not go without saying in this course, but as there is nothing more
to this question, one should expect a couple of words as otherwise the answer would
be completely unjusti�ed.

(b) Again a simpli�ed version of a question in the same TP2(b):
h is continuous with limt→0 h(t) = +∞ (hence takes positive values) and limt→+∞ =
−∞ (hence takes negative values). By the intermediate value theorem there exists
at least one zero. Since h is strictly decreasing, there can be no more than one.
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(c) g ≥ 0 ⇐⇒ t ∈ [0, z]. The interval is closed and bounded (and nonempty, which
need not be mentioned!), so the extreme value theorem (which more often in this
course is appears with several variables) grants existence. As g(0) = g(z) = 0, we
do not have endpoint maxima, so the maximum point is in the open interval (0, z).
Notes: It is not likely that there will be any su�cient answer based on the �rst-
derivative test or the intermediate value theorem. In particular, it is insu�cient
to argue that g′(0+) > 0 > g′(z) implies a stationary point ∈ (0, z) (even if one
manages to show that g′(z) < 0; it is incomplete until one has established that a
global max exists � and no, g is not concave).

(d) Both (d) and (e) will need the following:

De�ne γ(t, R) = (t− tReet)e−πt. Then
∂γ

∂R
(t, R) = −tRe−(π−e)t ln t. (¶)

(γ is the same expression as g, except with R too considered a variable. Presumably,
notation like �∂g/∂R� will show up; the committee should consider the content.)

• The envelope theorem (should be very well known, cf. TP1(b)) and (¶) yield

dV

dR
=
∂γ

∂R
(T,R) =

∂

∂R

[
(t− tReet)e−πt

]
t=T

= −TRe−(π−e)T lnT

• The second bullet item � similar to TP2(e) � is an ECON2200 question which
is in part given as a hint to remind them for part (e) that z is not a constant.
Writing as function of (t, R), we have η(t, R) = t1−R − eet and z de�ned by
η(z(R), R) = 0. The formula yields

dz

dR
= −η

′
R(R, z)

η′t(R, z)
= − −t1−R ln t

(1−R)t−R − eeet
∣∣∣
t=z

=
z1−R ln z

(1−R)z−R − e1+ez

It is possible, but not required, to rewrite this. Other forms may be used.
(E.g., by taking note that R = 1− et/ ln t =: ρ(t), one can calculate 1/ρ′(z).)

(e) Leibniz's rule is new curriculum, and there have been assigned (new) problems for
two seminars in November. One signi�cant part of this question is the contribution
that �is not there�: The solutions must take into account the term g(z) dz

dR
and put

it equal to zero. (It should certainly be recognizable to those who did the seminar
problem which focused on such zeroes.) With γ as in (¶), the formula yields

dA

dR
= γ(z, R)

dz

dR
− γ(T,R)dT

dR
+

∫ z

T

∂γ

∂R
(t, R)dt

Now, insert for γ(z, R) = g(z) = 0 and γ(T,R) = V (R) and for ∂γ/∂R from (¶).
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Problem 2 (Expected weight: 20 percent.)

(a) Show the following by antidi�erentiation. (It is mandatory to integrate te−πt−t2e−(π−e)t;
there is no score for di�erentiating the right-hand side.)∫ (

te−πt − t2e−(π−e)t
)
dt =

( t2

π − e
+

2t

(π − e)2
+

2

(π − e)3
)
e−(π−e)t − 1 + πt

π2
e−πt + C

(b) Consider the di�erential equation

ẋ = πx+ t− t2eet

Find the particular solution which satis�es x(0) = 0.

On problem 2 This is a recurring problem type; starting 2007, all (ordinary) exams
but one has had a di�erential equation (this was mentioned in a problem assignment.)
In recent years, it has become more common to state the solution of one integral. In
this problem set, they cannot di�erentiate the right-hand side.

(a) This tests integration by parts: for p 6= 0, we have
∫
teptdt = t

p
ept −

∫
1
p
eptdt =

pt−1
p2
ept + C1. Then for q 6= 0,

∫
t2eqtdt = t2

q
eqt − 2

q

∫
teqtdt which by the previous

calculations equals t2

q
eqt− 2

q
· qt−1

q2
eqt+C2. Now insert for p = −π and q = −(π− e)

and subtract.

(b) Insert a = −π and b(t) = t − t2eet in EMEA formula (9.9.5) / MA1 formel (6)
(watching out for wrong sign on a = −π!):

x(t) = Ce−(−π)t + e−(−π)t
∫
e(−π)t

(
t− t2eet

)
dt

Recognizing the integral given in part (a), we get x(t) = eπt
[(

t2

π−e + 2t
(π−e)2 +

2
(π−e)3

)
e−(π−e)t − 1+πt

π2 e
−πt + C

]
, and C is determined by the initial condition

0 = 2
(π−e)3 −

1
π2 + C. Answer:

x(t) =
( t2

π − e
+

2t

(π − e)2
+

2

(π − e)3
)
eet − 1 + πt

π2
+
( 1

π2
− 2

(π − e)3
)
eπt

(The Norwegian MA1 has a formula for the initial value problem (that takes care
of the �C�), but it does not simplify that much.)
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Problem 3 (Expected weight: 20 percent.)
De�ne for all real s and t the matrices At and Bs,t by

At =

0 1 t
3 0 0
0 0 4

 and Bs,t =

3s 4s 1
1 −2 1
2s 3s −t


(a) • Calculate 4sAt + tI−Bs,t, where I is the identity matrix of order 3× 3.

• Calculate the determinant of Bs,t.

(b) • Calculate the inverse of At or show that it does not exist.

• Suppose that Xs,t and Ys,t are 3 × 3 matrices such that AtXs,t = B2017
s,t and

AtYs,t = B2017
s,t . Is it then so that Xs,t must equal Ys,t? Why (not)?

(The superscript denotes 2017th power.)

On problem 3

(a) It is somewhat exceptional that one can get �ve percent of an exam worth from a
question like the �rst bullet item: elementwise operations yield 0 + t− 3s 4s+ 0− 4s 4st+ 0− 1

12s+ 0− 1 0 + t− (−2) 0 + 0− 1
0 + 0− 2s 0 + 0− 3s 16s+ t− (−t)

 =

 t− 3s 0 4st− 1
12s− 1 t+ 2 −1
−2s −3s 16s+ 2t


It is intentional that those who do not know what �identity matrix� means, must
spend time to look it up in the book. In earlier years, calculating a determinant of
order 3×3 or higher, would be the �simple� linear algebra question, and is given in
most exam sets. There is a formula in the book (EMEA formula (16.2.2) / LA formel
(5.7)), but likely most will do cofactor expansion. For example, by last column:
|Bs,t| =

∣∣ 1 −2
2s 3s

∣∣− ∣∣ 3s 4s
2s 3s

∣∣+(−t)
∣∣ 3s 4s
1 −2

∣∣ = 3s+4s− s2− ts(−6− 4) = s(7 + 10t− s).

It is easy to get a sign wrong. The grave error is to miss the (−1) factor that applies
to elements (i, j) with i + j odd (in the above case: the negative sign in front of∣∣ 3s 4s
2s 3s

∣∣.)
(b) Presumably, many will use the formula in the book (EMEA theorem 16.7.1 / LA

setning 6.3). The following uses instead the method of TP3(b): Interchange �rst
and second row/eq. and get3 0 0

... 0 1 0

0 1 t
... 1 0 0

0 0 4
... 0 0 1

 ∼
1 0 0

... 0 1
3

0

0 1 t
... 1 0 0

0 0 1
... 0 0 1

4

 ∼
1 0 0

... 0 1
3

0

0 1 0
... 1 0 − t

4

0 0 1
... 0 0 1

4
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after scaling �rst and third, and then subtracted t of the third from the second.

The inverse is the latter right-hand side: A−1t =
( 0 1/3 0

1 0 −t/4
0 0 1/4

)
.

Because A−1t exists, Xs,t and Ys,t must be equal (and, equal to A−1t B2017
s,t ).

However, candidates should be consistent with the �rst bullet item: those who claim
thatA−1t does not exist (they will be penalized for the error in the �rst bullet item),
are expected to apply that in the second. Then the expected answer would be that
non-existence of A−1t implies more than one solution (from the problem text, there
is at least one).
(Of course the �2017� is a hint that they should not compute the matrix power.)

(Problem 4 next page.)
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Problem 4 (Expected weight: 20 percent.)
De�ne F (x, y) = 4(x+ 2)1/4y1/4 and consider the problem

maximize F (x, y) subject to (x, y) ∈ S

where S is the set of points (x, y) such that x2 + y2 ≤ 4 and y ≤ −mx.

(a) State the associated Kuhn�Tucker conditions, for each m > 0.

(b) Let in this part m = 1. Take for granted that the point (x∗, y∗) = (−1, 1) is optimal.
How much, approximately, would the optimal value of F change if the �rst constraint
were replaced by x2 + y2 ≤ 4.1?
(Hint: Where in S is (−1, 1)?)

On problem 4 Constrained optimization is a recurring problem-type. Exam
2017spring had one of the questions copied and pasted from 2016autumn, and this
is di�erent (and, the extreme value theorem is covered in Problem 1). The shadow
price interpretation was last seen 2014autumn; the one at hand is so degenerate that it
should require way less than the problems assigned both early and late in the semester.

(a) With L(x, y) = F (x, y)− λ(x2 + y2 − 4)− µ(mx+ y) we �nd the conditions

0 = (x+ 2)−3/4y1/4 − 2λx−mµ
0 = (x+ 2)1/4y−3/4 − 2λy − µ
λ ≥ 0 with λ = 0 if x2 + y2 < 4

µ ≥ 0 with µ = 0 if mx+ y < 0

The candidates are free to include the constraints, and it is perfectly �ne to use
other formulations, like e.g. µ ≥ 0, mx + y ≤ 0 and µ(mx + y) = 0 for
the latter condition.
One must however write out the conditions: Writing merely �∂L

∂x
(x, y) = 0� for the

�rst condition, is insu�cient.

(b) At the end of the exam it was intentional not to ask for the multiplier that would
take longer time to calculate, hence also the hint;
x2 + y2 is < 4 at point (−1, 1), så the answer is 0. Likely, a great deal of the
correct answers will look like, e.g., �0.1 · λ = 0� but it is fully acceptable to use
the geometry of the problem without invoking the Kuhn�Tucker conditions at all.
(Then it easily follows that the change is precisely (not merely approximately) zero,
but they are not asked for that!)
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