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ECON 4160: ECONOMETRICS —
MODELLING AND SYSTEMS ESTIMATION

PROBLEM SET, POSTPONED EXAM AUTUMN 2012

PROBLEM 1 (weight: 1/3)

In analyzing econometrically relationships between consumption and income from
data from individual households, it is often a problem that these variables are im-
properly measured. We may, however, in addition to error-ridden measures of con-
sumption and income, have observations on other variables which, according to our
theory, are (theoretically) correlated with the true values of these improperly mea-
sured variables. We therefore consider the following model, 7 indexing household:

(1.1) n; = a+ B,
(1.2) Yy =n; &
(1.3) T, =& +0;,
(1.4) & = Ao + VG + U, i=1,....n,

where (7;,&;) denote true, unobserved consumption and income, respectively, (y;, x;)
are their observed counterparts, (g;,d;) are measurement errors, ¢; is an exogenous
variable which determines true consumption, say age, wealth, or education, and w;
is a disturbance. We assume [the general notation 11D(u,6?) means: identically,
independently distributed with expectation p and variance 62]

' g;, 0;, u; are uncorrelated, 1=1,...,n.

1A. Express var(y;), var(x;), cov(y;, x;), cov(y;, ¢;), and cov(z;, ¢;) by means of a, f3,

2 2 2 2 _ ,
0Z,05,0,, and o, = var(g;).

1B. Derive from (1.1)—(1.3), by eliminating 7; and &;, an equation between y; and z;,
and explain why ¢; satisfies the requirements for being a valid instrumental variable
for either of y; and z; in this equation.

To estimate the marginal propensity to consume of latent income, (3, it has been
proposed to use an estimator of the form

Mly, 2]
Mz, 2]’

(1.6) B=

where M|y, z] and M|z, z] denote the empirical covariance of, respectively, y and z
and of z and z, and z is a so far unspecified, observable, variable.

1C. Consider the following choices of z;:

(i) z,==; =z + Fus, where (Xx, ~:) are obtained by OLS regression of x; on g;.
(ii) z,=79; :Xy + 7,q;, where (Xy, 7y) are obtained by OLS regression of y; on g;.

How would you characterize the estimators 7,, 7, and B\ obtained?



Assume now that equations (1.1)—(1.3) are part of a simultaneous household model
containing a total of K observable, exogenous variables whose values for household
i are: ¢qy,...,Qg;- These K variables may include age, net wealth, the number
of household members, their education, etc. The reduced-form equation for true
income §&;, replacing (1.4), therefore has the form:

& =1o+ ZJK:1 Hiji + Uy,

where the II;’s denote reduced-form coefficients and w; is a disturbance. Let the
OLS estimators of the II;’s obtained by regressing z; on qy;, ..., qg; be denoted by
a tilde (7).

1D. It has been suggested to estimate S by using B, given by (1.6), with
(iii) 5 =1+ 28 T

Comment on this choice of instrument z;. Would you prefer it to (i) and (ii)? Explain
briefly.

PROBLEM 2 (weight: 1/3)

Consider a two-equation system of the form:

(2.1) y=a+bx + u,
(2.2) r=c+dy+ez+v,

where (y, z, z) are variables, (a,b,c,d,e) are constants, (u,v) are disturbances with
variances o, and o,, and covariance o,,. We are in particular interested in esti-
mating b consistently.

2A. Specify which variables are exogenous and endogenous, and explain whether
b is identified. If b is identified, how you would estimate it in the following three
models? Answer briefly, in only one or two sentences in each case.

Model a: As (2.1)—(2.2) with:
(y,x, z) are all observable;
(a,b,c,d,e) are unknown;
cov(z,u) = cov(z,v) = 0;
Oy 18 unknown.

Model b: As Model a with e = 0 imposed:
(y,x, z) are all observable;
e=0, (a,b,c,d) are unknown;
cov(z,u) = cov(z,v) = 0;
Oup 18 unknown.

Model c: As Model a with d =0 and o,, = 0 imposed:
(y,x, z) are all observable;
d =0, (a,b,c,e) are unknown;
cov(z,u) = cov(z,v) = 0;
Ouw = 0.



2B. Assume next that only (y, z) can be observed, while z is unobservable.
Consider two such models:

Model d: As Model c with = unobservable = Model a modified by:
(y, z) are observable, x is not observable;
d =0, (a,b,c,e) are unknown;
cov(z,u) = cov(z,v) = 0;
Oup = 0.

Model e: As Model d with ¢ =0,e =1 imposed = Model a modified by:
(y, z) are observable, x is not observable;
c=d=0,e=1, (a,b) are unknown;
cov(z,u) = cov(z,v) = 0;
Oup = 0

Can the coefficient b be identified in Model d? If so, propose an estimator for it.
Hint: Eliminate x by using (2.2).

Can the coefficient b be identified in Model e? If so, propose an estimator for it.

PROBLEM 3 (weight: 1/3)

The simple Keynesian business cycle model suggests that investments depend on
the activity level in the economy. To analyze whether this is true, the following
relationship has been estimated by OLS for US data on the sample 1948q1-2008q1:

(3.1) log(I;) = a + Blog(Y;) + &1,

where log(l;) represents the log of gross investments, while log(Y;) is the log of GDP.
The results are reported in Printout 1.

3A. How would you interpret the estimated coefficient on log(Y;)? Does it seem
like investments depend on GDP? It has been suggested that GDP is endogenous
to investments, which will lead to a bias in the OLS estimate of 5. Explain what
is meant by the simultaneity bias and derive an expression for the bias in the case
when Y, is in fact an endogenous variable.

Due to the endogneity of GDP, it has been suggested that it is better to estimate
(3.1) by Instrumental variable estimation. As an instrumental variable, it has been
suggested to use government expenditures. The results from the IVE are reported
in Printout 2.

3B.

e Discuss one or more methods that could be used to evaluate the appropriate-
ness/strength of the proposed instrument.

e The OLS and the IV estimates are almost equal. A colleague has said that
it then does not matter whether you rely on the OLS or the IV estimates.
Do you agree with this statement? Explain what arguments your conclusions
rests on.



Another colleague has suggested that in addition to GDP, investments also depend
on the interest rate. She has therefore suggested that it is better to consider a
modified version of (3.1):

(3.2) log(I;) = a+ blog(Y:) + cry + €y

where r; denotes the interest rate. In the following, you can assume that r; is
exogenous. This relationship has been estimated for two different time periods:
1948q1-2008q1 and 1948q1-2012q3. The results are reported in Printout 3 and
Printout 4. The coefficient of log(Y;) is almost unchanged when the sample is ex-
tended to include four more years of data, while the coefficient on the interest rate
goes from negative to positive (though insignificant). Your colleague has suggested
that this has to do with the financial crisis, and have therefore estimated the model
with a dummy variable, fincrisis, that is equal to one from 2008q2 to 2012q3. The
estimates from this model are reported in Printout 5.

3C.
e How would you interpret the estimated coefficient on the interest rate?

e Use the reported results in the printouts to calculate the Chow-test for pa-
rameter stability. The residual sum of squares (RSS/SSE/SSR) when (3.2)
is estimated on the sample 2008¢2-2012¢3 is 0.02295. Critical values for the
F-distribution are tabulated at the end of this document. What is your con-
clusion? Has there been a structural break? Does the “extra” regression with
the dummy included (Printout 5) give further evidence to your conclusion?
Discuss briefly.

Hint: If you do not find the exact critical value, you can use the number of
degrees of freedom that is closest when you round down

Printout 1: Modelling Log(I) by OLS
The estimation sample is: 1948(1) - 2008(1)

Coefficient Std.Error t-value t-prob

Constant -4.08544 0.08970 -45.5 0.0000

Log(Y) 1.23532 0.01044 118. 0.0000

sigma 0.0934679 RSS 2.08796273

R™2 0.983202 F(1,239) = 1.399e+004 [0.000]%*x*
Adj.R"2 0.983132 1log-likelihood 230.243

no. of observations 241 no. of parameters 2

AR 1-5 test: F(5,234) = 189.41 [0.0000] *x

Normality test: Chi"2(2) = 6.8201 [0.0330]*

Hetero test: F(2,238) 9.6656 [0.0001]*x*
stk ok ok ok sk sk sk sk ok ok ok ok sk ok ok sk ok sk sk sk ok sk sk ko sk sk sk sk sk sk sk sk ok sk ok sk ok sk sk sk sk sk sk sk sk ok sk ok sk sk sk sk sk sk sk sk skok sk ok ok sk ok ok



Printout 2: Modelling Log(I) by IVE
The estimation sample is: 1948(1) - 2008(1)

Coefficient Std.Error t-value

Log(Y) Y 1.23362 0.01063 116.

Constant -4.07081 0.09129 -44.6

sigma 0.0934731 RSS 2.08819593
Reduced-form sigma 0.16649

no. endogenous variables 2 mno. of instruments 2
no. of observations 241 no. of parameters 2

Additional instruments: [0] = Gov

AR 1-5 test: F(5,234) = 189.67 [0.0000] **
Normality test: Chi~2(2) = 6.2518 [0.0439]%*
Hetero test: F(2,238) = 9.6835 [0.0001]*x*

>k >k >k 3k 3k 5k 5k ok 5k 5k >k >k >k >k %k >k >k >k 5k 5k 5k 5k 5k %k >k %k %k %k %k >k >k >k 5k 5k 5k 5k %k >k >k >k >k >k >k >k >k >k >k 5k %k >k >k >k >k >k %k *k >k >k >k >k >k

Printout 3: Modelling Log(I) by IVE
The estimation sample is: 1948(1) - 2008(1)

Coefficient Std.Error t-value

Constant -4.09117 0.09155 -44.7

Log(Y) Y 1.23913 0.01100 113.

r -0.567773 0.222 0 -2.56

sigma 0.0922815 RSS 2.02678001
Reduced-form sigma 0.14559

no. endogenous variables 2 mno. of instruments 3
no. of observations 241 mno. of parameters 3
Additional instruments: [0] = Gov

AR 1-5 test: F(5,233) = 174.05 [0.0000]*x*

Normality test: Chi"2(2) = 3.6360 [0.1624]

Hetero test: F(4,236) = 4.1983 [0.0027]*x*

3k >k K 3K 3K 3K 3K 3k 5k 5k 3k 5k 5k 5k 5k 5k K 3K 3K 5K 3k 3k 5k 5k 5k 5k 5k 5k %K K 3K 3K 5K 5K 5k 3k %k 5k 5k 5k %k %k XK K 3K 5K 5K 5k 5k %k %k >k >k >k k kK k

Printout 4: Modelling Log(I) by IVE
The estimation sample is: 1948(1) - 2012(3)

Coefficient Std.Error t-value

Constant -3.76015 0.09266 -40.6

Log(Y) Y 1.19470 0.01079 111.

r 0.279433  0.2179 1.28

sigma 0.103005 RSS 2.71616241
Reduced-form sigma 0.16258

no. endogenous variables 2 mno. of instruments 3
no. of observations 259 mno. of parameters 3
Additional instruments: [0] = Gov

AR 1-5 test: F(5,251) = 260.82 [0.0000]*x*

Normality test: Chi"2(2) = 0.30858 [0.8570]

Hetero test: F(4,254) = 12.831 [0.0000]*x*
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Printout 5: Modelling Log(I) by IVE
The estimation sample is: 1948(1) - 2012(3)

Coefficient Std.Error t-value
Constant -4.08507 0.09270 -44 .1
Log(Y) Y 1.23823 0.01115 111.
r -0.530921 0.2238 -2.37
fincrisis -0.204937 0.02752 -7.45
sigma 0.0927312 RSS 2.19276362
Reduced-form sigma 0.14716
no. endogenous variables 2 mno. of instruments 4
no. of observations 259 no. of parameters 4
Additional instruments: [0] = Gov
AR 1-5 test: F(5,250) = 179.23 [0.0000] **
Normality test: Chi"2(2) =  2.8559 [0.2398]
Hetero test: F(5,253) = 3.7602 [0.0027]x*x*



]

Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 1 2

df b .75 .9 95 975 .99 995 5 .75 .9 95 975 .99 995
1 1.00 5.83 39.9 161 648 4052 16E3 | 1.50 7.50 49.5 199 800 5000 20E3
2 0.67 257 853 185 385 985 199 | 1.00 3.00 9.00 19.0 39.0 99.0 199
3 0.59 2.02 554 101 174 341 55.6 | 0.88 228 546 9.55 16.0 30.8 49.8
4 0.55 1.81 454 771 122 21.2 31.3 | 0.83 2.00 432 6.94 10.6 180 26.3
5 0.53 1.69 4.06 6.61 10.0 16.3 22.8 |0.80 1.85 3.78 5.79 843 133 183
6 0.51 1.62 3.78 599 881 13.7 186 |0.78 1.76 346 5.14 7.26 109 14.5
7 0.51 1.57 3.59 559 807 122 16.2 |0.77 1.70 3.26 4.74 6.54 9.55 124
8 0.50 1.54 346 532 757 11.3 14.7 |0.76 1.66 3.11 4.46 6.06 8.65 11.0
9 049 151 336 5.12 721 106 136 |0.75 1.62 3.01 426 571 802 10.1
10 049 1.49 329 496 694 10.0 128 |0.74 1.60 2.92 410 546 7.56 9.43
11 0.49 147 323 484 6.72 9.65 122 |0.74 1.58 286 398 526 721 8091
12 0.48 146 3.18 4.75 6.55 9.33 11.8 | 0.73 1.56 281 3.89 510 6.93 8.51
13 0.48 145 3.14 4.67 6.41 9.07 11.4 |0.73 1.55 276 3.81 497 6.70 8.19
14 048 1.44 3.10 4.60 6.30 &8.86 11.1 | 0.73 1.63 2.73 3.74 486 6.51 7.92
15 0.48 143 3.07 454 6.20 868 10.8 |0.73 1.52 270 3.68 4.77 6.36 7.70
16 0.48 142 3.05 449 6.12 853 10.6 | 0.72 1.51 267 3.63 4.69 6.23 7.51
17 047 1.42 3.03 445 6.04 840 104 | 0.72 1.51 2.64 3.59 4.62 6.11 7.35
18 0.47 141 3.01 441 598 829 102 |0.72 1.50 262 3.55 4.56 6.01 7.21
19 0.47 141 299 438 592 818 10.1 |0.72 1.49 261 3.52 451 593 7.09
20 0.47 140 297 435 587 810 994 |0.72 1.49 259 349 446 585 6.99
21 047 140 296 432 583 802 983 |0.72 148 2.57 347 442 578 6.89
22 0.47 140 295 430 579 795 9.73 |0.72 1.48 256 3.44 438 572 6.81
23 0.47 139 294 428 575 7.88 9.63 | 0.71 1.47 255 342 435 566 6.73
24 0.47 139 293 426 5.72 7.82 955 | 071 1.47 254 340 432 561 6.66
25 047 139 292 424 569 777 948 |0.71 147 253 339 429 557 6.60
26 0.47 138 291 423 566 7.72 941 |0.71 1.46 252 3.37 427 553 6.54
27 0.47 138 290 421 563 7.68 934 |071 1.46 251 335 4.24 549 6.49
28 0.47 138 2.89 420 561 7.64 928 |0.71 1.46 250 3.34 422 545 6.44
29 047 138 2.89 4.18 559 7.60 923 |0.71 145 250 333 420 542 6.40
30 0.47 1.38 2.88 4.17 5.57 7.56 9.18 | 0.71 1.45 249 3.32 418 539 6.35
35 0.46 137 2.85 4.12 548 742 898 | 0.71 1.44 246 3.27r 411 527 6.19
40 046 136 284 4.08 542 731 883 |0.71 144 244 323 4.05 5.18 6.07
50 0.46 1.35 2.81 4.03 534 717 863 |0.70 1.43 241 3.18 397 5.06 5.90
100 046 1.34 2.76 394 518 6.90 824 |0.70 1.41 236 3.09 3.83 4.82 5.59
00 0.45 132 271 384 5.02 6.63 788 |0.69 1.39 230 3.00 3.69 4.61 5.30




1]

Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 3 4

df b .75 .9 95 975 .99 995 5 .75 .9 95 975 .99 995
1 1.71 820 53.6 216 864 5403 22E3 | 1.82 8.58 55.8 225 900 5625 22E3
2 1.13 3.15 9.16 19.2 39.2 99.2 199 | 1.21 3.23 9.24 19.2 39.2 99.2 199
3 1.00 236 5.39 9.28 154 295 475 | 1.06 239 534 9.12 151 287 46.2
4 0.94 205 4.19 659 998 16.7 24.3 | 1.00 2.06 4.11 6.39 9.60 16.0 23.2
5 091 188 362 541 7.76 121 165 | 096 1.89 352 519 739 114 156
6 0.89 1.78 329 476 6.60 9.78 129 | 094 1.79 3.18 4.53 6.23 9.15 12.0
7 0.87 1.72 3.07r 435 589 845 109 |093 1.72 296 4.12 552 785 10.1
8 0.86 1.67 292 4.07 542 759 9.60 | 091 1.66 281 3.84 505 7.01 881
9 0.85 163 281 386 508 699 872 |091 163 269 3.63 4.72 642 796
10 0.85 1.60 2.73 3.71 4.83 6.55 8.08 | 090 1.59 261 3.48 447 599 7.34
11 0.84 158 2.66 359 4.63 6.22 7.60 | 0.89 1.57 254 3.36 4.28 5.67 6.88
12 0.84 156 2.61 349 447 595 723 | 089 1.55 248 3.26 4.12 541 6.52
13 0.83 1.55 2.56 341 435 574 6.93 | 0.88 1.53 243 3.18 4.00 5.21 6.23
14 0.83 1.53 2.52 334 424 556 6.68 | 0.88 1.52 239 3.11 3.89 5.04 6.00
15 0.83 1.52 249 329 4.15 542 648 |0.88 1.51 236 3.06 3.80 4.89 5.80
16 0.82 151 246 324 4.08 529 6.30 | 088 1.50 233 3.01 3.73 477 5.64
17 0.82 1.50 244 320 4.01 5.18 6.16 | 0.87 149 231 296 3.66 4.67 5.50
18 0.82 149 242 3.16 395 5.09 6.03 | 087 1.48 229 293 3.61 4.58 5.37
19 0.82 149 240 3.13 390 5.01 592 | 087 1.47 227 290 356 4.50 5.27
20 0.82 148 238 3.10 3.86 4.94 582 | 087 1.47 225 287 351 443 5.17
21 081 1.48 236 3.07 382 487 573 | 087 146 223 284 348 437 5.09
22 0.81 147 235 3.05 3.78 4.82 565 | 087 1.45 222 282 344 431 5.02
23 0.81 147 234 3.03 3.75 4.76 558 | 0.86 1.45 221 280 341 426 4.95
24 0.81 146 233 3.01 3.72 4.72 552 | 086 1.44 219 2.78 338 4.22 4.89
25 0.81 146 232 299 3.69 468 546 | 086 144 218 276 335 4.18 4.84
26 0.81 145 231 298 3.67 4.64 541 | 086 1.44 217 274 333 414 4.79
27 0.81 145 230 296 3.65 4.60 536 |086 1.43 217 2.73 331 411 4.74
28 0.81 145 229 295 3.63 4.57 532|086 1.43 216 2.71 3.29 4.07 4.70
29 0.81 1.45 228 293 3.61 454 528 |08 143 2.15 270 3.27 4.04 4.66
30 081 1.44 228 292 359 451 524 |08 142 214 269 3.25 4.02 4.62
35 0.80 143 225 287 352 440 509 |086 1.41 211 264 3.18 391 4.48
40 0.80 142 223 284 346 431 498 |08 140 209 261 3.13 3.83 4.37
50 0.80 1.41 220 279 339 420 483 |0.85 1.39 206 256 3.05 3.72 4.23
100 0.79 139 214 270 325 398 454 |0.84 1.37 200 246 292 351 3.96
00 0.79 137 2.08 260 3.12 378 428 |0.84 1.35 194 237 279 332 3.72




]

Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 5 6

df b .75 .9 95 975 .99 995 5 .75 .9 95 975 .99 995
1 1.89 8.82 572 230 922 5764 23E3 | 1.94 898 582 234 937 5859 23E3
2 1.25 328 9.29 193 39.3 993 199 | 1.28 3.31 9.33 19.3 393 993 199
3 1.10 241 531 9.01 149 282 454 | 1.13 242 528 894 14.7 279 448
4 1.04 2.07 4.05 6.26 936 155 225 | 1.06 2.08 4.01 6.16 9.20 152 22.0
5 1.00 1.89 345 5.05 7.15 11.0 149 | 1.02 1.89 3.40 495 6.98 10.7 14.5
6 098 1.79 3.11 439 599 875 11.5 | 1.00 1.78 3.05 4.28 5.82 847 11.1
7 096 1.71 288 397 529 746 952 | 098 1.71 283 3.87 512 7.19 9.16
8 095 166 273 369 482 6.63 830 | 097 165 267 358 465 637 795
9 094 162 261 348 448 6.06 747 |096 1.61 255 337 432 580 7.13
10 0.93 159 252 333 424 564 6.87 | 095 1.58 246 3.22 4.07 539 6.54
11 0.93 156 245 320 4.04 532 642 | 095 1.55 239 3.09 388 5.07 6.10
12 092 154 239 3.11 3.89 5.06 6.07 | 094 1.53 233 3.00 3.73 482 5.76
13 092 1.52 235 3.03 3.77 486 579 |094 1.51 228 292 3.60 4.62 548
14 091 1.51 231 296 3.66 4.69 556 |094 150 224 285 350 446 5.26
15 091 149 227 290 358 4.56 537 | 093 1.48 221 279 341 432 5.07
16 091 148 224 285 350 444 521 |093 147 218 274 334 420 491
17 091 147 222 281 344 434 507 |093 146 2.15 270 3.28 4.10 4.78
18 0.90 146 220 277 338 4.25 496 | 093 1.45 213 266 3.22 4.01 4.66
19 0.90 146 218 274 333 4.17 485|092 1.44 211 263 3.17 3.94 4.56
20 0.90 145 216 271 329 4.10 476 | 092 1.44 209 2.60 3.13 3.87 4.47
21 090 1.44 214 268 3.25 4.04 468 |092 143 2.08 257 3.09 381 4.39
22 0.90 144 213 266 3.22 399 461 |092 1.42 206 255 3.05 3.7 4.32
23 0.90 143 211 264 3.18 394 454 |092 1.42 205 253 3.02 371 4.26
24 0.90 143 210 262 3.15 390 449 | 092 1.41 204 251 299 3.67 4.20
25 0.89 142 209 260 3.13 385 443 | 092 141 202 249 297 3.63 4.15
26 0.89 142 2.08 259 3.10 3.82 438 |091 1.41 201 247 294 359 4.10
27 0.89 142 2.07 257 3.08 378 434 |091 1.40 200 246 292 356 4.06
28 0.89 141 2.06 256 3.06 375 430 |091 1.40 2.00 245 290 3.53 4.02
29 0.89 1.41 2,06 255 3.04 373 426 091 140 1.99 243 288 3.50 3.98
30 0.89 141 2.05 253 3.03 370 423 |091 1.39 198 242 287 347 3.95
35 0.89 140 2.02 249 296 359 4.09 |091 1.38 195 237 280 337 3.81
40 0.89 139 200 245 290 351 399 |091 137 193 234 274 329 3.71
50 0.88 1.37 1.97 240 2.83 341 385 |090 1.36 190 229 267 3.19 3.58
100 0.88 1.35 1.91 231 270 321 359 |090 1.33 1.83 219 254 299 3.33
00 0.87 133 1.85 221 257 3.02 335|089 1.31 177 210 241 280 3.09
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Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 7 8

df b .75 .9 95 975 .99 995 5 .75 .9 95 975 .99 995
1 1.98 9.10 589 237 948 5928 24E3 | 2.00 9.19 59.4 239 957 5981 24E3
2 1.30 3.34 935 194 394 994 199 | 1.32 3.35 9.37 194 394 994 199
3 1.15 243 527 889 14.6 277 444 |1.16 244 525 885 145 275 44.1
4 1.08 2.08 398 6.09 9.07 150 216 | 1.09 208 395 6.04 898 148 214
5 1.04 1.89 337 488 6.85 105 14.2 | 1.05 1.89 3.34 482 6.76 103 14.0
6 1.02 1.78 3.01 4.21 570 826 108 | 1.03 1.78 298 4.15 5.60 810 10.6
7 1.00 1.70 2.78 3.79 4.99 6.99 889 | 1.01 1.70 2.75 3.73 490 6.84 8.68
8 0.99 164 262 350 4.53 6.18 7.69 | 1.00 1.64 259 3.44 443 6.03 7.50
9 098 160 251 329 420 561 6.88 |099 160 247 323 4.10 547 6.69
10 0.97 157 241 3.14 395 520 6.30 | 098 1.56 238 3.07 385 5.06 6.12
11 0.96 154 234 3.01 376 4.89 586 |098 1.53 230 295 3.66 4.74 5.68
12 0.96 152 228 291 3.61 4.64 552|097 1.51 224 285 351 450 5.35
13 096 1.50 223 283 348 444 525 |097 149 220 277 3.39 430 5.08
14 095 149 219 276 338 428 503 096 148 2.15 270 3.29 4.14 4.86
15 0.95 147 216 271 329 414 485 | 096 1.46 212 2.64 3.20 4.00 4.67
16 0.95 146 213 266 3.22 4.03 469 | 096 145 209 259 3.12 3.89 4.52
17 094 145 210 261 3.16 393 456 | 096 1.44 206 255 3.06 3.79 4.39
18 094 144 2.08 258 3.10 3.84 444 |095 1.43 204 251 3.01 371 4.28
19 0.94 143 2.06 254 3.05 377 434|095 1.42 202 248 296 3.63 4.18
20 094 143 2.04 251 3.01 370 426 |095 1.42 200 245 291 3.56 4.09
21 094 1.42 2.02 249 297 3.64 418 |095 141 1.98 242 287 3.51 4.01
22 093 141 2.01 246 293 359 411 |095 1.40 197 240 284 345 3.94
23 093 141 199 244 290 354 405|095 1.40 195 237 281 341 3.88
24 093 140 1.98 242 287 350 399 |094 139 194 236 278 336 3.83
25 093 140 197 240 285 346 394 |094 139 193 234 275 332 3.78
26 093 139 196 239 282 342 389 |094 1.38 192 232 273 329 3.73
27 093 139 195 237 280 339 385 |094 138 191 231 271 326 3.69
28 093 139 194 236 278 336 381 |094 1.38 190 229 269 323 3.65
29 093 138 1.93 235 276 333 3.77 | 094 1.37 1.89 228 2.67 320 3.61
30 093 1.38 1.93 233 275 330 3.74 |094 1.37 188 227 265 3.17 3.58
35 092 137 190 229 268 320 361 |094 1.36 185 222 258 3.07 3.45
40 092 136 187 225 262 3.12 351 093 135 183 218 253 299 335
50 092 1.34 1.84 220 255 3.02 338 [093 133 1.80 213 246 289 3.22
100 091 132 1.78 210 242 282 3.13 |092 1.30 1.73 2.03 232 269 297
00 091 129 1.72 201 229 264 290 |092 1.28 1.67 194 219 251 274




]

Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 9 10

df b .75 .9 95 975 .99 995 5 .75 .9 95 975 .99 995
1 2.03 9.26 59.9 241 963 6022 24E3 | 2.04 9.32 60.2 242 969 6056 24E3
2 1.33 337 938 194 394 994 199 | 1.35 3.38 9.39 194 394 994 199
3 1.17 244 524 881 145 273 439 | 1.18 244 523 879 144 272 43.7
4 1.10 2.08 394 6.00 890 14.7 21.1 | 1.11 208 3.92 596 884 145 21.0
5 1.06 1.89 3.32 4.77 6.68 102 138 | 1.07 1.89 3.30 4.74 6.62 10.1 13.6
6 1.04 1.77 296 4.10 552 798 104 | 1.06 1.77 294 4.06 546 7.87 10.3
7 1.02 1.69 272 3.68 482 6.72 851 | 1.03 1.69 270 3.64 4.76 6.62 8.38
8 1.01 1.63 256 339 436 591 734 |1.02 163 254 335 430 581 7.21
9 1.00 1.59 244 3.18 4.03 5.35 6.54 | 1.01 1.59 242 3.14 396 526 6.42
10 0.99 156 235 3.02 3.78 4.94 597 | 1.00 1.55 232 298 3.72 485 5.85
11 0.99 153 227 290 359 4.63 554 |099 1.52 225 285 353 4.54 542
12 0.98 151 221 280 344 4.39 520 |099 1.50 219 275 337 430 5.09
13 098 1.49 216 271 331 419 494 |098 148 2.14 267 3.25 4.10 4.82
14 097 1.47 212 265 3.21 4.03 4.72 | 098 146 2.10 260 3.15 394 4.60
15 0.97 146 2.09 259 3.12 389 454 | 098 1.45 206 254 3.06 3.80 4.42
16 097 144 206 254 3.05 3.78 438 | 097 144 203 249 299 3.69 4.27
17 096 1.43 2.03 249 298 3.68 4.25 |097 1.43 200 245 292 359 4.14
18 0.96 142 2.00 246 293 3.60 4.14 | 097 1.42 198 241 287 3.51 4.03
19 0.96 141 1.98 242 288 352 4.04 |097 1.41 196 238 282 343 3.93
20 096 141 196 239 284 346 3.96 | 097 1.40 194 235 277 337 3.85
21 096 140 1.95 237 280 340 388 |096 1.39 192 232 273 331 3.77
22 096 139 193 234 276 335 381 |09 1.39 190 230 270 326 3.70
23 095 139 192 232 273 330 375|096 1.38 1.89 227 267 321 3.64
24 0.95 138 191 230 270 326 3.69 |096 1.38 188 225 264 3.17 3.59
25 095 138 189 228 268 322 364 |096 137 187 224 261 3.13 3.54
26 0.95 137 1.8 227 265 3.18 3.60 | 096 1.37 1.8 222 259 3.09 3.49
27 0.95 137 1.87 225 263 315 356 |096 1.36 1.85 220 257 3.06 3.45
28 0.95 137 1.87 224 261 312 352 | 096 136 184 219 255 3.03 341
29 095 136 1.86 222 259 3.09 348 |096 1.35 1.83 2.18 253 3.00 3.38
30 095 1.36 1.85 221 257 3.07 345 |096 135 1.82 216 2.51 298 3.34
35 094 135 1.82 216 250 296 332 |095 1.34 1.79 211 244 288 3.21
40 094 134 179 212 245 289 322 095 133 176 208 239 280 3.12
50 094 132 1.76 207 238 278 3.09 | 095 1.31 1.73 2.03 232 270 2.99
100 093 129 1.69 197 224 259 285 |094 1.28 1.66 1.93 218 250 2.74
00 093 127 1.63 188 211 241 262 |093 1.25 1.60 1.83 205 232 2.52




]

Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 11 12

df b .75 .9 95 975 .99 995 5 .75 .9 95 975 .99 995
1 2.06 9.37 60.5 243 973 6083 24E3 | 2.07 9.41 60.7 244 977 6106 24E3
2 1.35 3.39 940 194 394 994 199 | 1.36 3.39 9.41 194 394 994 199
3 1.19 245 522 876 144 271 435 | 1.20 245 522 874 143 271 434
4 1.12 2.08 391 594 879 145 208 | 1.13 208 390 591 875 144 20.7
5 1.08 1.89 3.28 4.70 6.57 996 135 | 1.09 1.89 3.27 4.68 6.52 9.89 134
6 1.05 1.77 292 4.03 541 779 10.1 | 1.06 1.77 290 4.00 5.37 7.72 10.0
7 1.04 1.69 268 3.60 4.71 6.54 827 | 1.04 1.68 2.67 3.57 4.67 6.47 8.18
8 1.02 1.63 252 331 424 573 7.10 |1.03 1.62 250 3.28 4.20 5.67 7.01
9 1.01 1.58 240 3.10 391 5.18 6.31 | 1.02 1.58 2.38 3.07 3.87 511 6.23
10 1.01 1.55 230 294 3.66 4.77 575 |1.01 154 228 291 3.62 4.71 5.66
11 1.00 1.52 223 2.82 347 446 532 | 1.01 151 221 279 343 440 5.24
12 0.99 149 217 272 332 4.22 499 |1.00 1.49 215 269 3.28 4.16 4.91
13 099 1.47 212 263 3.20 4.02 4.72 |1.00 1.47 210 260 3.15 396 4.64
14 0.99 146 2.07 257 3.09 386 451 |099 1.45 205 253 3.05 3.80 4.43
15 098 144 2.04 251 3.01 373 433|099 1.44 202 248 296 3.67 4.25
16 098 143 2.01 246 293 3.62 4.18 | 099 1.43 199 242 289 355 4.10
17 098 1.42 198 241 287 352 405 |098 1.41 196 238 282 346 3.97
18 098 141 1.95 237 281 343 394 |098 1.40 193 234 277 337 3.86
19 097 140 193 234 276 336 384 |098 140 191 231 272 330 3.76
20 097 139 191 231 272 329 376 |098 1.39 189 228 268 3.23 3.68
21 097 1.39 190 228 268 324 368 |098 138 1.87 225 264 3.17 3.60
22 097 138 1.88 226 265 3.18 3.61 |097 1.37 1.8 223 260 3.12 3.54
23 097 137 1.87 224 262 314 355|097 1.37 1.84 220 257 3.07 3.47
24 097 137 1.8 222 259 3.09 350|097 1.36 183 218 254 3.03 3.42
25 097 136 184 220 256 3.06 345 |097 136 182 216 251 299 3.37
26 096 136 1.83 218 254 3.02 340 |097 1.35 181 215 249 296 3.33
27 0.96 135 1.82 217 251 299 336 |097 1.35 1.80 213 247 293 3.28
28 096 135 1.81 215 249 296 3.32 |097 1.34 1.79 212 245 290 3.25
29 096 1.35 1.80 214 248 293 329 |097 134 1.78 210 243 287 3.21
30 096 1.34 1.79 213 246 291 3.25 |097 134 1.77 209 241 284 3.18
35 0.96 133 1.76 2.07 239 280 312 |096 1.32 1.74 2.04 234 274 3.05
40 096 132 174 204 233 273 303 |09 131 171 200 229 266 295
50 095 1.30 1.70 199 226 263 290 |096 130 1.68 1.95 222 256 282
100 095 127 1.64 189 212 243 266 |0.95 1.27 1.61 1.85 208 237 2.58
00 094 125 1.57 179 199 225 243 |095 1.24 155 1.75 194 218 2.36




]

Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 15 20

df b .75 .9 95 975 .99 995 5 .75 .9 95 975 .99 995
1 2.09 949 61.2 246 985 6157 25E3 | 2.12 9.58 61.7 248 993 6209 25E3
2 1.38 3.41 942 194 394 994 199 | 1.39 343 944 194 394 994 199
3 1.21 246 520 870 14.3 269 43.1 | 1.23 246 5.18 866 14.2 26.7 42.8
4 1.14 2.08 3.87 5.86 866 14.2 204 | 1.15 2.08 3.84 580 856 14.0 20.2
5 1.10 1.89 324 4.62 643 972 13.1 | 1.11 188 3.21 456 6.33 9.55 12.9
6 1.07 1.76 287 394 527 756 981 | 1.08 1.76 2.84 387 517 7.40 9.59
7 1.05 1.68 2.63 3.51 457 631 797 | 1.07 1.67 259 344 447 6.16 7.75
8 1.04 1.62 246 3.22 410 5.52 6.81 | 1.05 1.61 242 3.15 4.00 5.36 6.61
9 1.03 1.57 234 3.01 377 4.96 6.03 | 1.04 1.56 2.30 2.94 3.67 4.81 5.83
10 1.02 1.53 224 285 3.52 456 547 |1.03 1.52 220 2.77 342 441 527
11 1.02 1.50 217 2.72 333 425 5.05 | 1.03 149 212 265 323 4.10 4.86
12 1.01 1.48 210 2.62 3.18 4.01 472 | 1.02 147 206 254 3.07 386 4.53
13 1.01 146 2.05 2.53 3.05 3.82 4.46 | 1.02 145 201 246 295 3.66 4.27
14 1.00 144 2.01 246 295 366 4.25 |1.01 143 196 239 2.84 3.51 4.06
15 1.00 1.43 197 240 286 3.52 4.07 |1.01 141 192 233 27 337 3.88
16 1.00 1.41 194 235 279 341 392 |1.01 1.40 1.89 228 268 3.26 3.73
17 099 140 191 231 272 331 379 |1.01 139 1.86 223 262 3.16 3.61
18 099 139 1.89 227 267 323 368 |1.00 1.38 1.84 219 256 3.08 3.50
19 099 138 1.86 223 262 315 359 |1.00 1.37 181 216 251 3.00 3.40
20 0.99 137 1.84 220 257 3.09 350 |1.00 136 1.79 212 246 294 3.32
21 099 137 1.83 218 253 3.03 343 |1.00 1.35 1.78 2.10 242 288 3.24
22 099 136 1.81 215 250 298 336 |1.00 1.34 1.76 2.07 239 283 3.18
23 098 135 1.80 213 247 293 330 |1.00 1.34 1.74 205 236 278 3.12
24 098 135 1.78 211 244 289 325|099 1.33 1.73 203 233 274 3.06
25 098 134 177 209 241 285 320|099 133 1.72 201 230 270 3.01
26 098 134 1.76 207 239 281 315|099 1.32 1.71 199 228 266 2.97
27 098 133 1.75 206 236 278 3.11 |099 1.32 1.70 1.97 225 263 293
28 098 133 1.74 204 234 275 307 |099 1.31 1.69 1.96 223 260 2.89
29 098 1.32 1.73 203 232 273 304 (099 131 1.68 194 221 257 286
30 098 1.32 1.72 201 231 270 3.01 [099 130 1.67 193 220 255 282
35 097 131 1.69 196 223 260 288 |099 1.29 163 1.88 212 244 2.69
40 097 130 166 192 218 252 278 |098 128 1.61 1.84 2.07 237 260
50 097 1.28 1.63 1.87 2.11 242 265 |098 1.26 1.57 1.78 1.99 2.27 247
100 096 1.25 1.56 1.77 197 222 241 |097 1.23 149 1.68 185 2.07 2.23
00 0.96 1.22 149 1.67 1.83 2.04 219 |097 1.19 142 1.57 1.71 188 2.00




]

Quantiles of the F-Distribution

Tabulated values are ¢-th quantiles for ¢ € {.5,.75,.9,.95,.975,.99,.995}

denom- numerator degrees of freedom
inator 30 00

df 5 .75 .9 95 975 99 995 5 .75 9 95 975 .99 995
1 2.15 9.67 62.3 250 1001 6261 25E3 | 2.20 9.85 63.3 254 1018 6366 25E3
2 1.41 344 946 195 395 99.5 199 | 1.44 348 949 195 395 99.5 199
3 1.24 247 517 8.62 14.1 26.5 425 | 1.27 247 513 853 139 26.1 41.8
4 1.16 2.08 3.82 5.75 846 13.8 199 | 1.19 2.08 3.76 5.63 826 13.5 19.3
5 1.12 1.88 3.17 4.50 6.23 938 12.7 | 1.15 1.87 3.10 4.36 6.02 9.02 12.1
6 1.10 1.75 280 3.81 5.07 723 936 | 112 1.74 272 3.67 485 6.88 8.88
7 1.08 1.66 256 3.38 4.36 599 753 | 1.10 1.65 247 3.23 414 565 7.08
8 1.07 1.60 238 3.08 389 520 640 |1.09 1.58 229 293 3.67 486 5.95
9 1.05 1.55 2.25 2.86 3.56 4.65 562 |1.08 153 2.16 2.71 3.33 431 5.19
10 1.05 1.51 2.16 2.70 3.31 4.25 5.07 | 1.07 1.48 2.06 254 3.08 391 4.64
11 1.04 1.48 2.08 257 312 394 465 |1.06 1.45 197 240 288 3.60 4.23
12 1.03 1.45 2.01 247 296 3.70 433 |1.06 142 190 230 272 336 3.90
13 1.03 143 196 238 284 351 407 |1.05 1.40 1.8 221 260 3.17 3.65
14 1.03 141 191 231 273 335 386 | 1.06 1.38 1.80 213 249 3.00 3.44
15 1.02 1.40 187 225 264 321 369 |1.05 1.36 1.76 2.07 240 287 3.26
16 1.02 1.38 1.84 219 257 310 354 |1.04 1.34 172 201 232 275 311
17 1.02 1.37 1.81 2.15 250 3.00 341 |1.04 133 169 196 225 265 2.98
18 1.02 1.36 1.78 211 244 292 330 |1.04 132 1.66 1.92 219 257 2.87
19 1.01 135 1.76 2.07 239 284 321 |1.04 1.30 1.63 1.88 213 249 2.78
20 1.01 1.34 174 204 235 278 312 |1.03 129 1.61 1.84 209 242 2.69
21 1.01 1.33 1.72 201 231 272 3.05|1.03 1.28 159 181 2.04 236 2.61
22 1.01 1.32 1.70 1.98 227 267 298 |1.03 1.28 1.57 1.78 2.00 231 255
23 1.01 1.32 1.69 196 224 262 292 |1.03 1.27 155 1.76 197 226 248
24 1.01 1.31 1.67 194 221 258 287 |1.03 126 153 1.73 1.94 221 243
25 1.00 1.31 1.66 1.92 218 254 282 |1.03 125 1.52 1.71 191 217 238
26 1.00 1.30 1.65 1.90 216 250 277 |1.03 125 150 1.69 1.88 213 2.33
27 1.00 1.30 1.64 1.88 213 247 273 |1.03 124 149 1.67 1.8 210 229
28 1.00 1.29 163 1.87 211 244 269 |1.02 124 148 1.65 1.83 206 225
29 1.00 1.29 1.62 1.85 2.09 241 266 |1.02 1.23 147 164 1.81 203 2.21
30 1.00 1.28 1.61 1.84 2.07 239 263 |1.02 1.23 146 162 1.79 2.01 2.18
35 1.00 1.27 157 1.79 200 228 250 |1.02 1.20 141 156 1.70 189 2.04
40 099 125 154 174 194 220 240 |1.02 119 138 151 1.64 180 1.93
50 099 123 150 1.69 187 210 227 |1.01 1.16 133 1.44 155 1.68 1.79
100 098 120 1.42 157 171 1.89 202 |1.01 111 1.21 128 1.35 1.43 1.49
00 098 1.16 1.34 146 157 1.70 1.79 |1.00 1.00 1.00 1.00 1.00 1.00 1.00




