
Exam in: ECON 4160: Econometrics: Modelling and Systems
Estimation—Postponed exam

Day of exam: 12 January 2022

Time of day: 09:00—14:00

This is a 5 hour home exam.

Guidelines:
In the grading, question A gets 60 % and B 40 %.

Question A (60 %)

Consider the deterministic dynamic model with two endogenous variables, Qt and Pt:

Qt = aq0 + aqpPt + aqqQt−1 (1)
Pt = bp0 + bpqQt + bppPt−1 (2)

1. Show that the stationary solution, if it exists, is defined by the equation system:(
(1− aqq) −aqp
−bpq (1− bpp)

)(
Q∗

P ∗

)
=

(
aq0
bp0

)
(3)

where Q∗ and P ∗ denote the stationary solution.

2. Show that the stationary solution can be expressed as:(
Q∗

P ∗

)
=

(
(1−bpp )

c
aqp
c

bpq
c

(1−aqq)
c

)(
aq0
bp0

)
(4)

where c is given as:
c = (1− aqq − bpp − aqpbpq + aqqbpp).

3. Show that the reduced form of (1)-(2) can be written as:(
Qt

Pt

)
= Φ

(
Qt−1

Pt−1

)
+

(
− 1

aqpbpq−1 − 1
aqpbpq−1aqp

− 1
aqpbpq−1bpq − 1

aqpbpq−1

)(
aq0
bp0

)
, (5)

where the matrix Φ is given as:

Φ =

(
ϕ11 ϕ12

ϕ21 ϕ22

)
=

(
− 1

aqpbpq−1aqq − 1
aqpbpq−1aqpbpp

− 1
aqpbpq−1bpqaqq − 1

aqpbpq−1bpp

)
. (6)

For reference, denote the vector with constants in (5) by Υ, i.e.:

Υ =

(
− 1

aqpbpq−1 − 1
aqpbpq−1aqp

− 1
aqpbpq−1bpq − 1

aqpbpq−1

)(
aq0
bp0

)
(7)

4. What is the the condition on the eigenvalues of Φ (characteristic roots) that secures
global asymptotic stability of the model given by (1) and (2)?

5. Consider the stochastic dynamic model:

Qt = aq0 + aqpPt + aqqQt−1 + eqt, (8)
Pt = bp0 + bpqQt + bppPt−1 + ept, (9)
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where eqt and ept are two gaussian white-noise disturbances:(
eqt
ept

)
∼ N

((
0
0

)
,

(
ω2
1 ω12

ω12 ω2
2

))
for all t. (10)

What is the condition for weak stationarity of the time series variables defined by this
model?

6. Assume weak stationarity. What is the expression for the expectation of the time
series Qt?

7. The reduced form of (8)-(9) can be written as the VAR

yt = Φyt−1 + Υ + εt (11)

where yt is the 2x1 vector with Qt and Pt as elements, and εt is a 2x1 vector with
the gaussian white noise time series εqt and εpt as elements:

εt =

(
εqt
εpt

)
∼ N

((
0
0

)
,

(
σ21 σ12
σ12 σ22

))
for all t. (12)

(a) Explain why, in general, σ12 6= 0.
(b) Assume that ω12 = 0 in (10). Give an algebraic expression for σ12 for this special

case.

8. Discuss the identification of (8) and (9) under the assumption that all the coefficients
of the model equations are different from zero.

Question B (40 %)

Assume that the Data Generating Process (DGP) is given by (11) and (12) in Question A
and that the DGP is stationary. Consider the conditional model equation of Qt:

Qt = φ0 + φ1Qt−1 + β0Pt + β1Pt−1 + εt (13)

Assume that you have time series observations of Qt and Pt, t = 1, 2, ...., T .

1. Explain why εt and εpt are uncorrelated.

2. Explain why the OLS estimator β̂0 has probability limit:

plim (β̂0) =
σ12
σ22

. (14)

3. Assume instead that the DGP given by (11) and (12) is non stationary, and that Qt

and Pt are two cointegrated I(1) variables.

(a) Explain how you can estimate the coefficients of the cointegration relationship
by the estimation of a conditional model.

(b) Explain the condition under which Pt is weakly exogenous with respect to the
estimation of the coefficients of the cointegration relationship, and when it is not
weakly exogenous.

4. Assume that the specification of the DGP is unknown, but that it can be assumed
that the time series Qt and Pt are either I(1) or I(0). We do not know if there is a
long-run relationship between them.

(a) Use the results in Table 1 to decide whether the time series variables are I(1) or
I(0). Explain your reasoning.

(b) Table 2 shows estimation results that can be used to test the null hypothesis of
no long run relationship between Qt and Pt. Give your conclusion and explain
your reasoning.
(In the table, DQ and DP denote the first differences of the two time series.)
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Tables with estimation results and facimile of table with critical values for
ECM-tests

Table 1: Dickey-Fuller tests of unit-root in Qt and Pt.

Table 2: Regression of DQt on DQt−1, DPt, DPt−1, Qt−1, Pt−1 and Constant.
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Table 3: Facsimile from article by Ericsson and MacKinnon.
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