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Exam ECON 4240 Equilibrium, Welfare and Information, Spring 2017

Total: 80 points.

Part 1. (18 points)

Consider the standard Adverse Selection model analyzed in class and in the textbook: a Prin-
cipal P with utility function V = S(q) − t and S ′ > 0, S ′′ < 0, delegates the production of
q units of a good to an Agent A. A has utility function U = t − θq, where θ ∈

{
θ, θ

}
cand

θ > θ > 0. The outside option of A is equal to 0.
The graphs below plot the indifference curves of the two types of A in the space of contracts
(t, q), together with several menus of contracts.
Which menus satisfy the participations constraints (PC) of both types of A? Which menus
satisfy the incentive compatibility constraints (ICC) of both types of A?
Report your answers in the separate answer sheet! No explanations required.
For example you can write: “G) PC: No ; ICC: Yes.” or “G) PC: � ; ICC: �.” if you think
menus G) satisfy the ICCs but not the PCs.
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Part 2. (22 points)

The goverment needs to design a contract with a water utility firm for the distribution of water.
The firm can invest in a new network technology at the fixed cost c, or stick with an old tech-
nology, at no cost. The quantity of water distributed q can be low or high: q ∈

{
q, q

}
where

0 < q < q. The probability of high quantity q is p1 ∈ (0, 1) under the new technology, and
p0 ∈ (0, 1) under the old technology, where p1 > p0.
The government can commit to pay the firm an amount w that depends on the quantity of
water. If the choice of technology is observable by the government, the compensation to the
firm can be also made dependent on the technology adopted. The government’s utility is as
follows: V = v(q)− w, with v′ > 0.
The firm has instead utility: U = u(w) − c if she invests in the new technology, U = u(w)

otherwise, and her outside option is equal to 0. The firm is not protected by any type of limited
liability.
The timing is as follows: a) the government offers a contract to the firm; b) the firm accepts
or refuses the offer; c) the firm decides whether to invest in the new technology or not; d) the
outcome q is realized, and the contract is executed.

Question 2.1 (6 points)

Assume that the government CANNOT observe the firm’s investment decision. Assume u(w) =
3w. Derive the optimal contract that induces the firm to invest.

Question 2.2 (5 points)

Assume again that u(w) = 3w. Is the expected cost sustained by the government to induce
the firm to invest in the new technology higher in question 2.1, or under complete information?
Why? It is enough to answer in words, you do NOT need a formal mathematical proof.

Question 2.3 (Difficult and lengthy!) (6 points)

Assume that the government CANNOT observe the firm’s investment decision. Assume u(w) =
w1−θ

1−θ where 0 < θ < 1. Derive the optimal contract that induces the firm to invest. Hint:
probably easier to solve the problem keeping u(w) implicit at first. If you do that, at the end you
need to calculate the inverse function of u(w).

Question 2.4 (5 points)

Assume again that u(w) = w1−θ

1−θ . Is the expected cost sustained by the government to induce
the firm to invest higher in question 2.3, or under complete information? Why? It is enough to
answer in words, you do NOT need a formal mathematical proof.
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Part 3. (17 points)

Consider a model of oligopoly à la Bertrand with 3 identical firms. All firms produce a single
good, there are no capacity constraints, the marginal cost is c and there is no fixed cost. Say
there are 3 consumers, all with willingness to pay u > c for the first unit of the good and
willingness to pay 0 for any further unit. Firms set their prices p1, p2 and p3 simultaneously. If
the consumer is indifferent to buy from 2 or more firms, she selects one at random.

Question 3.1 (9 points)

An equilibrium is symmetric if all firms set the same price. Can you show that there is only
one symmetric equilibrium?

Question 3.2 (8 points)

What is the Bertrand paradox? Can you think of one (or more) way(s) to modify the Bertrand
model just described to avoid the paradox?

Part 4. (23 points)

Consider an exchange economy with 2 individuals (denoted a and b) and 2 commodities (denoted
1 and 2). Individuals have the following utility functions:

U(xa1, x
a
2) = xa1(x

a
2)

2

U(xb1, x
b
2) = (xb1)

2xb2

where xji denotes the quantity of commodity i consumed by individual j. The property distri-
bution is given by the endowments wa = (4, 1) and wb = (2, 2) (so that individual a is endowed
with 4 units of commodity 1, and so on). Normalize the price of commodity 2: p2 = 1.

Question 4.1 (8 points)

Can we use the First Welfare Theorem to say something about the efficiency of the equilibrium
in this model? Briefly justify your answer.

Question 4.2 (8 points)

Find the individual demand functions xa1(p1), xa2(p1), xb1(p1), and xb2(p1).

Question 4.3 (7 points)

Find the equilibrium price p1.


