
General Equilibrium - Part 2

Back to exchange economy with two households.

Definition. The contract curve is the subset of the Edgeworth box in which the indifference

curves of the households are tangent.

To see why the contract curve is important, keep in mind that each household chooses an

allocation where its indifference curve is tangent to the budget line. In a competitive equilibrium

the allocations chosen by the two households coincide with the same point in the Edgeworth

box. At that point, each household’s indifference curve is tangent to the budget line, so the

indifference curves of the two households are tangent to each other.

————————————————————————————

NUMERICAL EXAMPLE CONTINUED

Let’s construct the contract curve for the numerical example from last lecture. The slope of the

indifference curves is given by the marginal rate of substitution. For household h = a, b:

MRSh =
∂uh
∂x1
∂uh
∂x2

=
γ(xh1)

γ−1
(xh2)

1−γ

(1−γ)(xh1)
γ
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The points on the contract curve satisfy:

(I)MRSa =MRSb: γxa2
(1−γ)xa1

=
γxb2

(1−γ)xb1
: xa2
xa1

=
xb2
xb1
, (tangency)

(II) xa1 + xb1 = 3, xa2 + xb2 = 3 (the two allocations are feasible)

Conditions (I) and (II) together imply: xa2
xa1

=
3−xa2
3−xa1

↔ xa1 = xa2, and xb1 = xb2.

Note that the equilibrium allocation we found in part 1 lies on the contract curve. Can you tell

why all the other allocations on the contract curve are not competitive equilibria?

—————————————————————————————-

DIGRESSION ON THE PRICE-TAKING ASSUMPTION

Consider all the allocations that seem “reasonable”. It seems reasonable that trade between the

two households would leave each household at least as happy as not trading. This notion is

captured by the following technical concepts. We introduce these definitions for a setting with

nh households, and we assume throughout that indifference curves are strictly concave.
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Definition. A coalition is a non-empty subset K of the set of households {1, 2, .., nh}.

Definition. A coalition blocks an allocation [x̂] if there exists a set of consumption vectors{
xh : h ∈ K

}
such that for every h in K:

Uh(xh) ≥ Uh(x̂h)

with strict inequality for at least one h, and:

∑
h∈K

xh ≤
∑
h∈K

Rh.

This corresponds to the existence of a group of households that could ensure a higher utility by

trading among themselves.

Definition. The core is the set of unblocked feasible allocations.

In a 2-household exchange economy, the core is the segment of the contract curve inside the

area delimited by the two indifference curves passing through R.

Anything that is not in the area delimited by these two indifference curves can be blocked by

a coalition of 1 household. Anything inside the area cannot be blocked by a coalition of 1

household, as both households get the same, or more, utility from any point in the area than

from the endowment R.

A coalition of 2 would block anything in the area that is not on the contract curve. This is

the case as at any point that is not on the contract curve, the indifference curves of the two

households are not tangent. As a result, a small deviation “along” the indifference curve of

household a has a non-zero effect on the utility of household b. So by deviating “in the correct

direction” it is possible to ensure a strictly higher utility to household b while leaving unchanged

the utility of household a. Therefore a coalition of 2 can block this allocation.
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On the contrary, any point on the contract line cannot be blocked by a coalition of 2. You can

check that this is the case by inspecting the Edgeworth box: for a given point on the contract

curve, any other point in the Edgeworth box either ensures a lower utility to household a, or a

lower utility to household b, or a lower utility to both.

Theorem. Any competitive equilibrium allocation must always be in the core.

The core becomes smaller as the number of households increase.

————————————————————————————

NUMERICAL EXAMPLE CONTINUED

Suppose that the 2-household exchange economy is replicated, that is, there are n > 1 copies of

household a and n > 1 copies of household b.1

The indifference curves of the two types of households cross the contract curve at:2

[x] = [xa, xb] = [(21−γ, 21−γ), (3− 21−γ, 3− 21−γ)] and

[x] =
[
xa, xb

]
= [(3− 2γ, 3− 2γ), (2γ, 2γ)],

where xa satisfies:

(I) ua (xa1, xa2) = ua (Ra
1, R

a
2) (so x lies on the same household-a indifference curve as R)

(II) xa1 = xa2 (so x lies on the contract curve)

and similarly xb satisfies:

(I) ub
(
xb1, x

b
2

)
= ub

(
Rb
)
(so x lies on the same household-b indifference curve as R)

(II) xb1 = xb2 (so x lies on the contract curve)

————————————————————————————

The point [x] lies in the core if there is only 1 household “a” and 1 household “b”. We check

now that the point is not in the core if there are n > 1 a households and n > 1 b households.

A coalition of 2 a households and 1 b household can deviate and trade among themselves in a

way that ensures each a household exactly:

1We replicate the 2 household example in order to have an exchange economy with many households that can
be described graphically using the Edgeworth box.
2Here the notation differs from the textbook notation.
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x̂a :=
1

2
[Ra + xa] ,

while the b household gets xb. This deviation is feasible as:

2× 1

2
[Ra + xa] + xb = 2× 1

2
[Ra + xa] +Rb +Ra − xa = Rb + 2Ra

which is exactly their initial endowment. The b household is indifferent to deviate. Strict

concavity of the indifference curve of a implies that

Ua
(
1
2
[Ra + xa]

)
> 1

2
Ua (xa) + 1

2
Ua (Ra) = 1

2
Ua (Ra) + 1

2
Ua (Ra) = Ua (Ra).

So the two a households strictly prefer to deviate.

————————————————————————————

We can also check that this inequality holds for our numerical example (fixingγ = .5).

ua(1
2
(1 + 21−γ), 1

2
(2 + 21−γ)) =1

2

√
(1 +

√
2)(2 +

√
2) = 1

2

√
4 + 3

√
2

while ua(xa1, xa2) = ua(
√
2,
√
2) =

√√
2
√
2 =
√
2, and

1
2

√
4 + 3

√
2 >
√
2↔ 3

√
2 > 4.

————————————————————————————

In general, as n→∞, the allocations that are not competitive equilibria fall out of the core.

So the price-taking assumption might not be a bad description of the way exchange works: as

n becomes large, the price taking equilibrium is the only equilibrium that is not blocked by any

coalition.

————————————————————————————————

EXCESS DEMAND APPROACH

Excess demand for good i: Ei(p) = xi(p)− qi(p)−Ri.

In order to have a competitive equilibrium, the equilibrium price vector p∗ must satisfy:
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Ei(p
∗) ≤ 0

p∗i ≥ 0

p∗iEi(p
∗) = 0

The first condition is the materials balance condition. The last condition says that if there is

excess supply of a good, that good must be a free good.

Properties of excess demand functions:

1) HOMOGENEITY OF DEGREE 0: each excess demand function must be homogeneous of

degree 0.

Property (1) implies that we can “normalize” the prices. This is usually done by dividing all

the prices by the price of one good, which is referred to as the numeraire.

2) WALRAS’ LAW: For any price vector p, and non-satiated households, the set of n excess

demand functions must satisfy:

n∑
i=1

piEi(p) = 0

Note that Walras law holds for ANY price vector, not only for the equilibrium one.

We can use excess demand functions to consider under which conditions a competitive equilib-

rium exist.

Ancillary result: if every production set is strictly convex and every utility function is strictly

quasi-concave, then every excess demand function Ei is continuous.

Theorem. If every Ei is continuous, and bounded below, then there exist a p∗ which is an

equilibrium price vector.
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Intuitive proof for exchange economy with 2 goods.

An equilibrium price vector must satisfy p∗iEi(p∗) = 0 for i = 1, 2. We rule out the case of free

goods. Homogeneity of degree 0 ensures that we can set p∗2 = 1 without loss of generality.

Walras law ensures that if p∗1E1(p
∗) = 0, then it must also be the case that p∗2E2(p

∗) = 0.

As E1(p) is continuous, it is sufficient to show that:

(a) if p1 → 0, then E1(p1, 1) > 0,

(b) if p1 →∞, then E1(p1, 1) < 0.

Part (a): as only relative prices matter, p1 → 0 and p2 = 1 is equivalent to p1 = 1 and p2 →∞.

For p1 = 1 and p2 →∞, the income of consumers endowed with units of good 2 becomes very

large. As long as these consumers do not have satiated preferences, their demand for good 1 or

for good 2 or both must increase without bounds. It cannot be the case that E2 →∞ as then

E2× p2 →∞ and Walras Law would require p1E1 = 1×E1 → −∞, which in turn requires that

E1 is unbounded below. So it must be the case that 1× E1 →∞, which implies E1 > 0.

Part (b): as p1 →∞ (and p2 = 1) the relative price of good 1 becomes very large, and demand

by consumers endowed with good 1 becomes very large. The same argument used above implies

that E2 × 1→∞. Walras Law requires then p1E1 → −∞, which holds if and only if E1 < 0.


