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Road-map:

(1) Deriving social preferences from individual preferences: Arrow’s impossibility theorem

(2) Welfare criteria: Pareto efficiency and Utilitarianism

(3) Competitive equilibrium and Pareto efficiency: First and Second Welfare Theorems.

1. Deriving social preferences from individual preferences: Arrow’s impossibility

theorem

What can be said about socially desirable outcomes? Say every individual/household has well

defined preferences. From these individual preferences can we derive something like a social

preference?

Example: should there be more/less metro stops in Oslo? Even if we knew everyone’s preferences

about these issues, how should we map those preferences into a policy decision? In practice,

decisions are taken via referendums, or delegation.

Assume here that individuals’ preferences are known to the policy maker: we abstract from the

issue of eliciting information. The only issue is how to aggregate information. In this setting,

we can consider rules ( = functions) that map individual preferences into aggregate preferences.

These aggregate preferences should then influence the choices of the policy makers.

Let Θ be the set of possible alternative states (for example: “ no new metro stops”, “one new

metro stop in xx ”, “one new metro stop in yy”, ..). Say each household/individual h has

preference �h over elements of Θ. Say individual preferences are rational (complete, transitive,

and reflexive).

The goal is to pick one rational preference as the one to be followed by the policy maker. We

call this preference � or “the social ordering”.

A constitution Σ() is a way to derive � from a a profile of households’/individuals’ preferences

(�1,�2, ..,�h, ..):1

1The idea is that a constitution does not provide guidance on what to choose in each instance, but rather
provides a framework on how to decide on each instance, e.g. a vote of the parliament, a referendum, a
minister/mayor/king decides ..
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�= Σ(�1,�2, ..,�h, ..)

Impossibility result

Desirable axioms:

A1. Universality: Σ(.) is defined over all possible profiles of preferences.

A2. Pareto Unanimity: For any θ, θ′ ∈ Θ, if θ �h θ′ for all h, then θ � θ′.

A3. Independence of irrelevant alternatives: Let two profiles of preferences be identical over

some subset Θ̂ ⊂ Θ. Then the social orderings corresponding to each of these profiles are

identical over Θ̂.

Example: Θ := {θ1, θ2, θ3}. Say there are two profiles of preferences (�1,�2, ..,�h, ..) and

(�′1,�′2, ..,�′h, ..) such that ∀h, if θ1 �h θ2 then θ1 �′h θ2 and if θ2 �h θ1 then θ2 �′h θ1.

Define �= Σ(�1,�2, ..,�h, ..) and �′= Σ(�′1,�′2, ..,�′h, ..). If θ1 � θ2 then θ1 �′ θ2 and if

θ2 � θ1 then θ2 �′ θ1.

A4. No Dictatorship: There is no individual h such that for all θ, θ′ ∈ Θ, if θ �h θ′, then θ � θ′

for every �i (i 6= h).

Arrow’s Impossibility Theorem: If there are more than two states, then there is no Σ

satisfying A1 to A4.

Possibility result

One way out: limit the possible preferences of individuals.

Example: say states of the world can be represented by a single variable: e.g. VAT on candies

or budget for defense.

Black’s Theorem: If the number of voters is odd, and all individuals have single-peaked

preferences, then the majority voting rule produces a complete, transitive social ordering.

Majority voting rule: θ � θ′ if and only if the number of households for which θ �h θ′ is larger

than the number of households for which θ′ �h θ.

Example of single-peaked preferences (same as figure 9.1) let θ < θ′ < θ′′ and:
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θvsθ′ θvsθ′′ θ′vsθ′′

Alf ≺ ≺ ≺

Bill � � �

Charlie ≺ � �

V ote ≺ � �

The social ordering is transitive: θ′ � θ � θ′′. Example shown in figure 9.2: Bill’s preferences

are not single-peaked.

θvsθ′ θvsθ′′ θ′vsθ′′

Alf ≺ ≺ ≺

Bill � � ≺

Charlie ≺ � �

V ote ≺ � ≺

The social ordering is not transitive: θ′ � θ, θ � θ′′ but θ′′ � θ′. Note that we get a non-

transitive social ordering even if each individual’s preferences are transitive! This is an example

of the Condorcet Paradox.

2. Welfare criteria: Pareto efficiency and Utilitarianism

Most economic analysis is based on some “reasonable” welfare criterion: θ � θ′ if θis superior to

θ′ according to the chosen criterion. Almost always the criterion used is either Pareto Efficiency

or Utilitarianism.

Definition. For any two states θ and θ′, the state θ is Pareto superior to the state θ′ if and

only if: (a) for all households h: θ � θ′, and (b) for at least one household h: θ � θ′. State θ is

Pareto efficient if there is no state θ′ that is Pareto superior to θ.

Let (u1, u2, .., uh, ..) be utility functions that represent preference relations (�1,�2, ..,�h, ..).
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Definition. According to a Purely Utilitarian welfare criterion, the state θ is superior to the

state θ′ if and only if Σnh
h=1u

h(θ) > Σnh
h=1u

h(θ
′
).

If utility can be transferred between households, i.e. if it is always possible to transfer a unit of

utility away from household h to household h′, the two criteria are “interchangeable”:

(a) if state θ is Pareto superior to the state θ′: then for all households uh(θ) ≥ uh(θ′), and for

at least one household uh(θ) ≥ uh(θ′), so Σnh
h=1u

h(θ) > Σnh
h=1u

h(θ
′
): θ is superior to θ′ according

to the purely utilitarian criterion

(b) if state θ is superior to the state θ′ according to the purely utilitarian criterion, then there

exists transfers that turn state θ into a state θ′′ such that θ′′ is Pareto superior to θ′.

Note that θ′′ is as good θ according to the utilitarian criterion (Σnh
h=1u

h(θ) = Σnh
h=1u

h(θ
′′
)).

Given two states θ and θ′ such that state θ is superior to the state θ′ according to the purely

utilitarian criterion, we can construct a θ′′ as follows: for all households h > 1: uh(θ′′) = uh(θ′).

By construction:

u1(θ′′) = Σnh
h=1u

h(θ)− Σnh
h=2u

h(θ
′′
)

= Σnh
h=1u

h(θ)− Σnh
h=2u

h(θ
′
)

= Σnh
h=1u

h(θ)− Σnh
h=2u

h(θ
′
) + u1(θ′)− u1(θ′)

= Σnh
h=1u

h(θ)− Σnh
h=1u

h(θ
′
) + u1(θ′)

> u1(θ′),

where the last inequality holds as we assumed state θ is superior to the state θ′ according to

the purely utilitarian welfare criterion.

- What kind of allocations yield a Pareto efficient outcome?

Go back the setting considered when we derived the competitive equilibrium.

Any Pareto efficient allocation a := ([x] , [q]) can be found with a procedure of the following

kind. Pick an arbitrary feasible utility level for each household h, except for household 1, denote

this level vh. Then look for an allocation a∗ to maximize the utility of household 1 subject to

3 constraints:

1. Every household gets at least the threshold utility: Uh(xh) ≥ vh, for h = 2, .., nh.
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2. Every firm’s production must be technologically feasible: Φf (qf ) ≤ 0 ∀f .

3. The materials balance condition holds for every good: xi ≤ qi +Ri ∀i.

Can you show that if an allocation does not satisfy a condition of this kind, then the allocation

is not a Pareto efficient allocation?

The problem can be stated as the maximization of the following Lagrangian:

L = U1(x1) +

nh∑
h=2

λh
[
Uh(xh)− vh

]
−

nf∑
f=1

µfΦ
f (qf ) +

n∑
i=1

κi [Ri + qi − xi]

Kuhn-Tucker conditions:

∂L
∂x1

i

= U1
i (x1)− κi ≤ 0 and

∂L
∂x1

i

x1
i = 0 ∀i,

∂L
∂xhi

= λhU
h
i (xh)− κi ≤ 0 and

∂L
∂xhi

xhi = 0 ∀h > 1,∀i,

∂L
∂qfi

= −µfΦf
i (q

f ) + κi ≤ 0 and
∂L
∂qfi

qfi = 0 ∀f, i,

∂L
∂λh

= Uh(xh)− vh ≥ 0 and
∂L
∂λh

λh = 0 ∀h,

∂L
∂µf

= −Φf (qf ) ≥ 0 and
∂L
∂µf

µf = 0 ∀f,

∂L
∂κi

= Ri + qi − xi ≥ 0 and
∂L
∂κi

κi = 0 ∀i.

Important: from FOC, any household that consumes both good i and j chooses xh so that:

λhU
h
i (xh) = κi

λhU
h
j (xh) = κj

and therefore MRShij = κi
κj
.

Likewise, for any firm producing both good i and j chooses qf so that:
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µfΦ
f
i (q

f ) = κi

µfΦ
f
j (q

f ) = κj

and thereforeMRT fij = κi
κj

Theorem. In a Pareto efficient state for any pair of goods i and j that are consumed by each

household and produced by each firm:

MRShij =
κi
κj

= MRT fij ∀h, f

———————————————————————————————————-

ONE HOUSEHOLD ECONOMY

(I) Suppose first that there is a single household that owns the entire stock of resources and

chooses how to maximize his own utility, and has access to a single production function Φ(q).

It maximize the following Lagrangian:

L = U(x)− µΦ(q) +
n∑
i=1

κi [Ri + qi − xi]

First order conditions:

∂L
∂xi

= Ui(x)− κi ≤ 0 and
∂L
∂xi

xi = 0 ∀i

∂L
∂qi

= −µΦi(q) + κi ≤ 0 and
∂L
∂qi

qi = 0 ∀i

So for any good i consumed and produced in non-zero amount: Ui(q) = κi = µΦi(q) .

Therefore for any pair of goods i and j consumed and produced in non-zero amount: Ui(q)
Φi(q)

=

µ =
Uj(q)

Φj(q)
or Ui(q)

Uj(q)
= Φi(q)

Φj(q)
, which is exactly the condition MRShij = MRT fij that characterizes

the Pareto efficient state.
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(II) Suppose now that there is one household and one firm. Suppose that each good i is

assigned a price pi equal to MRSi1 at optimal consumption quantities x we just found for the

one household case (so p1 = 1).

The firm’s goal is to maximize profits. Remember firms are owned by households, so in this

case the only household gets all the profits from the only firm.

Profits are Π = p1q1 + p2q2 + ..+ pnqn.

So the firm maximizes the following Lagrangian:

L = Π− µΦ(q)

so for any good i produced in positive amount:

Πi − µΦi(q) = 0

or pi = µΦi(q). So for any 2 goods i and j produced in positive amounts:

Φi(q)

Φj(q)
=
pi
pj

The household maximizes:

L = U(x)− κ

[
Π +

∑
i

Ripi −
∑
i

xipi

]
so for any good i: Ui − κpi = 0, or pi = κUi(q). So for any 2 goods i and j

Φi(q)

Φj(q)
=
pi
pj

=
Ui(q)

Uj(q)

So the there is a way to “decentralize” the production and consumption choice that ensures a

Pareto Efficient allocation.

We will move on to check the equivalent of this “decentralized” way to choose consumption and

production and we will show that even with many consumers and many firms there is a way to

allocate consumption through prices that is Pareto efficient.
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——————————–

3. Competitive equilibrium and Pareto efficiency: First and SecondWelfare Theorem

The example with one household and one firm captures a general feature of competitive equilib-

ria. In every competitive equilibrium, households that consume both good i and good j choose

quantities of these two good to satisfy the following first order conditions:

maxxh U
h(xh) + λ(yh −

∑n
i=1 pix

h
i )

FOC:

Uh
i (xh) = λpi, and Uh

j (xh) = λpj. Therefore:
Uh
i (xh)

Uh
j (xh)

= MRShij = pi
pj
.

and firms that produce both good i and good j in positive amounts choose quantities of these

two goods to satisfy the following first order conditions:

maxqf
∑n

i=1 piq
f
i − µΦf (qf )

FOC:

pi = µΦf
i (q

f ) and pj = µΦf
j (q

f ). Therefore: Φf
i (qf )

Φf
j (qf )

= MRT fij = pi
pj
.

So MRT fij = MRShij.

So far we have been assuming, without even mentioning it explicitly, that each household’s

utility depends only on its own consumption, that is, there are no externalities.

We have also assumed that there can be a market for any good, which requires the good to be

excludable. A good is excludable if it is possible to prevent consumers from consuming units of

the good.

Finally we have assumed that all goods are rival: if a unit of a good is consumed by a consumer

it cannot also be consumed by someone else.

A good that is rival and excludable can be called a pure private good.

The next theorem states that, as long as all goods are pure private goods, and there are no

externalities all competitive equilibria are efficient.

First Welfare Theorem. If consumers are non-satiated, in a private ownership economy,

without externalities and consisting entirely of pure private goods, any competitive equilibrium

allocation is Pareto efficient.
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Consumers are non-satiated if for any bundle of goods there is always another bundle of goods

arbitrarily close that is preferred to it.

We can say more about competitive equilibria. Not only they are all efficient (as long as all

goods are private and there are no externalities!), but it is also the case that any Pareto efficient

allocation can be obtained as a competitive equilibrium for some initial endowment of resources.

Second Welfare Theorem. If the conditions for the previous theorem hold, if the technology

set is convex and if consumers are greedy and have concave-countoured utility functions, then

any Pareto-efficient allocation â in which x̂hi > 0 for all h and i can be supported by a competitive

equilibrium.

Greed: If x > x′ (i.e. xi > x′i for all i with strict inequality for at least one i) then U(x) > U(x′).

Stronger than non-satiation. Non-satiation requires that there is a good of which the consumer

would rather have more. Greed requires that for every good the consumer would rather have

more.

First and Second Welfare theorems highlight under what conditions markets are an efficient way

to allocate resources. In the next lecture we will focus on cases in which markets fail to allocate

resources in an efficient way.


