8 Consumption-based asset pricing

Purpose of lecture:
1. Explore the asset-pricing implications of the neoclassical model
2. Understand the pricing of insurance and aggregate risk

3. Understand the quantitative limitations of the model

8.1 The fundamental asset pricing equation

e Consider and economy where people live for two periods ...

max  {u(c;) + BEwu(cit1)}

{ct,ctt1,a841}

subject to
Yt = C¢+PrQpya
Ctr1 = Yegr1 + (Deg1 + deg1) Qg

where y; is income in period ¢, p; is the (ex-dividend) price of the asset in
period t, and d; is the dividend from the asset in period t.

e Substitute the two constraints into the utility function:

max {u (y; — prasi1) + BE (Yer1 + (P + dig1) api1)}

At+41
and differentiate w.r.t. how much of the asset to purchase, a;1:

0 = —pe v (Y — pravyr) + BE AW (Yes1 + (Prg1 + deg1) argr) - (D1 + dig1) }
=

pe-u (cr) = BEAu (cq1) - (prea +digr)}

e Interpretation: the left-hand side is the marginal cost of purchasing one
additional unit of the asset, in utility terms (so price * marginal utility),
while the right-hand side is the expected marginal gain in utility terms
(i.e., next-period marginal utility time price+dividend).

e Rewrite to get the fundamental asset-pricing equation:

pe = Ey {W (pe1 +dt+1)} )

where the term 241 g the (stochastic) discount factor (or the “pricing
u(er)

kernel”).
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e Key insight #1: Suppose the household is not borrowing constrained

8.2

and suppose the household has the opportunity to purchase an asset. Then
this equation — and the consumption process for this household — can be
used to price that asset. This applies to any asset and to the consumption
procvess for any household.

What goes wrong if the household is borrowing constrained? The problem
is that if the houshold is constrained in period t. Consider, for example,
a case when the household would like to borrow so as to increase current
consumption, but is not allowed to do so. Then marginal utility in period
t is very high and the Euler equation (for a riskless bond that pays one
unit of consumption for sure next period) becomes an inequality:

u (cp) > %ﬁEt {u (cr1)}

— Intuition: the household feels that the bond is very expensive (i.e.,
that the interest rate is very low), so it would like to sell bonds (i.e.,
borrow from the bank), but the bank does not allow the houshold to
do so. Clearly, the consumption stream of this household cannot be
used to price the asset.

Which assets are expensive?
Define the return of an asset ¢ as
; Piy1 +di
Ldriyy =——F-,
Pt

so the asset-pricing equation can be rewritten as

1= E, {’6“/ 1) (14 r§+1)}

u'(ce)

Compare the price of a risky asset with that of a safe asset (i.e., a bond
with a safe return 7411):

Y LTI RIR) WSS CLCI BRp TN

u' (er) u' (¢r) ' (¢r)
1 = E {BZ,((CCSI) (14 rt+1)} —E {612/((331) } (L4 Tepa) s

where the last equation follows from the fact that 7, is riskfree. Combine
these equations to obtain:

=

Et{%-(ﬁﬂ—mﬂ)} = 0, (16)
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where the term (r;ﬁH — ft+1) is the (stochastic) excess return on the risky
asset.

e Recall that the formula for covariance between two stochastic variables X
and Y is

cov(X,Y) = E{X-Y}-E(X) -E(Y)

E{X-Y} = E(X)-E(Y)+cov(X,Y)

e Multiply equation (16) by «’ (¢t) /8 on both sides, and use the covariance
formula:

0 = E {u/ (ctq1) - (T§+1 - ftJrl)}
cov {u' (cer1), (rin = Fea) } + Ee{u (cep1)} - Br (i1 — Teg1)
= cov {u/ (ct41), (7“@_1 - ﬂ+1)} + By {u (ci1)} - (Et (Ti+1) - Ft@lﬂ)

The term Ey (ri ;) — 141 is the “risk premium?”, i.e., the expected excess
return, or the expected return on asset ¢ relative to the return on the
riskless bond.

e Make two key assumptions:

1. Suppose the economy nis a representative-agent economy, so that
each household’s consumption is a constant share of the aggregate
consumption (¢, = Cy)

2. Suppose (for simplicity) that the utility function is quadratic, i.e.,

that
2
c
u(c) = c-ag
=
w() = 1l-ac

Insert this expression for v’ into equation (17):

0 = cov {(1 —aCly1), (T§+1 - le)} + By (Cyyq) - (Et (T§+1) — ft+1)
= —a-cov {Ct+1, (7"1%+1 — 7_’15+1)} + Etu' (Ct+1) . (Et (Ti_i_l) — 7_’t+1§18)

e Consider three cases:

1. The market portfolio: Suppose asset M is the market portfolio (i.e.,
the whole stock market). Note that both the stock market and ag-
gregate consumption increase when times are good, so the return on
stocks is highly correlated with consumption:

cov {Ct+1, (T?j_l — Ft+1)} > 0.
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Equation (18) then implies that
Ea (Cri1) - (Br (1) = Te1) > 0,

so the return on the market portfolio must be higher than the safe
return (since v’ (¢) > 0):

Et (7”;+1) > ft+1

Key message: the risk premium on the market portolio is posi-
tive because the aggregate stock market is correlated with aggregate
consumption.

. An asset with non-systematic risk: Suppose the asset ¢ is risky, but
the return is completely uncorrelated with aggregate consumption:

cov {Cyi1, (riyy = Teg1) } =0,

Equation (18) then implies that
Etu/ (Ct+1) . (Et (T;+1) — ft+1) = 0,

which again implies that this asset has the same expected return as
the safe bond, even if it is risky:

E, <T§+1) = Tt41,
Key message: there is zero premium for holding idiosyncratic risk

(i.e., risk which is uncorrelated with aggregate consumption).

. Insurance: Suppose the asset 7 is risky, but the return is negatively
correlated with aggregate consumption:

cov {Ciy1, (rf1y — Fre1) } <O,

so the return is high precicely when consumption is low. This is an
example of an asset which serves as insurance. Equation (18) then
implies that

Etu' (Ct+1) . (Et (7"2;_,’_1) — ’Ft+1) < 0
=
E, (Ti+1) < Ty,
so this asset has a lower return than the safe bond (i.e., a negative risk

premium). Key message: households are willing to pay a premium
in order to get insurance.
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8.3

Consumption-based CAPM

e Rewrite equation (18) as follows:

8.4

) B a-cov{Cip1, (riy1 — T
E; (Tt+1) —Ti41 = {Et [u/ ((62::1)] )}7

so the expected premium return on the market portfolio is

a-cov{Cp1, (rM, — 7
By (ry) = Pos1 = {E:J[;j/ ((6;11)] )

Rewrite the expected return on asset ¢ as

cov {Ciy1, (7”125}1 —Te41) - cov {Ct+17 (rMy —7ei1) }
cov {Cpsr, (1) — Te1) } Ey [u/ (Cri1)]

}

¥

)

E; (Ti+1) = + Tt

)
(r )
cov {Crp1, ETHl THl; (B (rify) = Fea] + e

cov {C’tﬂ, M~ Fn
corr {Ct+17 (Tt+1 — Tyl } std (Cyy) std (Tt+1) " i )
B E —
corr {Cyy1, (rMy — Fip1) } std (Cogn) std (r}My) [Ey (r)) = Fea] + Teea
std (ri ) corr {Cyyq, (ripy — Fra1) } y ) )
B E _
std (Ttﬂ) corr {Ct+1v (7’%1 - Ft+1)} [ ! (Tt“) Ttﬂ] + Teq

= std (Tt+1) . BE‘T’/XZ . I:Ef (7"%1) — 'Ft.i'_l} + 7_'t+1,
where the “consumption BET A;” is defined as

1 corr {Cig1, (i — Fig1) }
std (rMy) corr {Cyyq, (rM, — Fri1) }
Interpretation: the term BET A; for an asset i reveals the risk premium
of additional risk of this asset.

BETA,; =

Equity premium puzzle
Go back to equation (16),
E; {mt+1 . (r%l - Ft_H)} =0,
where the stochastic discount factor m;,; is

pu’ (cry1)
u'(er)

Using the formula for the covariance, rewrite this as

mi41 =

0 = Et {mt+1} . Et {’I"i\il — Ft+1} + cov (’I’an_l7 (’I"i\il — Ft+1))

Ey{myi1} - By {1 — Fia } + corr (mug1,m0ly) - std (mys) - std ()

Ey {7"%1 - ft+1} 1

(mysq) t{mii1} std (r}y)  corr (mygq,ry)
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Recall that for the safe asset we have

1 _E{M}:Et{mw}’

1+ Tiy1 u/ (Ct)
so we can rewrite the equation above as
1 1 Et T%’wl — Ft+1
std (meg1) = — ri }

corr (mepr,rMy) 14+ 7en std (rfy)

Note that corr (mt+1,7"%1) < 0 (since aggregate consumption and Til\j[rl
are positively correlated) and that by definition,

—corr (mHl,r%l) <1.

Therefore, the smallest possible value of the term — is one:

co7’r(mt+1 ,r%_l)
1
corr (mys1,74)

This implies a (Hansen-Jaganathan) bound on the variability of my;:

1 E {rM —F
Std (mt-‘,-l) 2 — ! { = M t+1}
L+7er std (r}y)

(19)

E M = . .
The term % is the Sharpe ratio (after the Nobel Laureate
t4+1

William F. Sharpe), i.e., the “return per unit of risk”.

Data: The Sharpe ratio is typically around 40% on an annual basis in
developed countries, while the annual safe interest rate has been close to
ZEero on average.

— Thus, the standard deviation of the stochastic discount factor should
be around 40%

Suppose the utility function exhibits constant relative risk aversion, i.e.,

-1
u(c) = ﬁ’
so the discount factor becomes
C Y
miy1 = B < é:l) ’

which is close to 1 on average (at least when the time period is short).
The standard deviation of m is therefore approximately

std {log (6 (Cétl >7> } std {log (B) + vlog <C(t;) }
(%)}
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Using U.S. data, the volatility of consumption growth is about

std {log <Cé+1> } ~ 3%.
t

Equation (19) then implies that v must be at least v = 40/3 &~ 13, which
is very large.

Using other approximations and bounds, it is straightforward to show that
in this model, the risk aversion must be at least 50 in order to account for a
risk premium of 6%, when the standard deviation of consumption growth
is just 3% and the variability of the stock market is std (TM) = 16%. This
is the equity premium puzzle.

Note that estimates of the risk aversion (using micro data) implies a risk
aversion somewhere in the range of v € [1,5]., which is MUCH lower than
50.

For example, with a risk aversion of 25, a household who is offered a 50/50
change of a gain or loss of 20% of lifetime consumption, would prefer to
rather take a 17% loss for sure.
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