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1. Introduction

An important environmental challenge during the next decades will be to
reduce the impacts of global warming. Carbon dioxide (CO,) is the main
greenhouse gas, and 70-75% of all CO, emissions is due to combustion of fossil
fuels (see for example Halvorsen <: &i., :%8%5 in most papers analyzing the
economics of global warming, the supply of fossil fuels is modelled like any other
good, and the exhaustibility of these resources is not considered. There have been
many studies on externalities from fossil fuel consumption and the depletion of
exhaustible resources (see, e.g., Dasgupta and Heal, 1979; Baumol and Oates,
1988; Pearce and Turner, 1990), but few authors have tried to combine these twvo
theories. Among the first studies is Sinclair (1992) who analyzes the impacts on
consumer and producer prices of a constant carbon tax rate in addition to the
development of an optimal carbon tax. He argues that in steady state, the ad
valorem carbon tax should be falling over time. This is followed up in Ulph and
Ulph (1994). The authors study the evolution of an optimal carbon tax using
quadratic benefit and damage functions. They find that the carbon tax (in both
absolute and ad valorem terms) should initially rise but eventually fall. Sinclair’s
conclusion, they argue, is driven by very special assumptions. Devarajan and
Weiner (1991) use a two-period model to analyze the importance of international
global warming agreements, assuming that the consumption of fossil fuels in
pericd two is the difference between the initial stock of fossil fuels and period one
consumption. Finally, Withagen (1994) compares the optimal rate of fossil fuel
depletion without greenhouse externality with the case where this externality is
present.

In this paper we combine the theory of greenhouse externalities with the theory
of exhaustibie resources using the framework of a simple model described in
Section 2. In line with Heal {1976), the model is one of economic exhaustion (zero
long-term Hotelling rent) rather than physical exhaustion. The problems analyzed
are the design of the optimal policy response under different damage functions;
one in which the damage is due to the levei of global warming, and the other
where damage is related to the speed of climate change. As the optimal policy
response to global warming may depend on how we specify the damages, it is
important to study the optimal carbon tax under the different specifications of the
damage function.

Most studies analyzing the damage from global warming, spccify the damage
as a function of the temperature level or alternatively the atmospheric concentra-
tion of greenkcuse gases (GHGs). In Section 2, we apply this damage function to
derive the optimal carbon tax under the exhaustibility assumption. First, the
optimal policy response is analyzed without considering possible substitutes for
fossil fuels. Hovsever, even today there exist several alternatives to fossil fuels,
albeit at higher costs. The traditional result from the theory of a competitive
mining industry facing 2 backstop iechnology with a constant unit cost of
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extraction less than the choke price, is that the industry will deplete the resource
until the price reaches the cost of the backstop. At this price, the resource is
exhausted, and the consumers will switch immediately to the backstop. With costs
increasing in accumuiated production, the resulis are similar (see Heal, 1976).
Introducing external greenhouse effects, will, however, give some new results
described in Section 3.

Because the ecology can adapt to a certain change in the climate, given that the
rate of change is not too high, it can be argued that what matters is the speed of
climate change (c.g., the rate of change in temperature or atmospheric concentra-
tion) and not only the level of temperature itself. Thus, in Section 4 the optimal
carbon tax is derived when the damage depends on the speed of climate change.

The damage from global warming probably depends on both the level of the
climate as well as the rate of climate change. Therefore, damage functions taking
into account only one of these elements must of course be considered as cxtreme
cases. Analyzing the two elements sej arately, however, points out some main
features.

We summarize the conclusions in Section 5.

2. Optimal depletion in the presence of glsbal warming

Let x be the extraction (and consumption) of all fossil fuels in carbon uxits.
The benefits of the society from fossil fuei consumption, #(x), are assumed to
increase in current consumption (#/(x) > 0 for all x), but the marginal utility is
bounded above (#/(0) < ) and decreasing («"(x) < 0). Define u(x)= [;p(s)ds,
where p(x) is the consumer price. The utility function, #(x), is thus identical o
the total willingness to pay, and the marginal utility equals the consumer price
((x)=p).'

We define A, = [} x,d7 as the accumulated extraction of fossil fuels up to time
t. The total extraction cost, c( A)x, increa=es both with the current extraction rate
(c(A)> 0 for all A) and the cumulative extraction up to date (c'(A)x >0 for
x > 0). Morecver, we assume that c¢'(A) is bounded away from zero (i.e., that
c'(A) > € where € is some small positive number). No fixed quantity is assumed
for the total availability of the resource (as for instance in Dasgupta and Heal,
1979). However, in line with Farzin (1992), only a limited total amount will be
economically recoverable at any time. This is due to the assumption c¢'(A) is
bounded away from zero, which means that increasingly large quantities of the
fossil fuel resource can be exploited only at increasingly higher incrementai ccsts.
With c(A) > ® as A — =, it will be optimal to extract a finite amount of the
resource since the marginal utility is bounded above. As we shall see, the

! Both utility and costs are measured in ‘money’, i.e., in an unspecified numeraire good.
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cumulative extraction along the optimal path reaches an upper limit, A, defined by
c(A) =1 (0), as t > o=,

S is the atmospheric stock of carbon in excess of the preindustrial stock, and
D(S) expresses the negative externality of carbon consumption. Thus, the damage
from global warming is a function of the atmospheric stock of carbon. We have
not taken into account the lags between the atmospheric stock of carbon and the
climate, a lagged adjustment process which is due to the thermal inertia of oceans
(see Houghton et al., 1990, 1992). The stock is increasing in fossil fuel combus-
tion, but decays with the depreciation rate 8 > 0, according to the atmospheric
lifetime of CO,. This is of course a simplification. The depreciation rate is
probably not constant, but will decrease with time since a possible saturation of
the carbon-sink capacity of the oceans as they get warmer, will give a longer
lifetiriic of CO, in the atmosphere (see Houghton et al., 1990, 1992). However, we
stick to this assumption, since it is widely emploved in economic studies of global
warming, see, e.g., Nordhaus (1991, 1993), Peck and Teisberg (1992), Ulph and
Ulph (1994) and Withagen (1994). The preindustrial stock is assumed to be an
equilibrium stock, meaning that the atmospheric stock will approach the preindus-
trial level in the long run (S — 0) when fossil fuels are exhausted. We assume that
the damage can be described by an increasing and convex function of the
atmospheric stock (i.e., D'(S) >0 and D"(S)> 0 for all $> 0),? but that it is
negligible for the initial stock increase (D'(0) =0). There is no irreversible
damage, which means that D(0) = 0.

We assume ihat the social planner maximizes the present value of welfare to
the global society, i.e., he seeks an extraction path of fossil fuels which will

maximize f:e”” -[u(x,) —c(A,)x,— D(S,)]dt

st. A,=x, (1)
S,=x,—88,,
x,20

where r > 0 is a discount rate which is fixed throughout the analysis. Moreover,
we set A, =0, and from the definition of S it follows that S, > 0.

? In severai papers (see, e.g., Peck and Teisberg, 1992, Nordhaus, 1993 and Kverndokk, 1994) the
damage is specified as a convex function of the temperature level. We simplify the matters since the
temperature is positively related to the atmospheric stock of carbon. However, if the damage is a
convex function of the temperature level. it is not necessary a convex function of the atmospheric stock
of carbon since the relation between the temperature level and the stock is assumed to be logarithmic
(see, e.g., Houghton et al., 1990, 1952).
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The optimization problem above is solved using optimal control theory. The
current value Hamiltonian is

H=u(xt)""C(A:)xt_D(st)+A1xt+l"t'(x1_asr) (2)
and the necessary conditions for an optizaum are

oH

§=u'(x,)—-c(A,)+/\,+u,.<_0 (=0for x,>0), (3)
t

. oH

A,-r)\,=—a—l==c(A,)x,, (4)

. aH 4

“‘l_r“t=-_=D(St)+6#‘r’ (5)

as,

A=x, (6)

Sf=xt— 85,, (7)

lime™2,=0, (8)

t—x

lime "u,=0. (9)

t—>x

From (4) and (5) it follows that A, and u, must be non-positive, as (8) and (9)
otherwise would be violated. From (3) it therefore follows that

wW(x,)=c(A,) foralltr. (10)
This inequality in turn implies that we must have
A, <A forall t (11)
where A is defined by
c( A) =« (0). (12)

Since A, is bounded above, x, must approach zero in the long run. Assuming
c'(A) finite for all A we thus have

lim x, =0,
t—x
lim ¢'( A,) x, = 0. (13)
1%

The solution to the model can be expressed by the consumer price p. Using
w(x)=p and (3), it is clear that whenever we have positive extraction, the
consumer price is equal to the sum of the producer price and a carbon tax 6. The
optimal carbon tax at time , 0,, is defined as the negative of u,, where u, (< 0)
is the shadow cost associated with accumulated atmospheric stock up to ¢. The
producer price is the sum of the marginal extraction cost, ¢( A), and the scarcity
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rent 77. As A, (< 0) is the shadow cost associated with cumulative extraction up to
t, the scarcity rent at time ¢, 7,, is defined as the negative of A,. Eq. (3) may thus
be rewritten as

p,=C(A,)+7T,+O,EC(A,)—A,—[L,. (]4)

To see how the price p, and extraction rate x, of fossil fuels develop over time,
we first find how 7, and 6, develop. Consider first the scarcity rent 7r,. Using the
definition 7, = — A, together with the differential Eq. (4) and the transversality
condition (8) we gzt

7r,=f e """ (A,) x, dr. (15)
t
In Appendix A, it is shown that
lim 7, = 0. (16)
t—x

The scarcity rent thus converges to zero for ¢ — . This is due to the increasing
marginal extraction cost; The costs will be so high that an additional unit of fossil
fuels extracted wili not add to the welfare.

As for the optimal carbon tax 6, it follows from the definition 6, = —p,
together with the differential Eq. (5) and the transversality condition (9) that

6,= [ e+ 0DI(s,)dr (17)
t

ie., the optimal carbon tax is always equal to the discounted future negative
externalities due to accumulation of carbon in the atmosphere. The expression for
the optimal carbon tax is not dependent on exhaustibility. However, the following
properties of the tax rest on the exhaustibility assumption (see Appendix A):

lim 6,=0, (18)

t—>©

6,= [ roX0pr(s).§, dr, (19)
t

lim 6, = 0. (20)

t— %

According to (18), the optimal carbon tax converges to O for ¢ — . The
intuition behind this is as follows. As §— 0 for 8> 0, there will be no cost
associated with a marginal increase in the atmospheric stock when ¢ — o, thus
i — 0. As the shadow cost reflects the optimal carbon tax, this will converge to
zero for t — oo,

From (17) we see that the carbon tax is positive as long as marginal damage is
positive, that is as long as § > 0. It will smoothly approach zero in the long run as
the stock of carbon in the atmosphere decays and reaches tie equilibrium stock
(see (18) and (20)). This means that the tax will be positive even if the
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atmospheric stock declines after a certain time due to low extraction and consump-
tion of fossil fuels; the decay of carbon in the atmosphere is higher than the
additional carbon from new extraction (x < 85).

Before considering the detailed developmeat of ihe carbon tax, we now
consider how the fuel price p,, and thus fuel extraction x,, develep over time.
Consider first total cumulative extraction: over our infinite time horizon. From (3),
(16) and (18) we have

tlir?o[u’(x,) —-c(A)] <o0. (21)
Together with (10) and (13) this implies that

limA,=A (22)

>

where A is defined by (12). In other words, total cumulative extraction over the
infinite time horizon is equal to A, independent of how much environmental harm
the extraction causes. The environmental cost function thus only effects when
extraction takes place.

Consider next the price of the resource. From (14) and (6) we see that

p.t=c'(Al)xl+ﬁ-t+0.l' (23)
Inserting (4) and 7, = — A, thus gives
p,=rm +0,. (24)

In the absence of a carbon tax (implying 6, = 0), the fuel price must therefore
rise over time whenever we have positive extraction (since 7, > 0). With a carbon
tax, however, we cannot rule out the possibility that p, will decline, i.e., that there
will be increasinyg exiraction, over some intervals. For this to be the case, the
carbon tax must be falling at a sufficiently rapid rate during such intervals. 3

Whenever resource extraciion is pesitive, it moves in the opposite direction of
the fuel price. From the result above it is thus clear that in the absence of a carbon
tax, resource extraction must always be declining. With a carbon tax, however, we
cannot rule out the possibility that there will be increasing extraction over some
intervals. We cannot rule out an initial phase of x, =0, which may occur if the

* To have a better understanding of the conditions under which p might decline over time, we can
stucy the importance of r and 8. If r =0, we see from (24) that j = 6, thus the price increases when
the tax increases and falls when the tax falls. For (r + 8) =0, i.e., if there is ro discounting and the
lifetime of CO, in the atmosphere is infinite, Eq. (19) is no longer valid. In that case we can use the
condition 6 =(r + 8)9 - D'(S), which is derived from Eq. (5) and 6 = — p, and is valid for all
values of (r + 8). For (r + 8)=0, we get 6 = — D'(S), that is, the carbon tax is always falling and,
therefore, has its maximum value at ¢ = 0. The intuition is the following. Since we have no discounting
and the carbon will stay in the atmosphere forever. a unit of carbon emitted today is more damaging
than a unit emitted in the future, simply because it stays around causing damage for a longer period. In
this case p= — D'(S), and the price wili tierefore fall over the entire time horizon.
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initial stock of carbon in the atmosphere is sufficiently high. However, in
Appendix A it is shown that once x, is positive, it will be positive for ever after.

We now consider the development of the optimal carbon tax in more detail.
The behaviour of the carbon tax over time depends on whether the carbon stock is
increasing or decreasing (see (19)). From (19) and D" > 0 it is clear that if S, is
declining from a time ¢, onwards, then 6, will be declining from a time ¢,
onwards, where ¢, <t, if t,>0 and r+ 6 <. Moreover, it is shown in
Appendix A that once 0, starts to decline (as we know from (18) that it will

sooner or later), it will continue to decline for ever.

0<(r+d) <o

tl tz t

Fig. 1. The atmospheric stock of carbon and the optimal carbon tax when damage is related to the level
of the stock.
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Fig. 1 shows the evol:aion of the optimal carbon tax over time for the case
when the stock of carbon in the atmosphere initially is increasing, after which it
declines monotonically. As long as 0 < (r + 8) < w, the optimal tax will start to
decline before the stock of carbon in the aimosphere reaches iis peak. This imeans
that if the carbon SWCK in ilic aimosphere is ever mcicasing, iticre exisis a poricd
with a falling carbon tax and an increasing stock of carbon in the atmosphere.
When the stock of carbon declines (S < 0), the optimal carbon tax wili definitely
be falling. * The intuition behind this is as follows. We know that the marginal
damage will be higher the larger is the stock of carbon in the atmosphere. Assume
first that r — . Then, only damage in the current period counts, and the tax will
therefore be equal to the current marginal damage. Thus, the tax will increase as
long as S > 0 and fall for $ <0. For r < o (and & < =), that is, the social planner
is not totally myopic and the lifetime of CO, in the atmosphere is not zero, future
damages will also count. Since the marginal damage will start falling in the future
due to a decreasing carbon stock, a unit emitted immediately before S reaches its
maximum creates more damage than a unit emitted when S is at its maximum
point. On the other hand, a unit of carbon emitted in the beginning of the planning
period stays in the atmosphere when the carbon stock is low. Thus, this unit
creates Jess damage than a unit emitted when S is at its maximum. The optimal
carbon tax, which reflects all damages made by a unit carbon emitted, will
therefore reach its maximum before the time giving the largest stock of atmo-
spheric carbon. This is illustrated in Fig. 1. In this figure it is assumed that the
carbon tax rises initially, while it falls from time ¢, onwards when the stock of
carbon is stiil increasing. The evolution of the carbon tax is consistent with the
results of Ulph and Ulph (1994), who argue that the optimal carbon tax might
initially rise but will eventually fall. However, they do not relate the behaviour of
the optimal tax to the evolution of the stock of carbon in the atmosphere, but only
claim that the carbon tax should definitely be faliing once fossil fuels are
exhausted.

3. The optimal depletion with a non-polluting backstop technology

So far, we have not explicitly considered the existence of substitutes for fossil
fuels. However, substitutes such as nuclear power, hydro power, biomass, solar
and wind power already exist. Assume that there exists a non-polluting perfect
substitute for fossil fuels, y, with an unlimited stock and a constant unit cost, c,
where ¢(0) < ¢ < «'(0). In a competitive market, the price will be equal to this cost
since there are no stock constraints. By definition, a backstop source is available in
unlimited quantities at a constant marginal cost. The traditional result from the

* For (r + 8§)= 0, see footnote 2.
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theory of a competitive mining industry facing a backstop technology with the
constant unit cost less than the choke price, but higher than the initial marginal
extraction cost, is that the industry depletes the resource until the price reaches the
cost of the backstop. At this price, the consumers will switch immediately to the
backstop, cf. Appendix B. (This result is also derived in for example Heal, 1976,
and Dasgupta and Heal, 1979. But Dasgupta and Heal, 1979, assume a fixed
quantity of the exhaustible resource.) The extraction path will be different in the
presence of external greenhouse effects. By introducing the non-polluting backstop
intoe the model from Section 2, the social planner seeks to

maximize](; e " [u(x,+y,) —c(A,)x,—cy,— D(S,)] dt

st. A,=x,
S,=x,— 88,
x,20,
¥, =0.

(25)

The current value Hamiltonian for this optimization problem is thus
H= u( X +yt) - C( At)xt —Cy,— D(S,) +Ax (‘xt - SSI)‘ (26)

Hence, the necessary conditions for an optimum are

oH
= =d(x ) —e(A) + A+ <0 (=Oforx>0),  (2])
t
H _
3;-_—.u'(x,+yt)-—ch (=0for y,>0), (28)
t
_ oH
h=rh = =5 = (A) 5, ()
. oH
o —rp, = — ——=D'(S,) + ép,, (30)
as,
A, =x,, (31)
S, =x,— 88,, (32)
lim e~ =0, (33)
lim e~"ju, = 0. (34)

In accordance with Section 2, we define u(z) = [¢p(s)ds, z=x+y, where
p(2) is the consumer price. Then, «'(x +y) = p. Using (27), (28), w= —A and
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0= —p, we see that along the optimal patk, thc consumer price has to satisfy the
following conditions:

p(x,+y)<c(A)+m+6, (=forx,>0), (35)
p(x,+y)<e¢ (=fory>0). (36)

The detailed development of 7, and 8, are much the same as what we found in
Section 2. In particular, by proceeding as we did in Section 2, it can be shown that
Eq. (13) and (15)—(20) are valid also for the present case. The same is true for Eq.
(22), except that A is now defined by

c(A)=c. (37)

It follows from these equations that the total amount extracted 1s independent of
whether or not there is an environmental externality. Howeves, the optimal
extraction path depends on the externality. It is shown in Appendix B that the
transition from resource extraction to substitute production in the presence of an
environmental externality is gradual. Moreover, it follows from this proof that
although x,—> 0 as r—»o, extraction will be positive for all finite # (except
possibly during an initia! period, when it will be zero if S, is sufficiently high).

During the period of transition, i.e., when both x, and y, are positive, it
follows from (35) an2 (36) that

c(A)+m,+0,=cC. (38)
Differentiating and using (6) and (29) gives
0,= —rm, <0, (39)

that is, the optimal tax is falling with the same rate as the producer price is
increasing, namely the discount rate times the scarcity rent. The intuition of the
gradual transition is as follcws. If we stop depleting fossil fuels when p, =¢, the
stock of carbon in the atmosphere will decrease (S, == — &S, < 0), and the potendial
optimal carbon tax will fall (see {19)). This means that the consumer price of fossil
fuels will fali below ¢, which again makes fossil fuels economically viable.
Therefore, it will not be optimal to stop the extraciion of fossil fueis. Thus, while
the scarcity rent reaches zero when the extraction costs reaches the unit cost of the
backstop in absence of externalities (see, e.g., Heal, 1976), the scarcity rent is
positive over the entire time horizon in the presence of externalities.
Before p, =¢ is reached, it follows from (6), (29) and (35) that

pt=rﬂt+6.l' (40)

Just as in the case without any backstop technology, we may have periods of a
declining resource price, provided the carbon tax declines at a sufficiently rapid
rate.

The optimal consumer price path is illustrated in panel A of Fig. 2 (in this
figure the consumer price is assumed never to decline). The censumer price of
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A)
p [}
¢
ta tb t
B |
) X
.

= With externalities

= Without externalities

Fig. 2. Optimal extraction and consumer prices with a backstop technology.

fossil fuels is constant and equal to the consumier price of the backstop technology
(which is the unit cost) from time 7, onwards (see Fig. 2.A).

Fig. 2.B illustrates the optimal extraction path of fossil fuels. With the
greenhouse externalify, both fossil fuels and the backstop technology will be
consumed from time ¢, onwards. The advantage of consuming fossil fuels instead
of the backstop is the lower production costs. The disadvantage is, however, the
external effects. As the optimal tax approaches zero as time goes to infinity, the
optimal fossil fuel extraction will also fall and approach zero in the long run.

In Fig. 2, we have also compared the extraction path and the consumer price
with the corresponding paths in the absence of external effects. As the total
extraction is the same with the external effect as without, and the consumer price
reaches ¢ in finite time in both cases, accumulated extraction at time #, is higher
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in the absence of exiernal effects than with the external effects. Therefore, the
extraction path without externalities will be higher than the path were greenhuuse
externalities are present (see Fig. 2.B). In the same way, in Fig. 2.A it is seen that
the price path without externalities will be lower than the corresponding path with
externalities.

4. Environmental damage as a function of the rate of change in the atmo-
spheric stock of carbon

Mosi studies analyzing the damage from global warming assume that the
damage is related to the temperature level (see, e.g, Nordhaus, 1991, 1993; Peck
and Teisberg, 1992; Kverndokk, 1994). However, it can be argued that the damage
will depend as much on the rate of temperature change as on the absolute value
itself, because the ecology is able to adapt to a certain temperature change. There
are however costs of adapting to a new stage (sce e.g. Tahvonen, 1995). If the rate
of climate change is high, there may be a period of large damage until the original
species have been replaced by more resistant ones. While for instance agriculture
may be quite adaptable to climate over the long term, unmanaged ecosystems are
much less adaptable to change in temperature. Another example is human beings,
who are capable of adjusting to climatic variations, and can live under more or less
every climatic condition existing on earth. However, rapid changes in climate have
impacts on human amenity, morbidity and mortality (see Fankhauser, 1992; Cline,
1992). Some first attempts in this direction have been made by Tahvonen (1995),
Tahvonen et al. (1994) and Hoel and Isaksen (1995). These papers, however, do
not take into account the exhaustibility of fossil fuels.

It is reasonable to believe that there are costs of adapting to a colder (§<0)as
well as a warmer climate (S > 0), and that these costs increase the higher is the
rate of climate change. Therefore, we assume that the damage is convex in the rate
of atmospheric carbon accumulation. Further, there are no damage costs for a
constant climate (S = 0), independent on the level of atmospheric concentration.
Hence, if d(-) is the damage function, we have d(S) > 0 for S # 0, and d(0) = 0.
We also assume that the damages are negligible for marginal changes in the stock
under a constant climate (S =0), giving d'(0)=0. The convexity of damages
means:

d{S)>0for§>0 A d'(S)<0forS<0

: . (41)
d'(S) >O0forall §

It should be noted that our way of modelling the fact that climate change is
important to the environment is rather crude: It could be argued that it is not the
current rate of temperature change at any particular moment (represented by S)
which is important, but rather the speed at which the climate has been changing
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over several decades. Our approach is particularly dubious for the beginning of a
period of S <0 after a long period of $> 0. In this case, one could argue that
since the environment has not yet adapted to the warmer climate, it is better for the
environment to have a declining S, over a moderate period of time than h:ving S,
constant. For an attempt to introduce climaie change 1 a more realistic (and more
complicated) way than we have done here, see Hoel and Isaksen (1995).

With the damage function above, the optimization problem is

maximize j:oe'” . [u( x,) —c(A)x,— d(S,)]dt

st. A,=x, (42)
S,=x,— 88,
x,=0.

The current value Hamiltonian for this problem is
H= “( xt) - c( A,)x, - d( X = 65,) +Ax+, (xt - SS,). (43)
The necessary conditions for an optimum are:

H :
=u(x,)—c(A)—d(5)+A+7<0 (=0forx>0), (44)

ox,

. oH

A —rA= —K =c'(A)x,, (45)

oH .

Y, —ry,= o —a8d($,) + 8y, (46)
A=x, (47)
S, =x,— 88, (48)
lime™"4, =0, (49)
tlin; e "y, =0. (50)

* The considerations above may to some extent be taken care of if one assumed that small changes
in the climate do not cause any damage. This can be specified as d(S) = d'(S) = 0 for |S| < K, where
K is a constant. If K > 85, for all 1, the decline in the atmospheric concentration of CO, will never be
large enough to make d'(S) negative (as |S|=|8S|< K for x =0). This will simplify some of the
results below, since in this case, the shadow price of the atmospheric stock, v, will always be
non-negative (see (55)). However, for > K, we will still have the two contradictory effects described
below (see (52)). This gives similar dynamic effects as if we assume that the ecological systems have
not adjusted, and there are therefore no adjustment costs when S falls back to its long-term level (i.c.,
d(8)=d'($)=0 for § <0, but d(S)> 0 and d'(S)> 0 for §> 0). In Section 2 above, we could in a
similar way argue that D(S)= D'(§)=0 for § < M, where M is a constant. This would not change

b

ilie main results, however, the carbon tax would reach zevo it Saite time when S, < M forall ¢.
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As in the previous sections, we define the scarcity rent as 7, = —A,. Using
u'(x,) = p,, we find from (44) that when x,> 0

p=c(A)—m, +d’('§t) Y- (51)

Since p, is the consumer price and c(A,) — m, is the producer price, the
optimal carbon tax at time ¢, o,, is:

o, = d’(st) — 7 (52)

where v, is the shadow price associated with accnmulated atmospheric stock up to

L
Proceeding precisely as we did to find (15) and (17), and in Appendix A in

deriving (A.1)-(A.6), and using S, » 0 as ¢ > = and 4'(0) = 0, we now find

™= j;we"(" 2%'(A,)x,dr, (53)
fim 7, =0, e
y,= Slwe"(” Xr=g (S, )dr, (55)
fim 3,=0. e
3,= 8]; e—(r+5X‘T"f)d”(s'1) . (;t[_ Ss.r)dq', (57)
tim 4, =0. (58)

Using these properties and defining ¢ as the iime derivative of o, we find that

lim o, =0, (59)
=
o,=d'(8,)- (%, —85)— ¥, (60)
lim 6, =0. (61)
=

Consider first the situation with an increasing stock of carbon in the atmosphere
($ > 0). Fossil fuel consumption (and extraction) increases the damage from
global warming via accelerated buildup ot the atmospheric stock (represented by
d'(-) in Eq. (52)), but on the other hand, this leads to a larger stock in the
atmosphere and therefore higher decay in the future. A high decay will reduce the
rate of change in the atmospheric stock, and hence the damage from global
warming. Note therefore, that while the shadow price of accumulated atmospheric
stock is r egative for the damage functions used in Section 2 and Section 3, where
damage was determined by the stock level (i.e., = —0<0), it is positive in the
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present case (y> 0) if S > 0 for a sufficiently long period. ® This is also shown in
Tahvonen (1995). Thus, a larger stock of carbon in the atmosphere represents a
cost if the damage is positively related to the level of this stock, while it represents
a benefit if the damage is positively related to the rate of change in the stock as
long as this stock is increasing for a sufficiently long period.

For § <0, an increase in fossil fuel consumption {and extraction) will reduce
the absolute value of S, |S], and therefore the adaption wosts. This effect gives a
lower optimal carbon tax, and is represented by d'(S) <0 in (52). However,
increasing fossil fuel cunsumption gives a larger stock of carbon in the atmc-
sphere, and therefore a larger decay of this stock in the future. This leads to even
lower values of S, and higher adaption costs, in the futurz. Thus, while the shadow
price of accumulated atmospheric stock may be positive for $ >0, it is negative
when § <0.

Increasing fossil fuel consumption may therefore give two contradictory effects.
From (52) we see that the carbon tax can be negative or positive depending on
which effect is the strongest. This is also a different result compared to the model
expressed in Section 2, where the optimal carbon tax is always non-negatlve

As seen from (57) and (60), the behaviour of the optimal carbon tax depends on
the evolution of the marginal damage over time (which is 3d'(S)/dt = d"(S) - (x
— 85)). The behaviour of o is rather complex, due to the two contradictory
effects described above. However, it is clear from (59) that the optimal carbon tax
will approach zero as time goes to infinity, as it did for the case treated in Section
2.

We shall conclude this section by considering ihe limiting case of 6 = 0. In this
case it follows from (48) that S = x and d(8) = d(x), i.e., in this case it is only the
flow of the emissions which matters for the environment. From (52) and (55) we
thus have

o,=d(x)>0, (62)
o,=d(x,)"x,. (63)

®The stock of carbon in the atmosphere may initially increase bu. eventually ii wili decline.
Therefore, the shadow price associated with accumulated atmospheric stock, y, may consist of both
positive and negative elements as d'(-)> 0 for $>0 and d'(-)<0 for §<0 (see kq. (55)). This
means that § has to be positive for a sufficiently long period for v to be positive.

7 Karlsen (1995) gives some simulation results for this model over a time horizon of 250 years,
where d(S)= aSP. B is set equal to 2, while a is calibrated such that the optimal tax initially (year
1995) corresponds to the marginal costs of CO, emissions in Hoel and Isaksen (1995), i.e., $60 per ton
of carbon, and Fankhauser (1994), i.e., $20 per ton of carbon, respectively. In both cases, the optimal
tax falls monotonically and reaches negative values after 140 and 130 years. An increase in the initial
value of the tax prclongs the period with positive taxation.
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The price development for this case follows from (51) ard (52) in combination
with (45) and (47):

p,=r-w,+o0,. (64)
Inserting (63) into (64) yields
f’t - d”(x,)fc,=r- ,. (65)

Since 7, > 0 for x> 0 from (53), and p and i must have opposite signs, we
see from (65) that

p>0,
i, <0, (66)

&, <0,

where the last inequality follows from (63) and d” > 0. For the special case of
6 =0, in which only the emission flow is of importance to the environment, the
optimal carbon tax should decline monotonically. The reason for this is that the
extraction will decline monotonically even in the absence of the externality,
implying that the marginal environmental cost of carbon emissions declines over
time.

5. Conclusions

Most papers on the economics of global warming concentrate on the external
effects from fossil fuels combustion without taking into account the exhaustibility
of these resources. This paper combines the theories of greenhouse externalitics
and non-renewable resources, to analyze several aspects of global warming.

The model presented in Section 2, defines the negative greenhouse externalities
as positively related to the stock of carbon in the atmosphere. The exhaustibility of
fossil fuels is modelled by increasing extraction costs in accumulated extraction. A
carbon tax is used to implement the optimal solution to this model. This tax should
initially be increasing but eventually fall and approach zero as time goes to
infinity. It should start decreasing before the stock of carbon it the atmosphere
reaches its maximum point.

The next problem analyzed is the depletion of fossil fuels if there exists a
non-poiluting backstop technology. If we ignore the external effects, the traditional
theory gives the result that the resource should be depleted until the price reaches
the cost of the backstop. At this price, consumers will switch immediately to the
backstop. Taking into account the greenhouse effect will give different time paths
for prices and extraction. When the consumer price of fossil fuels reaches the price
of the backstop, it will be optimal to consume both the backstop and fossil fuels.
This is due to a falling carben tax of fossil fuels, and therefore a fall in the
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consumer price if fossil fuels are not consumed. Total extraction will be the same
as for no external effects, but the greenhouse effect makes it optimal to slow down
the extraction and spread it over a longer period.

Changing the specification of the externalities to depend on the rate of change
in the atmospheric stock of carbon, changes the model quite significantly. While
the shadow price of the atmospheric stock was negative in the basic model,
indicating a cost of increasing the stock, it is positive in this new model if the
stock of carhon rises over a sufficiently long period. This is due to an increase in
the depreciation of carbon in the atmosphere when the stock of carbon increases,
which gives a lower rate of change in the fuiure stock. This effect can make the
optimal carbon tax negative even for high concentrations of carbon in the
atmosphere.
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Appendix A. Extraction of fossil fuels in the absence of a backstop technology

From (15) it follows that

o0

lim 7,=lim | e ""¢'(a,)x, dr/e”". (A.1)

t— o0 to>wJ;

Applying L’Hopital’s rule and using (13), we get

d(A)x
lim 7, = lim—(—Li =0 (A2)
t—>® t—> o r

Using the same techniques as above (replace ¢'(-)x, by D'(-) and r by
(r+ 8)), and given D'(0) =0, it follows from (17) that

D(S
lim 6, = lim (5,) =
t—> o t—> o (r+ 5)

0. (A3)

Consider (17). Integrating by parts yields, after some manipulation (as (r + 8)
# 0):

D'(S,) 1 ® JoD'(S,)
6 = + —(r+8)t~1y__ T/
C o (r+8) (r+9) -[, © or ar. (A4)
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Applying 7, = — A, and substituting (A.4) into (5) gives
D'(S,)

6 f ~(r+ )7~ t)
or

dr= [ e C*XOpr(s)) S dr.  (AS)
t
Then, inserting 7w, = — A, and (A.4) into (5), and applying (A.3) and S — 0, we
get
hme—hm(r+8)8—-hmD’(S) 0. (A.6)
t—®x
To show that once x, is positive, it will remain positive for ever, assume the
opposite: If x,> 0 for some interval [¢,,7,) and x, = 0 for some interval [,, t,],
then it follows from (3) and the definitions of #, and 6, that

u’(()) - c( ArZ) =W, + 012

W(0) —c(A,) <m,+6, for t€[t,1]. (A7)

But during the period [1,, ,] it follows from (15) and (19) that 7, is constant
and 0, is declining. This contradicts (A.7), and thus proves that x, cannot become
7ero in finite time once it has been positive.

To study the evolution of the tax, consider the condition

é,=(r+8)0,—D’(S,) (A.8)

which s derived from Eq. (5) and 7, = — A,. Suppose that there exist #, < t; (see
Fig. 3) such that

6,=0 fort=1, At=t,
A (A9)
6,>0 fort,<t<t,.

Thus 6 is changing from negative to positive at ¢, and back to negative at #,
since 6 is continuous. This means that the tax has a local minimum at #, and a
local maximum at 7,. Let @ be the time derivative of 6. From (A.8) we find

0.=(r+8)0,~D'(S,;S, (A.10)

As D'(S,)> 0 for all ¢, and 8,2 > 0 we sec from (A.10) that S ,, < 0. We also
see that 6,; <0 gives S,; > 0. Assuming S is continuous, there is a :* such that
1, <t” <t and S,- =0. Thus, S has a local minimum at ¢*. Since §,; > §,- and
S5 > S, , we must have x,;>x,.. Thus %,>0 for at least some value of
t &[t,,1;]. This contradicts our result in Section 2 that p,>0 and x,<0 for
6, > 0. Therefore, the optimal carbon tax cannot first decrease and later increase.
The optimal carbor: tax will therefore either be monotonicallly declining, or it will
initially increase and eventually decline. In both cases it will approach zero
asympiotically.
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Appendix B. Extraction of fossil fuels given a non-polluting backstop
technology

Consider first the case with no environmental externality. To see that we get an
instantaneous transition from resource extraction to substitute production in this
case, assume the opposite, i.e., that there exists a period with x,> 0 and y, > 0.
From (35) and (36) it follows that during this period

p(x,+y)=c(A)+m, (B.1)
p(x,+y)=¢, (B.2)

since 6, = 0 in the absence of an environmental externality (cf. (17)). Since c(A,)
is increasing over time when x, > 0, it follows from (B.1) and (B.2) that 7, must
be declining during this period. However, whenever x, and y, both are positive
(40) is valid, and together with (B.2) and é, =0 it follows that we must have
7, =0, i.e., 7, constant. We thus have a contradiction, proving that we cannot
have both x,>0 and y,> 0 during any time interval as long as there are no
environmental externalities.

Consider next the case in which we have an environmental externality, i.e.,
D'(S) > 0 for all §> 0. To see that it cannot be optimal to have x, =0 after a

g

v

S

v

t, ¢t ¢,

Fig. 3. An impossible evolutios: of the optimal carbon tax.
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period of x,> 0, assume the opposite, i.e., that there exists a ¢ such that x,> 0
for t<¢ and x,=0 for > 1. In this case y,> 0 for > ¢, and (35) and (36)
imply that

p(x,+y)=c(A)+m+0, for t<¥¢, (B.3)
p(x,+y)=¢c¢ for t>¢. (B.4)

By continuity of A,, 7, and 6, it follows that both of these two equations
holds for t=1'. From (15) we have 7, =0 for 1>, Together with x,=0 for
t> ¢, this implies that c¢(A,) + 7, is constant for > ¢. Moreover, from (7) it
follows that S, > 0 for all 1. (17) and (19) therefore imply that 6,>0 and 6, <0
for all 1>/ For all +>1 it thus follows that ¢(A,) + 7, + 0, is declining. But
this means that the inequality in (35) is violated for > ¢. It is therefore not
possible to find a ¢’ such that x,=0 for all 7> 7.
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