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1 Introduction 

An important environmental challenge during the next decades will be to 
reduce the impacts of global warming. Carbon dioxide (CO z) is the main 
greenhouse gas, and 70-75% of all CO2 emissions is due to combustion of fossil 
fuels (see for example Halvorsen c:~ ,a~., : ~  ~:~,~,, in most papers analyzing the 
economics of global warming, the supply of fossil fuels is modelled like any other 
good, and the exhaustibility of these resources is not considered. There have been 
many studies on externalities from fossil fuel consumption and the depletion of 
exhaustible resources (see, e.g., Dasgupta and Ileal, 1979; Baumol and Oates, 
1988; Pearce and Turner, 1990), but few authors have tried to combine these Iwo 
theories. Among the first studies is Sinclair (1992) who analyzes the impacts on 
consumer and producer prices of a constant carbon tax rate in addition to the 
development of an optimal carbon tax. He argues that in steady state, the ad 
valorem carbon tax should be falling over time. This is followed up in Ulph and 
Ulph (1994). The authors study the evolution of an optimal carbon tax using 
quadratic benefit and damage functions. They find that the carbon tax (in both 
absolute and ad valorem terms) should initially rise but eventually fall. Sinclair's 
conclusion, they argue, is driven by very special assumptions. Devarajan and 
Weiner (1991) use a two-period model to analyze the importance of international 
global warming agreements, assuming that the consumption of fossil fuels in 
peried two is the difference between the initial stock of fossil fuels and period one 
consumption. Finally, Withagen (1994) compares the optimal rate of fossil fuel 
depletion without greenhouse externality with the case where this externality is 
present. 

In this paper we combine, the theory of greenhouse externalities with the theory 
of exhaustible resources using the framework of a simple model described in 
Section 2. In line with Heal (1976), the model is one of economic exhaustion (zero 
long-term Hotelling rent) rather than physical exhaustion. The problems analyzed 
are the design of the optimal policy response under different damage functions; 
one in which the damage is due to the level of global warming, and the other 
where damage is related to the speed of climate ~hange. As the optimal policy 
response to global wanning may depend on how we specify the damages, it is 
important to study the optimal carbon tax under the different specifications of the 
damage function. 

Most studies analyzing the damage from global warming, specify the damage 
as a function of the temperature level or alternatively the atmosphe~% concentra- 
tion of greenhouse gases (GHGs). In Section 2, we apply this damage fenction to 
derive the optimal carbon tax under the exhaustibility assumption. Firs,*, the 
optimal policy response is analyzed without considering possible substitutes f.~r 
fossil fuels. However, even today there exist several alternatives to fossil fuels, 
albeit at higher costs. The traditional result from the theory of a competitive 
mining industry facing a backstop technology with a constant unit cost of 
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extraction less than the choke price, is that the industry will deplete the resource 
until the price reaches the cost of the backstop. At this price, the resource is 
exhausted, and the consumers will switch immediately to the backstop. With costs 
increasing in accumulated production, the results are similar (see Heal, 1976). 
Introducing external greenhouse effects, will, however, give some new results 
described in Section 3. 

Because the ecology, can adapt to a certain change in the climate, given that the 
rate of change is not too high, it can be argued that what matters is the speed of 
climate change (e.g., the rate of change in temperature or atmospheric concentra- 
tion) and not only the level of temperature itself. Thus, in Section 4 the optimal 
carbon tax is derivrM when the damage depends on the speed of climate change. 

The damage from global wanning probably depends on both the level of the 
climate as well as the rate t~f climate change. Therefore, damage functior~s taking 
into account only one of these elements must of course be considered as extreme 
cases. Analyzing the two elements so! arately, however, points out some main 
features. 

We summarize the conclusions in Section 5. 

2. Optimal depletion in the presence of global warming 

Let x be the extraction (and consumption) of all fossil fuels in carbon ur2ts. 
I11e benefits of the society from fossil fuel consumption, u(x), are assumed to 
iqcrease in current consumption ( u ' ( x ) >  O for all x), but the marginal utility is 
bounded above (u'(0) < ~) and decreasing (u"(x) < 0). Define u ( x ) =  S~P(s)ds, 
where p(x)  is the consumer price. The utility functior~, it(x), is thus identical to 
the. total willingness to pay, and the marginal utility equals the consumer price 
( l # t ( x )  -- p). i 

We define A t =/gx~d~" as the accumulated extraction of fossil fuels up to time 
t. The total extraction cost, c(A)x, increa~=es both with the current extraction rate 
(c(A) > 0 for all A) and the cumulative extraction up to date (c'(A)x > 0 for 
x > 0). Moreover, we assume that c ' (A) is bounded away from zero (i.e., that 
c ' (A) > e where e is some small positive number). No fixed quantity is assumed 
for the total availability of the resource (as for instance in Dasgupta and Heal, 
1979). However, in line with Farzin (1992), only a limited total amount will be 
economically recoverable at any time. This is due to the assumption c '(A) is 
bounded away from zero, which means that increasingly large quantities of the 
fossil fuel resource can be exploited only at increasingly higher incremental co~Is. 
With c ( A ) ~  oo as A ---> 0% it will be optimal to extract a finite amount of the 
resource since the marginal utility is bounded above. As we shall see, the 

i Bot,h utility and costs are measured in "money', i.e., in an unspecified numeraire good. 
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m 

cumulative extraction along the optimal path reaches an upper limit, A, defined by 
m 

c(A) = u'(0), as t -~ ~. 
S is the atmospheric stock of carbon in excess of the preindustrial stock, and 

D(S) expresses the negative externality of carbon consumption. Thus, the damage 
from global warming is a function of the atmospheric stock of carbon. We have 
not taken into account the lags between the atmospheric stock of carbon and the 
climate, a lagged adjustment process which is due to the thermal inertia of oceans 
(see Houghton et al., 1990, 1992). The stock is increasing in fossil fuel combus- 
tion, but decays with the depreciation rate 8 > 0, according to the atmospheric 
lifetime of CO 2. This is of course a simplification. The depreciation rate is 
probably not constant, but will decrease with time since a possible saturation of 
the carbon-sink capacity of the oceans as they get warmer, will give a longer 
lifetime of CO 2 in the atmosphere (see Houghton et al., 1990, 1992). However, we 
stick to this assumption, since it is widely employed in economic soadies of global 
warming, see, e.g., Nordhaus (1991, 1993), Peck and Teisberg (1992), Ulph and 
Ulph (1994) and Withagen (1994). The preindustrial stock is assumed t~ be an 
equilibrium stock, meaning that the atmospheric stock will approach the preindus- 
trial level in the long run (S ~ 0) when fossil fuels are exhausted. We assume that 
the damage can be described by an increasing and convex function of the 
atmospheric stock (i.e., D'(S)> 0 and D " ( S ) >  0 for all S > 0), 2 but that it is 
negligible for the initial stock increase ( D ' ( 0 ) = 0 ) .  There is no irreversible 
damage, which means that D(0 )=  0. 

We assume that the social planner maximizes the present value of welfare to 
the global society, i.e., he seeks an extraction path of fossil fuels which will 

maximize fo e-r" [u (x t )  - c (  At)x , - D(St)]dt 

S. t .  t~ t = X t , 

S, = x , -  8S , ,  

xt>O 

( l )  

where r > 0 is a discount rate which is fixed throughout the analysis. Moreover, 
we set A o = O, and from the definition of S it follows that S O > O. 

2 In several papers (see, e.g., Peck and Teisberg, 1992, Nordhaus, 1993 and Kverndokk, 1994) the 
damage is specified as a convex function of the temperature level. We simplify the matters since the 
temperature is positively related to the atmospheric stock of carbon. However, if the damage is a 
convex function of the temperature level, it is not necessary a convex function of the atmospheric stock 
of carbon since the relation between the temperature level and the stock is assumed to be logarithmic 
(see, e.g., Houghton et al., 1990, 1992). 
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The optimization problem above is solved using optimal control theory. The 
current value Hamiltonian is 

H =  u( x,)  - c( A t ) x  , -  D( S,) + A,x, + g, . ( x, - 6S,) 

and the necessary conditions for an opf, mum are 

OH 
= u ' ( x , ) - c ( A , ) + A , + g , < O  ( = 0 f o r  x, > 0),  

d x  t 

(2) 

(3) 

OH 
- ~ = c ' ( A , ) x ,  (4) . . , -  rA, = 

0tl, 

OH 
# , -  r/~, = - aS--~ = D ' ( S , )  + a T , ,  ( 5 )  

A, = x , ,  (6) 

= x,  - a s , ,  ( 7 )  

lim e - r a ,  = 0 ,  ( 8 )  

lim e - r ~ ,  = O. (9) 

From (4) and (5) it follows that A, and tat must be non-positive, as (8) and (9) 
otherwise would be violated. From (3) it therefore follows that 

u',(x,) >__ c ( A , )  for all t. (10) 

This inequality in turn implies that we must have 

A,<_A f o r a l l t  (11) 

where A is defined by 

c(A)=u'(O). ( 1 2 )  

Since A t is bounded above, x t must approach zero in the long run. Assuming 
c '(A) finite for all A we thus have 

lim x t = 0, 
1--.~ ~ 

l i m c ' ( A , ) x , = O .  (13) 

The solution to the model can be expressed by the consumer price p. Using 
u'(x)  = p  and (3), it is clear that whenever we have positive extraction, the 
consumer price is equal to the sum of the producer price and a carbon tax 0. The 
optimal carbon tax at time t, 0 t, is defined as the negative o f /x  t, where/i, t ( <  0) 
is the shadow cost associated with accumulated atmospheric stock up to t. The 
producer price is the sum of the marginal extraction cost, c(A), and the scarcity 
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rent 7r. As A t ( < 0) is the shadow cost associated with cumulative extraction up to 
t, the scarcity rent at time t, ~r,, is defined as the negative of A t. Eq. (3) may thus 
be rewritten as 

p, --- C( A t )  "~- 'It t "-[- 0 t ~-- c(  A t )  - A t - i t t .  ( 1 4 )  

To see how the price Pt and extraction rate x t of fossil fuels develop over time, 
we first find how ~r t and 0 t develop. Consider first the scarcity rent 7r,. Using the 
definition ~t = -At  together with the differential Eq. (4) and the transversality 
condition (8) we get 

oo 

= ft  e-r(~'- OCt(A~.) x T a T .  ( 1 5 )  71" t 

In Appendix A, it is shown that 

lim or, = O. (16) 
t - . -~  a¢ 

The scarcity rent thus converges to zero for t ~ ~. This is due to the increasing 
marginal extraction cost; The costs will be so high that an additional unit of fossil 
fuels extracted will not add to the welfare. 

As for the optimal carbon tax 0, it follows from the definition 0 t = -  i t ,  

together with the differential Eq. (5) and the transversality condition (9) that 

~o 

O, = ft e-¢" + 8)0.-t)O, (S,.) d"r ( 1 7) 

i.e., the optimal carbon tax is always equal to the discounted future negative 
externalities due to accumulation of carbon in the atmosphere. The expression for 
the optimal carbon tax is not dependent on exhaustibility. However, the following 
properties of the tax rest on the exhaustibility assumption (see Appendix A): 

lira 0 t = 0, (18)  

o ' =  f t  e - ¢ r + a X ~ ' - t ) D " ( S ' ) ' S ~ ' d ' r '  (19) 

lim t~ t = 0. (20) 

According to (18), the optimal carbon tax converges to 0 for t ~ w. The 
intuition behind this is as follows. As S ~ 0 for 8 > 0, there will be no cost 
associated with a marginal increase in the atmospheric stock when t ~ ~, thus 
It ~ !3. As the shadow cost reflects the optimal carbon tax, this will converge to 
zero for t -~ oo. 

From (17) we see that the carbon tax is positive as long as marginal damage is 
positive, that is as long as S > 0. It will smoothly approach zero in the long run as 
the stock of carbon in the atmosphere decays and reaches the equilibrium stock 
(see (18) and (20)). This means that the tax will be positive even if the 
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atmospheric stock declines after a certain time due to low extraction and consump- 
tion of fossil fuels; the decay of carbon in the atmosphere is higher than the 
additional carbon from new extraction (x  < 8S). 

Before considering the detailed development of the carbon tax, we now 
consider how the fuel price Pt, and thus fuel extraction x t, develop over time. 
Consider first total cumulative extraction over our infinite time horizon From (3), 
(!6) and (18) we have 

lira [u ' (x t )  - c (  At)  ] <0 .  (21) 
t . - - ,  oo 

Together with (10) and (13) this implies that 

lira A t = A (22) 
t . . . o  ~c 

where A is defined by (12). In other words, total cumulative extraction over the 
infinite time horizon is equal to A, independent of how much environmental harm 
the extraction causes. The environmental cost function thus only effects when 
extraction takes place. 

Consider next the price of the resource. From (14) and (6) we see that 

Pt=C'(  A t ) x t  +¢rt + Or. (23) 

Inserting (4) and % = - A ,  thus gives 

Pt = r~t + Or. (24) 

In the absence of a carbon tax (implying 0", = 0), the fuel price must therefore 
rise over time whenever we have positive extraction (since ~r, > 0). With a carbon 
tax, however, we cannot rule out the possibility that p, will decline, i.e., that there 
will be increasing extraction, over some intervals. For this to be the case, the 
carbon tax must be falling at a sufficiently rapid rate during such inte~als. 3 

Whenever resource extraction is positive, it moves in the opposite direction of 
the fuel price. From the result above it is thus clear that in the absence of a carbon 
tax, resource extraction must always be declining. With a carbon tax, however, we 
cannot rule out the possibility that there will be increasing extraction over some 
intervals. We cannot rule out an initial phase of x, = O, which may occur if the 

3 To have a better understanding of  the conditions under which p might decline over time, we can 
staCy the importance of  r and 6. If r = 0, ,~e see from (24) that/~ = 0", thus the price increases when 
the tax increases and falls when the tax falls. For ( r  + 6)  = 0, i.e., if there is no discounting and the 
lifetime of CO 2 in the atmosphere is infinite, Eq. (19) is no longer valid. In that case we can use the 
condition 0 " = ( r +  6 ) 0 - D ' ( S ) ,  which is derived from Eq. (5) and 0 = - / . t ,  and is valid for all 
values o f ( r  + 6 )  For ( r  + 6 ) =  0, we get O=  - D'(S), that is, the carbon tax is always falling and, 
therefore, has its maximum value at t = 0. The intuition is the following. Since we have no discounting 
and the carbon will stay in _the atmosphere forever, a unit of carbon emitted today is more damaging 
than a unit emitted in the future, :~j~ly because it stays around causing damage for a longer period. In 
this case p = - D'(S), and the price wiii ~ , : e f o ~  ~al! over the entire time horizon. 
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initial stock of carbon in the atmosphere is sufficiently high. However, in 
Appendix A it is shown that once x t is positive, it will be positive for ever after. 

We now consider the development of the optimal carbon tax in more detail. 
The behaviour of the carbon tax over time depends on whether the c~bon stock is 
increasing or decreasing (see (19)). From (19) and D" > 0 it is c~ear that if S t is 
declining from a time t 2 onwards, then 0 t wi!! be declining from a time t~ 
onwards ,  where  t i < t 2 if t 2 > 0 and r +  8 <  oo. Moreover, it is shown in 
Appendix A that once 0 t starts to decline (as we know from (18) that it will 
sooner or later), it will continue to decline: for ever. 

5 

0 

4 a .  

t 

t l  t 2  t 

Fig. 1. The atmospheric stock of carbon and the optimal carbon tax when damage is related to the level 
of the stock. 
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Fig. 1 shows the evol~.,don of the optimal carbon t ~  over time for the case 
when the stock of carbon in the atmosphere initially is increasing, after which it 
declines monotonically. As long as 0 < ( r  + 6) < ~, the optimal tax will start to 
decline before the stock of carbon in the au~osphere reaches its peak. This means 
that if the c ~ ' ~ n  stock ia the atmosphere is ever int:lea~,.:il~g, there exists a ~ c , d  
with a falling carbon tax and an increasing stock of carbon [n the atmosphere. 
When the stock of carbon declines (S < 0), the optimal carbon tax will definitely 
be falling. 4 The intuition behind this is as follows. We know that the marginal 
damage will be higher the larger is the stock of carbon in the atmosphere. Assume 
first that r ~ oo. Then, only damage in the current period counts, and the tar will 
therefore be equal to the current marginal damage. Thus, the tax will increase as 
long as S > 0 and fall for S < 0. For r < oo (and ~ < ~), that is, the social planner 
is not totally myopic and the lifetime of CO 2 in the atmosphere is not zero, future 
damages will also count. Since the marginal damage will start falling in the future 
due to a decreasing carbon stock, a unit emitted immediately before S reaches its 
maximum creates more damage than a unit emitted when S is at its maximum 
point. On the other hand, a unit of carbon emitted in the beginning of the planning 
period stays in the atmosphere when the carbon stock is low. Thus, this unit 
creates less damage than a unit emitted when S is at its maximum. The optimal 
carbon tax, which reflects all damages made by a unit carbon emitted, will 
therefore reach its maximum before the time giving the largest stock of atmo- 
spheric carbon. This is illustrated in Fig. 1. In this figure it is assumed that the 
carbon tax rises initially, while it falls from time t~ onwards when the stock of 
carbon is still increasing. The evolution of the carbon tax is consistent with the 
results of Ulph and Ulph (1994), who argue that the optimal carbon tax might 
initially rise but will eventually fall. However, they do not relate the behaviour of 
the optimal tax to the evolution of the stock of carbon in the atmosphere, but only 
claim that the carbon tax should definitely be falling once fossil fuels are 
exhausted. 

3. The optimal depletion with a non-polluting backstop technology 

So far, we have not explicitly considered the existence of substitutes for fossil 
fuels. However, substitutes such as nuclear power, hydro power, biomass, solar 
and wind power already exist. Assume that there exists a non-polluting perfect 
substitute for fossil fuels, y, with an unlimited stock and a constant unit cost, ?, 
where c(0) < ? < u'(0). In a competitive market, the price will be equal to this cost 
since there are no stock constraints. By definition, a backstop source is available in 
unlimited quantities at a constant marginal cost. The traditional result from the 

4 For ( r  + 6 )  = 0, see footnote 2. 
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theory of a competitive mining industry facing a backstop technology with the 
constant unit cost less than the choke price, but higher than the initial marginal 
extraction cost, is that the industry depletes the resource until the price reaches the 
cost of the backstop. At this price, the consumers will switch immediately to the 
backstop, of. Appendix B. (This result is also derived in for example Heal, 1976, 
and Dasgupta and Heal, 1979. But Dasgupta and Heal, 1979, assume a fixed 
quantity of the exhaustible resource.) The extraction path will be different in the 
presence of external greenhouse effects. By introducing the non-polluting backstop 
into the model from Section 2, the social planner seeks to 

oo  

maximize f0 e-rt" [ u( x, + y,) - c(A,)  x t - E'y, - D( S t) ] dt 

s.t. t (  t = x t, 

~, = x , -  8S, ,  

x,>_O, 

y t >  O. 

(25) 

The current value Hamiltonian for this optimization problem is thus 

H =  u (  x t + YI) - c ( A t )  x t - "cYt - O (  S t )  + ,~.txt + Id, t . ( x t -- 8 S t ) .  (26) 

Hence, the necessary conditions for an optimum are 

OH 
= u ' ( x t + Y t ) - c ( A t ) + A , + l z t < O  ( = 0  for x ,>  0), (27) 

Ox t 

OH 
= u ' ( x , + y , ) - ~ < O  ( = 0 f o r y , > 0 ) ,  (28) 

aYt 

OH 
A , - r A ,  . . . .  c ' ( A t ) x  ,, (29) 

OA t 

OH 
ix t - rlz, = - OS---~t = D ' (  S t) + 8lt  t , (30)  

/~, = x,, (31) 

St = xt - 8S,, (32) 

lim e - r a  t =0 ,  (33) 
I----~ oo 

lim e-r  ~t = 0. (34) 
t - - . ~  oo 

In accordance with Section 2, we define u ( z ) =  f ~ p ( s ) d s ,  z = x  + y, where 
p(z) is the consumer price. Then, u'(x + y ) =  p. Using (27), (28), ~r= - A  and 
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0 = - /~ ,  we see that along the optimal path, the consumer price has to-satisfy the 
following conditions: 

P(xt+Yt)<c(At )+'n ' t+O,  ( =  for xt > 0), (35) 

p ( x t + y , ) < ~  ( = f o r y t > 0 ) .  (36) 

The detailed development of fit and 0 t are much the same as what we found in 
Section 2. In particular, by proceeding as we did in Section 2, it can be shown that 
Eq. (13) and (15)-(20) are valid also for the present case. The same is true for Eq. 
(22), except that A is now defined by 

c( ,4)  = ~-. (37) 

It follows from these equations that the total amount extracted is independent of 
whether or not there is an environmental externality. However, the optimal 
extraction path depends on the externality. It is shown in Appendix B that the 
transition from resource extraction to substitute production in the presence of an 
environmental externality is gradual. Moreover, it follows from this proof that 
although x t ~ 0 as t - ,  oo, extraction will be positive for all finite t (except 
possibly during an initiail period, when it will be zero if S O is sufficiently high). 

During the period of transition, i.e., when both x t and Yt are positive, it 
follows from (35) and (36) that 

c(At) + ~t + Ot = ~- (38) 

Differentiating and using (6) and (29) gives 

0t = - r r r t  < 0, (39) 

that is, the optimal tax is falling with the same rate as the producer price is 
increasing, namely the discount rate times the scarcity rent. The intuition of the 
gradual transition is as follews. If we stop depleting fossil fuels when Pt = C, the 
stock of carbon in the atmosphere will decrease (St =-- - 6St < 0), and the potential 
optimal carbon tax will fall (see (19)). Tiffs me~_ns that the consumer price of fossil 
fuels will fall below ~, which again makes fossil fuels economically viab!e. 
Therefore, it will not be optimal to stop the extraction of fossil fuels. Thus, while 
the scarcity rent reaches zero when the extraction costs reaches the unit cost of the 
backstop in absence of externalities (see, e.g., Heal, 1976), the scarcity rent is 
positive over the entire time horizon in :he presence of externalities. 

Before p, = ~ is reached, it follows from (6), (29) and (35) that 

/~, = r'n" t + 0",. (40) 

Just as in the case without any backstop technology, we may have periods of a 
declining resource price, provided the carbon tax declines at a sufficiently rapid 
rate. 

The optimal consumer price path is illustrated in panel A of Fig. 2 (in this 
figure the consumer price is assumed never to decline). The censumer price of 
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A) 

B) 

¢ 

X 

..°'°'°°'"°'"°'" i 
ta tbi 

......... i ............ i 

r 

t 

ta tb t 

= With externalities 

........................... = Without externalities 

Fig. 2. Optimal extraction and consumer prices with a backstop technology. 

fossil fuels is constant and equal to the consumer price of the backstop technology 
(which is the unit cos0 from time t a onwards (see Fig. 2.A). 

Fig. 2.B illustrates the optimal extraction path of fossil fuels. With the 
greenhouse externality, both fossil fuels and the backstop technology will be 
consumed from time t a onwards. The advantage of consuming fossil fuels instead 
of the backstop is the lower production costs. The disadvantage is, however, the 
external effects. As the optimal tax approaches zero as time goes to infinity, the 
optimal fossil fuel extraction will also fall and approach zero in the long run. 

In Fig. 2, we have also compared the extraction path and the consumer price 
with the corresponding paths in the absence of external effects. As the total 
extraction is the same with the external effect as without, and the consumer price 
reaches ~ in finite time in both cases, accumulated extraction at time t b is higher 
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in the absence of external effects than with the external effects. Therefore, the 
extraction path without externalities will be higher than the path were greenhouse 
externalities are present (see Fig. 2.B). In the same way, in Fig. 2.A it is seen that 
the price path without externalities will be lower than the corresponding path with 
externalities. 

4. Environmental damage as a function of the rate of change in the atmo- 
spheric stock of carbon 

Most studies analyzing the damage from global warming assume that the 
damage is related to the temperature level (see, e.g, Nordhal~s, 1991, 1993; Peck 
and Teisberg, 1992; Kverndokk, 1994). However, it can be argued that the damage 
will depend as much on the rate of temperature change as on the absolute value 
itself, because the ecology is able to adapt to a certain temperature change. There 
are however costs of adapting to a new stage (see e.g. Tahvonen, 1995). If the rate 
of climate change is hi~h, there may be a period of large damage until the original 
species have been replaced by more resistant ones. While for instance agriculture 
may be quite adaptable to climate over the long term, unmanaged ecosystems are 
much less adaptable to change in temperature. Another example is human beings, 
who are capable of adjusting to climatic variations, and can live under more or less 
every climatic condition existing on earth. However, rapid changes in climate have 
impacts on human amenity, morbidity and mortality (see Fankhauser, 1992; Cline, 
1992). Some first attempts in this direction have been made by Tahvonen (1995), 
Tahvonen et al. (1994) and Hoel and Isaksen (1995). These papers, however, do 
not take into account the exhaustibility of fossil fuels. 

It is reasonable to believe that there are costs of adapting to a colder (S < 0) as 
well as a wanner climate (S ,> 0), and that these costs increase the higher is the 
rate of climate change. Theref6re, we assume that the damage is convex in the rate 
of atmospheric carbon accumulation. Further, there are no damage costs for a 
constant climate (S = 0), independent on the level of atmospheric concentration. 
Hence, if d(-) is the damage function, we have d(S) > 0 for S 4: 0, and d(0) = 0. 
We also assume that the damages are negligible for marginal changes in the stock 
under a constant climate (S = 0), giving d ' (0)= 0. The convexity of damages 
means: 

d ' (S)  > O f o r S > O  ^ d '(S) < O f o r S < O  

d'(g) > 0 for all 
(41) 

It should be noted that our way of modelling the fact that climate ,change is 
important to the environment is rather crude: It could be argued that it is not the 
current rate of temperature change at any particular moment (represented by S) 
which is important, but rather the speed at which the climate has been changing 
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over several decades. Our approach is particularly dubious for the beginning of a 
period of S < 0 after a long period of S > 0. In this case, one could argue that 
since the environment has not yet adapted to the wanner climate, it is better for the 
environment to have a declining St over a moderate period of time than having St 
consmt. For an attempt to introduce climate change ~ a more realistic (and more 
complicated) way than we have done here, see Hoel and lsaksen (1995). s 

With the damage function above, the optimization problem is 

maximize f e  - ' t .  [u (x t )  - c(  A t ) x  t - -  d ( S t ) ] d t  
"o 

s.t. /it = x,, (42) 

~, = x~ - 8S , ,  

xt>_O. 

The current value Hamiltonian for this problem is 

H = u(xt) - c(At) x t - d( x,- 8St) + i~tX t "l- 'Yt" ( Xt- 8St). (43) 

The necessary conditions for an optimum are: 

OH 
= u ' ( x , ) - c ( A t ) - d ' ( S t ) + A t + ~ / t < O  ( = 0  for x , >  0) (44) 

cg x t  --  , 

OH 
A,- rA t = 

OAt 

OH 
4 / , -  ry,  = 

OSt 

l~ t  --" X t '  

S t  = x t - ~ S t  , 

l im e - r a ,  --- 0 ,  
f----~ oo 

lira e-rt~, t = 0. 
I--.~ oo 

- ~ = c ' ( A t ) x  t ,  (45) 

- - - =  (46) 

(47) 

(48) 

(49) 

(50) 

s The considerations above may to some extent be taken care of if one assumed that small changes 
in the climate do not cause any damage. This can be specified as d(,~)= d'(S)-- 0 for I,~1 -< K, where 
K is a constant. If K > 8S t for all t, the decline in the atmospheric concentration of CO 2 will never be 
large enough to make d'(S) negative (as ISI = 18SI < K for x = 0). This will simplify some of the 
results below, since in this case, the shadow price of the atmospheric stock, ,/, will always be 
non-negative (see (55)). However, for ,~ > K, we will still have the two contradictory effects described 
below (see (52)). This gbJes similar dynamic effects as if we assume that the ecological systems have 
not adjusted, and there are therefore no adjustment costs when S falls back to its long-term level (i.e., 
d(S) = d'(S) = 0 for S < 0, but d(S) > 0 and d'(S) > 0 for S > 0). In Section 2 above, we could in a 
similar way argue that D(S) = D'(S) -- 0 for S < M, where. M is a constant. This would not change 
~ l . . _  ° 

mc n-tab1 results, however, the carbon tax would reach zero m fiai'~e time when S t < M for all t. 
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As in the previous sections, we define the scarcity rent as ~t = - A r  Using 
u ' ( x , ) = p , ,  we find from (44) that when x , >  0 

P t -  c( At )  - ~ ,  + d ' (S t )  - "Yt. (51) 
Since Pt is the c o n s u m e r  price and c(A t) - ~ r  t is the producer price, the 

optimal carbon tax at time t, tr t, is: 

or, = d ' (S,)  - ~/t (52) 

where % is the shadow price associated with accumulated atmospheric stock up to 
t. 

Proceeding precisely as we did to find (15) and (17), and in Appendix A in 
deriving (A.1)-(A.6), and using Sr ~ 0 as t ~ oo and d'(0) = 0, we now find 

ftt~- r(r- 'n', = ')c'( A r) x r d r ,  (53) 

lim Ir t = 0, (54) 

(ss) 

lim 3g = O, (56) 

(57) 

. m  = 0.  ( 58 )  

Using these properties and defining # as the time derivative of o', we fred that 

lim or, = O, (59) 

lim 6", - O. (61) 

Consider fwst the situation with an increasing stock of carbon in the atmosphere 
(S > 0). Fossil fuel consumption (and extraction) increases the damage from 
global warming via accelerated buildup ot the atmospheric stock (represented by 
d ' ( . )  in Eq. (52)), but on the other hand, this leads to a larger stock in the 
atmosphere and therefore higher decay in the future. A high decay will reduce the 
rate of change in the atmospheric stock, and hence the damage from global 
warming. Note therefore, that while the shadow price of accumulated atmospheric 
stock is r egative for the damage functions used in Section 2 and Section 3, where 
damage was determined by the stock level (i.e.,/~ = - 0 < 0), it is positive in the 
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present case (7 > 0) if S > 0 for a sufficiently long period. 6 This is also shown in 
Tahvonen (1995). Thus, a larger stock of carbon in the atmosphere represents a 
cost if the damage is positively related to the level of this stock, while it represents 
a benefit if the damage is positively related to the rate of change in the stock as 
long as this stock is increasing for a sufficiently long period. 

For S < 0, an increase in fossil fuel consumption (and extraction) will reduce 
the absolute value of S, ISI, and therefore the adaption costs. This effect gives a 
lower optimal carbon tax, and is represented by d ' (S)<  0 in (52). However, 
increasing fossil fuel consumption gives a larger stock of carbon in the atmo- 
sphere, and therefore a larger decay of this stock in the future. This leads to even 
lower values of S, and higher adaption costs, in the future. Thus, while the shadow 
price of accumulated atmospheric stock may be positive for S > O, it is negative 
when S < 0. 

Increasing fossil fuel censumption may therefore give two contradictory effects. 
From (52) we see that the carbon tax can be negative or positive depending on 
which effect is the strongest. This is also a different resu|t compared to the model 
expressed in Section 2, where the optimal carbon tax is always non-negative. 7 

As seen from (57) and (60), the behaviour of the optimal carbon tax depends on 
the evolution of the marginal damage over time (which is O d ' ( S ) / 3 t  - -  a e ' ( ~ ) .  ( jc  
-8S) ) .  The behaviour of or is rather complex, due to the two contradictory 
effects described above. However, it is clear from (59) that the optimal carbon tax 
will approach zero as time goes to infinity, as it did for the case treated in Section 
2. 

We shall conclude this section by considering the limiting case of 8 = 0. In this 
case it follows from (48) that S = x and d(S) = d(x), i.e., in this case it is only the 
flow of the emissions which matters for the environment. From (52) and (55) we 
thus have 

= d ' ( x , )  > 0, (62) 

fr, = d " (  x t )  . Jc t. (63) 

6 The stock of carbon in the atmosphere may initially increase bu; eventually it wiil decline. 
Therefore, the shadow price associated with accumulated atmospheric stock, y, may consist of both 
positive and negative elements as d ' ( - )>  0 for ,~ > 0 and d ' ( - )<  0 for S < 0 (see I~1. (55)). This 
means that S has to be positive for a sufficiently long period for 1' to be positive. 

7 Karlsen (1995) gives some simulation results for this model over a time horizon of 250 years, 
where d(S)= aS ~. /3 is set equal to 2, while a is calibrated such that the optimal tax initially (year 
1995) corresponds to the marginal costs of CO 2 emissions in Hoel and Isaksen (1995), i.e., $60 per ton 
of carbon, and Fankhauser (1994), i.e., $20 per ton of carbon, respectively. In both cases, the optimal 
tax falls monotonically and reaches negative values after 140 and 130 years. An increase in the initial 
value of the tax prolong~ the period with positive taxation. 
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The price development for this case follows from (51) ar.d (52) in combination 
with (45) and {147): 

P t =  r" zr, + Fr,. ( 6 4 )  

Inserting (6,3) into (64) yields 

p, - d ' (  x , )  Sc, = r .  ~r,. (65) 

Since ~r, > 0 for x > 0 from (53), and p and Jr must have opposite signs, we 
see from (65) that 

/~, > 0, 

Jr, <0 ,  

e,<0, 
(66) 

where the last inequality follows from (63) and d '  > O. For the special case of 
8 = 0, in which only the emission flow is of importance to the environment, the 
optimal carbon tax should decline monotonically. The reason for this is that the 
extraction will decline monotonically even in the absence of the externality, 
implying that the marginal environmental cost of carbon emissions declines over 
time. 

5. Conclusions 

Most papers on the economics of global warming concentrate on the external 
effects from fossil fuels combustion without taking into account the exhaustibility 
of these resources. This paper combines the theories of greenhouse externalities 
and non-renewable resources, to analyze several aspects of global warrcdng. 

The model presented in Section 2, defines the negative greenhouse externalities 
as positively related to the stock of carbon in the atmosphere. The exhaustibility of 
fossil fuels is modelled by increasing extraction costs in accumulated extraction. A 
carbon tax is used to implement the optimal solution to this model. This tax should 
initially be increasing but eventually fall and approach zero as time goes to 
infinity. It should start decreasing before the stock of carbon iiJ ~e  atmosphere 
reaches its maximum point. 

The next problem analyzed is the depletion of fossil fuels if there exists a 
non-polluting backstop technology. If we ignore the external effects, the traditional 
theory gives the result that the resource should be depleted until the price reaches 
the cost of the backstop. At this price, consumers will switch immediately to the 
backstop. Tak/ng into account the greenhouse effect will give different time paths 
for prices and extraction. When the consumer price of fossil fuels reaches the price 
of the backstop, it will be optimal to consume both the backstop and fossil fuels. 
This is due to a falling carben tax of fossil fuels, and therefore a fall in the 
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consumer price if fossil fuels are not consumed. Total extraction will be the same 
as for no external effects, but the greenhouse effect makes it optimal to slow down 
the extraction and spread it over a longer period. 

Changing the specification of the externalities to depend on the rate of change 
in the atmospheric stock of carbon, changes the model quite significantly. While 
the shadow price of the atmospheric stock was negative in the basic model, 
indicating a cost of increasing the stock, it is positive in this new model if the 
stock of carbon rises over a sufficiently long period. This is due to an increase in 
the depreciation of carbon in the atmosphere when the stock of carbon increases, 
which gives a lower rate of change in the future stock. This effect can make the 
optimal carbon tax negative even for high concentrations of carbon in the 
atmosphere. 
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Appendix A. Extraction of fossil fuels in the absence of a backst.qp technology 

From (15) it follows that 
co 

lim art= lim f e-r~'c'( ttr)xrdT//e -rt. (A.I) 
t ---~ ov t---~ oo "t  

Applying L'H6pital's rule and using (13), we get 

c ' ( A t ) x  t 
lim ,rr t = lim = O. (A.2) 
t--,~ t--,® r 

Using the same techniques as above (replace c'(.)x t by D'(-)  and r by 
(r  + 6)), and given D'(0) = 0, it follows from (17) that 

D'(S,) 
lim 0 t = lim = 0. (A.3) 
t - ~  t o ® ( r + 8 )  

Consider (17). Integrating by parts yields, after some manipulation (as (r  + c5) 
~= 0): 

f e -(r+"X~'-OOo'(S~') 
0,= ( r +  8) + ( r +  8) -t 0~" d~'. (A.4) 
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Applying ,r, = - A  t and substituting (A.4) into (5) gives 

Ot'= ft e-(r+SXr-t)- O'r" d'c~ ft e-(r+SXr-t)O"(S') 'SzdT" (A.5)  

Then, inserting *G = - A, and (A.4) into (5), and applying (A.3) and S ~ 0, we 
get 

lim/Jr = lim ( r + 8 ) 01 - iim D' ( S t) = 0. 
t-.-¢ o¢ t---~ o¢ t - -~  o~ 

(A.6) 

To show that once x t is positive, it will remain positive for ever, assume the 
opposite: If x t>  0 for some interval [t~,t 2) and x t - O  for some intercal [t2, t3], 
then it follows from (3) and the definitions of ~t and 0 t that 

¢ ( o )  = + 0,,. 

¢ ( 0 )  - c (  A ,2 ) <- ,rf, + 0 t for t E [ ta, t3]. 
(A.7) 

But during the period [t2, t3] it follows from (15) and (19) that ,r t is constant 
and 01 is declining. This contradicts (A.7), and thus proves that x t cannot become 
zero in finite time once it has been positive. 

Fo study the evolution of the tax, consider the condition 

Ot= (r + ,3 )OI- D'( St) ( A . 8 )  

which is derived from Eq. (5) and ~', = - A,. Suppose that there exist t2 < t3 (see 
Fig. 3) such that 

/}r=0 for t - "  t 2 A t = t 3 

A 

O, > 0 for t 2 < t < t 3. 

(A.9) 

Thus 0 is changing from negative to positive at t 2 and back to negative at t 3 
since 0 is continuous. This means that the tax has a local minimum at t2 and a 
local maximum at t 3. Let  0 be the time derivative of 0. From (A.8) we find 

O . = ( r +  8)O,- - l~ ' (S ,?{ , .  (A.IO) 

As D".(S,) > 0 for all t, and 0,2 > 0 we see from (A.i0) that St2 <( 0. We also 
see that Or3 < 0 gives St3 > 0 Assuming S is continuous, there is a t* such that 
t.2 < t * < t 3 and St" = 0. Thus, S has a local minimum at t *. Since St3 > S t. and 
St3 > Sf., we must have xt3 > xt . .  Thus 5r~ > 0 for at least some value of 
t ~ It 2, t3]. This contradicts our result in Section 2 that #t > 0 and .t t < 0 for 
0t > 0. Therefore, the optimal cax~n tax cannot first decrease and later increase. 
The optimal carbon tax will therefore either be monotonicallly declining, or it will 
initially increase and eventually decline. In both cases it will approach zero 
asymptoacally. 
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Appendix B. Extraction of fossil fuels given a non.polluting backstop 
technology 

Consider first the case with no environmental externality. To see that we get an 
instantaneous transition from resource extraction to substitute production in this 
case, assume the opposite, i.e., that there exists a period with x t > 0 and y, > 0. 
From (35) and (36) it follows that during this period 

p (  xt + y , )  = c (  A t )  + "n" t, (B.I) 
P( xt + YI) = c, (B.2)  

since 0 t = 0 in the absence of  an environmental externality (cf. (17)). Since c ( A  t) 

is increasing over time when x t > 0, it follows from (B.I)  and (B.2) that It, must 
be declining during this period. However, whenever x, and y, both are positive 
(40) is valid, and together with (B.2) and 0 t = 0 it follows that we must have 
• ", = 0, i.e., 7r t constant. We thus have a contradiction, proving that we cannot 
have both x t > 0 and Yt > 0 during any time interval as long as there are no 
environmental externalities. 

Consider next the case in which we have an environmental externality, i.e., 
D'(S)  > 0 for all S > 0. To see that it cannot be optimal to have x t = 0  after a 

t2 t3 

\ 

L 
v 

t2 t* t3 
Fig. 3. An impossible evolutio~ of the optimal carbon tax. 
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period of  x t > 0, assume the opposite, i.e., that there exists a t' such that x, > 0 
for t < t' and x, = 0 for t > t'. In this case Yt > 0 for t > t', and (35) and (36) 
imply that 

P ( x t + Y t ) - c ( A ~ ) + c r , + O  t for t < t ' ,  (B .3 )  

p(  xt + yt )  = ~ for t > t'. (B .4 )  

By continuity of  A t, ¢rt and 0 t it follows that both o f  these two equations 
holds for t =  t'. From (15) we have ¢rt = 0  for t > t', Together with x~ = 0  for 
t > t', this implies that c (A  t) + ¢rt is constant for t > t'. Moreover, from (7) it 
follows that S t > 0 for all t. (17) and (19) therefore imply that 0 t > 0 and 0t < 0 
for all t > t'. For all t > t' it thus follows that c ( A  t) + ¢tt + 0 t is declining. But 
this means that the inequality in (35) is violated for t > t'. It is therefore not 
possible to find a t' such that x~ = 0 for all t > t'. 
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