
Brief introduction to Monte Carlo Simulation

A Monte Carlo method consists of

• representing the solution of a problem as a parameter of a hypothetical population, and

• using a random sequence of numbers to construct a sample of the population, from which
statistical estimates of the parameter can be obtained.

This is also sometimes referred to as stochastic simulation. The objective is to estimate an integral
ˆ

X

f(x)dx

which is analytically intractable. As an example, consider that it is raining i.i.d. raindrops uniformly
on the following square:

This the same as saying that the two coordinates X,Y i.i.d.∼ U [−1, 1]. The probability that a
rain drop falls into the dark circle equals

Pr(drop in circle) = area of the unit circle
area of the square = {x2 + y2 ≤ 1}´

{−1≤x,y≤1} 1dxdy
= π

2 · 2 = π

4

which means that if we know π, then we can compute P (drop in circle). Consider n independent
raindrops, then the number of rain drops falling in the dark circle, Z, is a binomial random variable:
Z ∼ B(n; p) with p = P (drop in circle). We know from our Statistics class that we can estimate p
by

p̂ = Z

n

which in turn implies that we can estimate π by

π̂ = 4p̂ = 4Z
n

We simulated some data and obtained the following for n = 100 raindrops:
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where we counted 93 points inside the dark circle. This gives us the following estimate for π,
π̂ = 4Zn

n = 4·93
100 = 3.76 (which is a rather poor estimate). However: the law or large numbers

guarantees that
π̂ = 4Z

n
→ π a.s. as n→∞

as illustrated here

To summarize recall the two steps used in our example

1. We have written the quantity of interest as an expectation:

π = 4 · P (drop in circle) = E[4 · 1{drop in circle}]

2. We have replaced this algebraic representation of the quantity of interest with its sample
approximation

• law of large numbers guarantees sample approximation converges to the algebraic
representation

In practice, using Monte Carlo simulation to investigate the properties of your estimator/test/etc is
straightforward:

• Generate a sample (size N) using your population model (the data generating process)

• Calculate your estimates/statistics

• Repeat this M times (when you are interested in the tails of a distribution you need more
replications than when you are interested in the center)

Because you know the data generating process, you can now use the empirical distribution of your
estimates/statistics to verify questions like the following:

• are estimates consistent when N →∞?

• does the standard deviation of my estimates correspond to the estimated standard error?

• do rejecting levels of statistics match the rejection levels implied by their theoretical distribu-
tions?
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