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Abstract

This paper proposes a new estimator for a panel data Tobit model in which the unobserved individual specific

effects are allowed to correlate with the explanatory variables. A maximum likelihood estimator is based on taking

first differences of the equation of interest. This helps to alleviate the sensitivity of the estimates to a specific

parameterization of the individual specific effects and some Monte Carlo evidence is provided in support of this.
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1. Introduction
The literature on nonlinear panel data models essentially suggests two approaches to estimating a

model in which the individual specific effects are allowed to correlate with the explanatory variables.1 The

first is a fixed effects approach (Honoré, 1992; Kyriazidou, 1997) for which consistency does not require

any assumptions on the individual specific effects but does require an additional distributional

assumption.2 The second is a random effects approach (Nijman and Verbeek, 1992; Wooldridge, 1995)
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1 See Honoré (2002) for a survey on the estimation of nonlinear models with panel data.
2 For instance the stationarity assumption in Honoré (1992). It is noteworthy, however, that Honoré’s estimator is median

unbiased even in finite samples if there is only one regressor (Campbell and Honoré, 1993). Chen and Khan (1998) propose an

alternative to Honoré’s estimator under weaker distributional assumptions by imposing a (weak) structure on the individual

specific effects.
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for which consistency does not require additional distributional assumptions but does require a correct

specification of the correlation between the individual specific effects and the explanatory variables. This

latter approach is followed in this study to provide a new estimator for a panel data Tobit model. The main

comparative advantage of the random effects approach is that it yields a fully specified model that can be

used for calculating the marginal effects.

To allow for correlation between the individual specific effects and the explanatory variables, the

random effects approach follows Mundlak (1978) and Chamberlain (1984) in modeling this correlation

explicitly, assuming a specific parameterization of the individual specific effects as a function of the

explanatory variables and random individual specific effects. This is often referred to as the conditional

mean independence assumption (Wooldridge, 1995). A convenient choice often made is to model the

individual specific effects as a linear combination of the averages over time of the explanatory variables

plus random individual specific effects. Intuitively this is an appealing approach since in the absence of

censoring (i.e. when a panel data linear regression model is estimated) this approach yields the familiar

‘within’ estimates (Mundlak, 1978).

Unlike the panel data linear regression model, in a panel data censored regression model consistency

of the estimates is based on the assumption of correctly specified individual specific effects. Hence,

estimates turn out to be sensitive to the parameterization of the individual specific effects. For this reason

one may wish to use a more flexible parameterization of the individual specific effects (Zabel, 1992;

Wooldridge, 1995). This can, however, increase the number of parameters dramatically. An alternative

solution proposed in this paper is to start by eliminating the individual specific effects from the equation

of interest and setting up the likelihood function based on taking first differences of the equation of

interest. Following the studies discussed above, in the selection part of the model the individual specific

effects are parameterized as a function of the explanatory variables and random individual specific

effects. To allow for arbitrary serial correlation estimation takes place in two steps: maximum likelihood

is applied to each pair of consecutive periods and then a minimum distance estimator is employed to

obtain estimates of the parameters of interest. The parameter estimates derived from this approach are

less sensitive to a specific parameterization of the individual specific effects than when using a standard

panel data Tobit estimator. Monte Carlo evidence is provided in support of this. In this respect, the

proposed estimation procedure can be regarded as a bias reduction strategy for the possible bias caused

by misspecification of the individual specific effects. Also the estimation procedure is relatively easy to

carry out, hence it may provide a powerful tool for analyzing censored panel data.
2. A panel data Tobit model with individual specific effects

The model of interest is formulated as follows:

yit* ¼ Xitb þ ai þ eit;
yit ¼ maxð0; yit*Þ; i ¼ 1; . . . ;N ; t ¼ 1; . . . ;T : ð1Þ

The individual is indexed by i and the time period by t:Xit is a ð1� KÞ vector of exogenous variables,
b is a ðK � 1Þ vector of the parameters of interest and ai is an unobserved individual specific effect

that may be correlated with Xit: The latent dependent variable is censored at zero and only yit is

observed. The error term eit is assumed to be a normal random variable with mean zero and variance
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r2
e;t; eitfNð0;r2

e;tÞ; and is allowed to be arbitrary serially correlated. The panel data is characterized by

having a large number of individuals over a short period of time.

Following Mundlak (1978), Zabel (1992) and Nijman and Verbeek (1992) specify the individual

specific effect as a linear function of the averages over time of all exogenous variables plus a random

individual specific effect that is assumed to be independent of the explanatory variables3:

ai ¼ X̄ic þ li; X̄i ¼
1

T

XT
s¼1

Xis: ð2Þ

The random individual specific effect li is assumed to be a normal random variable with mean zero and

variance r2
l;lifNð0; r2

lÞ:
Substituting Eq. (2) in model (1) yields:

yit* ¼ Xitb þ X̄ic þ uit;
yit ¼ maxð0; yit*Þ; i ¼ 1; . . . ;N ; t ¼ 1; . . . ;T

ð3Þ

where uit ¼ li þ eit with, given the distributional assumptions, uitfNð0;r2
t Þ where r2

t ¼ r2
l þ r2

e;t:

2.1. Method A: a standard panel data Tobit estimator (S-Tobit)

The estimation of model (3) is done in two steps in order to take into account arbitrary serial

correlation (Wooldridge, 1995). In the first step one obtains maximum likelihood estimates per period

(Tobin, 1958):

ĥt ¼ argmax
h

XN
i¼1

1� Ið0;lÞðyitÞ
� �

ln L1it
� �

þ Ið0;lÞðyitÞln L2it
� �� �

; ð4Þ

where

ht ¼ ðbt; ct; rtÞ; L1it ¼ U
�ðXitb þ X̄icÞ

rt

� �
and L2it ¼

1

rt

/
yit � ðXitb þ X̄icÞ

rt

� �
:

Ið0;lÞðyitÞ is an indicator function equal to 1 if yit is greater than 0 and equal to 0 otherwise. The standard

normal distribution function is denoted by Uð:Þ and the standard normal density function by /(.). In the

second step a minimum distance estimator using the optimal weighting matrix is employed to impose the

restrictions {b ¼ b and c ¼ c; bt} (Chamberlain, 1984).
t t

3 This specification yields a statistical model that depends on T. This may be considered an undesirable feature of the model

when using unbalanced panel data. Honoré (2002) has an excellent discussion on this issue.
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2.2. Method B: a panel data Tobit estimator based on first differences (FD-Tobit)

In order to alleviate the sensitivity of the parameter estimates to a specific parameterization of the

individual specific effects this paper proposes to start by eliminating the individual specific effects from

the main equation by taking first differences:

Dyit* ¼ DXitb þ git i ¼ 1; . . . ;N ; t ¼ 1; . . . ; T ; ð5Þ

Dyit ¼ Dyit* if yis* > 0 and yit* > 0

unobserved otherwise

�

Where s ¼ t � 1;Dyit* ¼ yit*� yis*;DXit ¼ Xit � Xis and git ¼ uit � uisðueit � eisÞ: The correlation coef-

ficient of uis and uit is denoted by qt and, as previously defined, uitfNð0; r2
t Þ: Given the distributional

assumptions: gitfN 0; r2
g;t

� �
with r2

g;t ¼ r2
s � 2qtrsrt þ r2

t :
The probability of observing positive values of the dependent variable in both period s and t is

given by:

P yis* > 0; yit* > 0
� �

¼ Pr uis > �Xisb � X̄ic; uit > �Xitb � X̄ic
� �

;

¼ U2

Xisb þ X̄ic
rs

;
Xitb þ X̄ic

rt

;qt

� �
uFit

ð6Þ

where U2ð:Þ denotes the bivariate standard normal distribution function.

The density function of the first difference gitðuuit � uisÞ conditional on observing positive values of

the dependent variable in both period s and t is given by (see Appendix A):

f ðgitjyis > 0; yit > 0Þ ¼ f ðgitjuis > �Xisb � X̄ic; uit > �Xitb � X̄icÞ;

¼ 1

Fit

1

rg;t
/

git
rg;t

� �

�U min

Xisb þ X̄ic þ
r2
t � qtrsrt

r2
g;t

� 1

 !
git

rsrt

rg;t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

t

q ;

Xitb þ X̄ic þ
r2
t � qtrsrt

r2
g;t

 !
git

rsrt

rg;t

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

t

q
8>>>><
>>>>:

9>>>>=
>>>>;

0
BBBB@

1
CCCCA: ð7Þ

The maximum likelihood estimate of ht ¼ ðbt; ct;rs;rt; qtÞ is given by:

ĥt ¼ argmax
h

XN
i¼1

ðð1� Ið0;lÞð yisÞIð0;lÞð yitÞÞlnð1� FitÞ

þIð0;lÞð yisÞIð0;lÞð yitÞlnð f ðDyit � DXitbj yis > 0; yit > 0Þ � FitÞÞ:
ð8Þ
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Next, a minimum distance estimator is employed to impose the restriction fbt ¼ b and ct ¼ c;btgusing
the optimal weighting matrix.
3. A Monte Carlo experiment

The main idea behind constructing an estimator for a panel data Tobit model based on first

differences is to reduce the bias due to misspecification of the individual specific effects. A Monte

Carlo study is carried out to provide some empirical support for this idea. The proposed estimator

based on first differences, i.e. method B of Section 2.2, is compared with the standard panel data

Tobit estimator, i.e. method A of Section 2.1. Details of the design are given at the bottom of Table 1.

The simulations are based on 100 replications and the values chosen for N and T are, respectively,

{500, 1000} and {2, 4, 8}. The panel data Tobit model is estimated using the parameterization

of the individual effects as specified in Eq. (2). Hence, given the design, the model is

misspecified. The simulation results reported in Table 1 provide some measure of the relative

performance of the two estimators under misspecification of the individual specific effects. The

results in Table 1 have to be interpreted with caution since they may depend on the particular

design chosen.

Although the simulation results (in particular the MAD) show that both estimators yield inconsistent

estimates, the estimator based on first differences (i.e. method B: FD-Tobit) yields an estimate that is

less sensitive to misspecification of the individual specific effect, relative to the standard Tobit

estimator (i.e. method A: S-Tobit). The bias reduction when using method B instead of method A is

substantial: up to 80% in this particular example. Similar to the suggestion of Zabel (1992), in

empirical studies one can test whether or not a more flexible parameterization of the individual specific

effects is needed. A remark concerning efficiency is that using the FD-Tobit estimator instead of the S-

Tobit estimator is likely to result in a loss of efficiency.

A final remark is that the estimation procedure based on eliminating the individual specific effects

from the main equation by taking first differences can be extended to other nonlinear panel data models.
Table 1

Simulation results: MB is the mean bias, RMSE is the root mean squared error, MedB is the median bias and MAD is the

median absolute deviation

b ¼ 1 Method A: S-Tobit Method B: FD-Tobit

N T MB RMSE MedB MAD MB RMSE MedB MAD

500 2 0.104 0.079 0.106 0.106 0.010 0.093 0.005 0.066

500 4 0.141 0.064 0.136 0.136 � 0.005 0.051 � 0.006 0.029

500 8 0.102 0.040 0.100 0.100 � 0.003 0.032 � 0.004 0.022

1000 2 0.084 0.065 0.087 0.090 � 0.008 0.084 � 0.014 0.055

1000 4 0.142 0.043 0.137 0.137 0.001 0.033 � 0.000 0.019

1000 8 0.095 0.025 0.096 0.096 � 0.002 0.021 � 0.001 0.012

The data is generated as follows: yit ¼ maxð0; 0:2þ Xit þ ai þ eitÞ: So the true value of b is 1. Xit ¼ 0:8Xit�1 þ nit;
eit ¼ 0:4eit�1 þ fit; Xi1 ¼ ni1; ei1 ¼ fi1. All three error terms (eit; nit; fit) are N(0, 1) distributed. The individual specific effect is
non-linear in the time-averages of the explanatory variables: ai ¼ X̄ijX̄ij þ li; lifNð0; 1Þ; i ¼ 1; . . . ;N ; t ¼ 1; . . . ; T :
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An example is Rochina-Barrachina (1999) who employs a random effects estimator based on first

differences to estimate the panel data sample selection model considered by Kyriazidou (1997)4.
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Appendix A. The truncated density function of the first difference

X and Y are two jointly distributed normal random variables:

X

Y

� �
fN

lX

lY

� �
;

r2
X qrXrY

qrXrY r2
Y

� �� �
ðA:1Þ

The density function of ðX ;Y Þ is the bivariate normal density function and is denoted by fXY ðx; yÞ:Given
the properties of the normal distribution, the random variable Z ¼ X � Y is a normal random variable:

ZfN lZ ;r
2
Z

� �
with lZ ¼ lX � lY and r2

Z ¼ r2
X þ r2

Y � 2qrXrY : The density function of Z is denoted

by fZðzÞ: The density function of Z given X > a and Y > b is given by:

fZjX>a;Y>bðzjX > a;Y > bÞ ¼ AP Z < zjX > a; Y > bð Þ
Az

: ðA:2Þ

The conditional distribution function in the numerator can be written as follows:

P Z < zjX > a;Y > bð Þ ¼ P Z < z;X > a;Y > bð Þ
P X > a; Y > bð Þ : ðA:3Þ

The denominator at the right hand side of Eq. (A.3) is given by:

P X > a; Y > bð Þ ¼
Zl
a

Zl
b

fXY ðx; yÞAyAx: ðA:4Þ

The numerator at the right hand side of Eq. (A.3) can be written as follows:

P Z < z;X > a;Y > bð Þ ¼ P X � Y < z;X > a;Y > bð Þ;
¼ P Y > X � z;X > a;Y > bð Þ;
¼ P X > a;Y > max X � z; bf gð Þ;

¼
Zl
a

Z
max x�z;bf g

l

fXY ðx; yÞAy

2
64

3
75Ax:

ðA:5Þ
4 Kyriazidou (1997) employs a fixed effects estimator and requires for consistency the so-called joint conditional

exchangeability condition..
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To derive the density function we need to take the derivative of Eq. (A.5) with respect to z:

AP Z < z;X > a; Y > bð Þ
Az

¼
Zl
a

fXY ðx; x� zÞ � Iðbþz;lÞðxÞ
! "

Ax;

¼
Zl

max a;bþzf g

fXY ðx; x� zÞAx;

¼ fZðzÞ
Zl

max a;bþzf g

fX jZðxjzÞAx:

ðA:6Þ

With:

X jZfN lX þ r2
X � qrXrY

r2
Z

ðz� lZÞ;
r2
Xr2

Y

r2
Z

ð1� q2Þ
� �

: ðA:7Þ

Combining Eqs. (A.2), (A.3), (A.4) and (A.6) yields the density function of the first difference Z given

X > a and Y > b:

fZjX>a;Y>bðzjX > a;Y > bÞ ¼

fZðzÞ
Zl

max a;bþzf g

fX jZðxjzÞAx

Zl
a

Zl
b

fXY ðx; yÞAyAx:

ðA:8Þ

With:

fZðzÞ ¼
1

rZ

/
z� lZ

rZ

� �
; ðA:9ÞZ l

max a;bþzf g

fX jZðxjzÞAx

¼ U min �
a� lX � r2

X
�qrX rY

r2
Z

ðz� lZÞ
� �

rX rY

rZ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p ;�
bþ z� lX � r2

X
�qrX rY

r2
Z

ðz� lZÞ
� �

rX rY

rZ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
8<
:

9=
;

0
@

1
A;

ðA:10Þ

and

Zl
a

Zl
b

fXY ðx; yÞAyAx ¼ U2

�ðb� lY Þ
rY

;
�ða� lX Þ

rX

; q

� �
: ðA:11Þ

Where the standard normal density function is denoted by /ð:Þ; the standard normal distribution function

is denoted by Uð:Þ and the bivariate standard normal distribution function is denoted by U2ð:Þ.
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