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 you will do this in a less handwaving way. 

Sec 4.1,.4.2, 4.3, 4.6  of the notes 

Let us set it up anyway… 



The material for Prof 



The material for student 



The classes and exercises 

It’s perfectly fine to make mistakes 
You’ve got to try it (again and again and again) 



Today…. 



Summary 
Perturbations do not grow in radiation dominated era inside the horizon 

Then grow as a power law in matter dominated era 
 

Then do not grow when Λ dominates 



 you will do this in a less handwaving way. 

Sec 4.1,.4.2, 4.3, 4.6  of the notes 

Let us set it up anyway… 



Non relativistic fluids 
(sub horizon scales, after recombination) 

continuity 

Euler 

Poisson 

OR 

continuity 

Euler 

Poisson 



For an homogeneous Universe solutions are…. 
Recall Friedmann equations… 

For example for matter-domination pressureless… 

⇢̄ = ⇢0a
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v =
ȧ

a
r = Hr



Introduce small perturbations 
v = v̄ + �v

⇢ = ⇢̄+ �⇢

p = p̄+ �p

� = �̄+ ��

rp̄ = 0
Where assume that 



Work it out and… 
δ

Now it is useful to introduce comoving coordinates 

x = a(t)r

v = v̄ + �v = Hx+ a(t)u

r =
1

a
rc

4.15 continuity 

4.16 euler 

Poisson 
4.17 



For the pressure bit.. 

�̂p = c2s �̂⇢
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Say: adiabatic 
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Since you take an extra divergence you get, 



If you do not linearize, for pressureless 
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And if you linearize 

Look for a differential equation which solution gives δ (t) 
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And now the trick….Fourier 
transform 

The coefficients only depend on time and  you have a linera equation… 
Do not even need to do the sum (integral) 

Provided that you recall that: r2
c �! a2k2



@2�

@t2
+ 2

ȧ
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Solutions….. 

�(t) = D(t)�0(x)

Note separability! 

D(t) = a(t)g(t) �! D(z) = a g(z)

+ decaying mode 

But you can have endless fun in going to higher order in PT 



What does the separability 
implies? 



Note that  a Gaussian  distribution in linear theory will remain Gaussian  

And this is what it looks like! 

Note that when the Universe 
 is matter-dominated this goes constant, 
as expected. 

In LCDM, for most of the Universe life the universe was matter dominated… 



A not bad approx 

@ ln �

@ ln a
⌘ f(⌦m(z)) ⇠ ⌦m(z)0.55 if GR



Linearized, including pressure, in configuration and Fourier space 

�̈ + 2H �̇ = 4⇡G�⇢̄+
cs
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r2�
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Now the Jeans length is also clear…. 

+ 



¨�k + 2H ˙�k = �k(4⇡G⇢̄� k2cs)

solution

�k(t)�k,0 exp(�i!t)

where
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Look at the SIGN (only if negative perturbations grow, 
 if positive then oscillations!) 

�k(t) = �k,0 exp(�iwt)

kJ =

p
4⇡G⇢̄

cs
; �J =

2⇡

kJ
= cs

r
⇡

G⇢̄

Jeans length, again! 
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Full non-linear growth: 
computers! 



What happens for perturbations on  gravitational potential  

So they do not grow in an Einstein de Sitter Universe 

They decay in Λ domination! 

�k / ⇢̄a2�



With some approximations 
�̈ + 2

ȧ

a
�̇ = 4⇡G⇢̄�

In the notes δ is Δ

But then in the exercises  we sometimes end up using: 

What is ρ? 

What is δ ? 

Why matter here? 

⌦
x

⌘ 8⇡G⇢̄
x

3H2

Please recall  that a critical Universe always is critical (and an empty is always empty) 
But in general  ρ   and H are NOT constant.  
 In particular a density scales with the scale factor as…. (as long as we are the 3D…) 



So… Summary! 
Perturbations do not grow in radiation dominated era inside the horizon 

Then grow as a power law in matter dominated era 
 

Then do not grow when Λ dominates 



exercises 



The cosmic microwave background 

Planck satellite collaboration 



Two engineers for Bell Labs accidentally discovered the CMB 
radiation, as a uniform glow across the sky in the radio part 
of the spectrum, in 1965.  It is the blackbody emission of 
hot, dense gas (T~3000 K, λmax~1000 nm) red-shifted by a 
factor of 1000, to a peak wavelength of 1 mm and T~3K. 

Radiation dominated the Universe at early time! 

Discovery of the CMB 



The universe cools as it expands; the stretching of light 
results in a reduction of temperature (think Wien’s Law).   

If the universe is large, cool, and expanding today, it must 
have been smaller, warmer, and expanding in the past. 

This leads to the cosmic microwave background. 



The cosmic microwave 
background (CMB) radiation 

Regular hydrogen gas lets light pass through more or less unimpeded.  This is 
the case today, where the hydrogen gas is either cold and atomic, or very 
thin, hot, and ionized. 

But in the early universe, when it was much warmer, the gas would have been 
ionized, and the universe opaque to light—as if you were in a dense fog. 
As the universe cooled, the electrons and protons “recombined” into normal 
hydrogen, and the universe suddenly became transparent. 



Suspence…. 



Dark matter interacts weakly, it decouples from radiation at much earlier  
time than the baryons. 

So perturbation in the dark matter component can start growing inside the horizon 
 as a power law,  since matter domination   (z ~ 3000) 

When baryons decouple….. 
 
They fall into dark matter potential wells….. 

As a consequence…… 



Schematic of perturbation growth 





Transfer function  

Matter domination 

A power law becomes …… 

a) Why can one write the equation above? 
b) Explain this shape 

What happens next? 

What does the “break” correspond to? 
Can it change? How? 



The matter power spectrum is  (almost) in shape ~ z~3000 
What happens next?   



Recall: Fourier space 

In 1 D, but can be done in 2, 3 D 



The cosmic microwave background 

Planck satellite collaboration 



Two engineers for Bell Labs accidentally discovered the CMB 
radiation, as a uniform glow across the sky in the radio part 
of the spectrum, in 1965.  It is the blackbody emission of 
hot, dense gas (T~3000 K, λmax~1000 nm) red-shifted by a 
factor of 1000, to a peak wavelength of 1 mm and T~3K. 

Radiation dominated the Universe at early time! 

Discovery of the CMB 



The cosmic microwave 
background (CMB) radiation 

Regular hydrogen gas lets light pass through more or less unimpeded.  This is 
the case today, where the hydrogen gas is either cold and atomic, or very 
thin, hot, and ionized. 

But in the early universe, when it was much warmer, the gas would have been 
ionized, and the universe opaque to light—as if you were in a dense fog. 
As the universe cooled, the electrons and protons “recombined” into normal 
hydrogen, and the universe suddenly became transparent. 



The last scattering surface: a snapshot of the early universe 


