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7.1 Questions Chapter 7

Question 7.1

The collisional processes and radiative processes determine the populations; if these
are equal to the Saha-Boltzmann TE values then LTE holds. If collisional processes
dominate in the excitation and deexcitation, ionization and recombination, dissocia-
tion and association etc. over the corresponding radiative processes, the populations
will be coupled by frequent collisions to the local kinetic energy distribution. If
these are given by the Maxwell distribution the populations indeed follow the local
temperature. There is then much destruction and creation of photons, and relatively
little scattering and conversion of photons occurs. The radiation field is then locally
determined, or at least strongly influenced, and will not depart much from the lo-
cal temperature. Also ψ = ϕ = χ holds if scattering and conversion are relatively
unimportant; the memory of an atom of how it was excited is frequently erased by
collisional deexcitation.

If on the other hand the radiative processes dominate in excitation and deex-
citation etc. there will be much photon scattering and photon conversion. The
populations will then be strongly influenced by the radiation field. The radiation
field is determined elsewhere by scattering. If that is dictated by different temper-
ature, the populations will partly reflect this other temperature and depart from
the local temperature, even if the particle motions closely follow the Maxwell dis-
tribution. Then LTE does not hold and the profile functions can differ from one
another. If the radiation field coming from somewhere else however does not dif-
fer from the local Planck function, then LTE will indeed hold. Quantitatively: see
equation (7.11).

Question 7.2

LTE holds if the radiation brings no information from elsewhere which drives the
populations away from the local Saha-Boltzmann values. That will in general be the
case in media in which the Maxwell distribution holds and in which the free path
length of both particles and photons is much smaller than the scale over which the
thermodynamic state variables (pressure, temperature) change. That is usually the
case in stars.

Where does LTE certainly not hold? In circumstances where the radiation field
influences the source function and comes from a place where the circumstances are
different. For example the earth’s atmosphere. The sunlight is scattered (especially
by Rayleigh scattering) and the local source function (in which Rayleigh scattering
contributes both to the extinction and the emission) thus feels the brightness tem-
perature of the sunlight. This differs radically from the local kinetic temperature,
so LTE does not hold.

Another place where LTE certainly is not valid is in media where the temperature
is a poor description for the particle motions, thus everywhere where nonthermal
particle acceleration occurs. Then the Maxwell distribution does not hold and the
equilibrium description no longer depends only on the temperature.



ii

Question 7.3

With the definition of the population departure coefficients

bl = nl/n
LTE
l and bu = nu/n

LTE
u ,

LTE holds for a given transition l − u (possibly a continuum k) if bl = 1 and
bu = 1; then the populations of the lower and upper level are both equal to the
Saha-Boltzmann values.

The general line source function is

Slν =
2hν3

c2

ψ/ϕ
gunl
glnu

− χ

ϕ

=
2hν3

c2

ψ/ϕ
bl
bu

ehν/kT − χ

ϕ

.

For complete redistribution we have:
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The line extinction coefficient becomes (see equation 5.11):
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If the Wien approximation holds the correction factor in brackets in αlν is negligible
and the line extinction scales linearly with bl according to:

αlν ≈ bl
(
αlν

)LTE

with
(
αlν

)LTE
the Saha-Boltzmann value which would hold in LTE.

In the Wien approximation the negative correction in the numerator of the source
function is likewise negligible so that this scales linearly with the ratio bu/bl according
to:

Slν ≈
bu
bl
SLTE
ν =

bu
bl
Bν .

Question 7.4

Sν = Bν is satisfied if the ratio bu/bl = 1. This is possible with bu = bl 6= 1; in
this case the populations are not equal to the Saha-Boltzmann values and LTE does
not hold. Deviation from LTE is expressed in the extinction coefficient because this
scales with the departure coefficient of the lower level.
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Question 7.5

In Figure 7.1 the intensity is assumed equal to the value of the Planck function at
optical depth τ ′ν = 1 (above right), in accord with the Eddington-Barbier approxi-
mation under the assumption of LTE. This is certainly not exact because Bν is not
linear in T (that would be so in the Rayleigh-Jeans domain) and T is not linear in
τ ′ν . The two τ ′ν scales sketched are not linearly related, thus Eddington-Barbier can
never hold exactly for both together.

Question 7.6

The diagram in Figure 7.1 shows how the outgoing intensity varies as a result of
variations in the total extinction coefficient with frequency and location, weighted
by the T (z)-variation and the Bν(T )-variation. Most relevant for the formation of a
spectral line is large variation in τ ′ν(z) with frequency over a small frequency band,
narrow enough that it suffices to calculate the variation of the Planck function with
temperature at one frequency.

If LTE may be assumed for the formation of various continua at different wave-
lengths then an analogous diagram applies. For each frequency there is then similar
τ ′ν(z) variation; which can be quite different for the various continua. The variation
of temperature with height (T (z)) in the atmosphere is sampled by these τ ′ν scales
through the τ ′ν = 1 formation depth. The outgoing intensity again follows from the
Planck function. Since different continua over a wide frequency range are considered
here, we need to include the frequency dependence of the Planck function. The lower
right panel of the diagram should include the variation of Bν(T ) at each frequency
associated with the different continua.

Question 7.7

An optically thin homogeneous layer where LTE holds provides emission lines if
it is not illuminated from behind, according to Iν = (αcν + αlν)DBν(T ), with D
the geometrical thickness of the layer. If it is illuminated from behind, it shows
absorption lines if Iν(0) > Bν(T ) and emission lines for Iν(0) < Bν(T ).

An optically thick homogeneous layer in LTE displays the Planck function, what-
ever the spectral variation of the extinction coefficient in the layer: Iν = Bν(T ).

A homogeneous LTE layer which is optically thin in the continuum but optically
thick in the spectral line shows spectral lines for which the extremum is flattened
at the level Iν = Bν . If the layer is not illuminated from behind, or if the intensity
Iν(0) < Bν(T ), these are emission lines; if Iν(0) > Bν(T ) they are absorption lines.

Question 7.8

The question should be re-phrased to: From the observation that the solar Na I D
lines are absorption lines and the assumption of LTE for these lines, what can we
say about the temperature structure of the solar atmosphere?

Considering that the Sun is optically thick, from the observation that the Na I D
lines are absorption lines and the assumption of LTE, it follows that the temperature
in the solar atmosphere declines outward, at least over the region where the Na I D
lines are formed. That is the region in height between the location with τ ′ν = 1 for
the line center and the location with τ ′ν = 1 for the neighbouring continuum.
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Question 7.9

For a more oblique line of sight (µ < 1), radiation is received from higher layers
in the atmosphere. Assuming continuation of the outward decrease in temperature
with height which follows from the line profile for the middle of the disk (see previous
question), it follows that the intensity of the line center will drop from the middle
towards the limb of the Sun. Towards the limb, we observe higher-and-higher layers
which are presumed to be cooler.

Note that this does not have to be the case in a relative sense, i.e., normalized to
the continuous intensity; the continuum intensity can drops faster with decreasing
temperature and therefore the relative depth of the line can decrease for more oblique
observing angles.

Question 7.10

During a solar eclipse the chromosphere is observed as an optically thin layer which
is not illuminated from behind (the chromosphere is observed against the dark back-
ground of outer space). Therefore we have:

Iν ≈ jcνD + jlνD = (αcνS
c
ν + αlνS

l
ν)D

with ≈ in stead of = because integration along the line of sight really must be taken
into account due to the inhomogenity of the medium. In this case all lines are
emission lines, including the Na I D lines, independent of the nature of the source
function or the variation of the temperature.

Very close to the solar limb the whole chromosphere can still be optically thick
in the center of a strong spectral line if the line extinction in the shell is much
larger than the continuous extinction. The intensity of the line center will then in
Eddington-Barbier approximation be equal to the source function at optical depth
unity (measured not radially but along the line of sight). The line can then be
flattened, or even exhibit a central absorption if the source function (Planck function)
increases inward.

Question 7.11

The assumption of LTE and observing Hα in absorption means that the temperature
in the layers where this line is formed decreases outwards; in the layers where Lyα
is formed the temperature must increase outwards since this line is seen in emission.
Therefore these two lines cannot be formed in the same layer.

The difference in extinction scales with the Boltzmann factor between the ground
level and the first excited level of hydrogen (Figure 1.4) This is αLyα/αHα ∼
exp(hνLyα/kT ) and varies from 2 × 1010 to 1 × 105 between T = 5000 K and
T = 10000 K. The effective temperature of the Sun is Teff = 5800 K, thus the
extinction in Lyα is much larger than in Hα; the first line is formed much fur-
ther out than the second. From this it follows that the temperature first decreases
outward but then rises again.
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Question 7.12

The density in a stellar atmosphere increases roughly exponentially inwards (hydro-
static equilibrium). The bb extinction coefficient is proportional to the population nl
of the lower level of the relevant spectral line (equation 5.11); this will also increase
roughly exponentially inwards (with modifications to the general density increase
which are given by the Saha and Boltzmann distributions, and possible NLTE de-
partures). Thus the free path length for bb scattering lν = 1/αlν decreases outwards,
in first approximation exponentially.

Question 7.13

The Eddington-Barbier approximation holds for the total optical depth τ ′ν , so I+
ν =

Sν(τ ′ν =µ) regardless of the nature of the extinction processes which contribute to
the τ ′ν scale. If there is much scattering there, the approximation holds fully.

You see the radiation from where it escapes, not (necessarily) from where it was
generated. The Eddington-Barbier approximation also holds for the glow of the
optically thick mist lit by an invisible lantern from within.

Question 7.14

The statistical equilibrium equation for the upper level u of a two-level atom in the
absence of collisions (Cij = 0) and for complete redistribution (ϕ = χ and therefore:
J
χ
ν0 = J

ϕ
ν0 ≡ Jν0):

nu(Aul +BulJν0) = nlBluJν0 .

From this it follows for the source function, with use of the Einstein relations, the
general expression for the source function (equation 5.13) and with the notation
β ≡ 2hν3/c2:

nu
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If only collisions determine the populations nl and nu, these obey the Boltzmann
distribution (Einstein relation 5.9); thus it follows from equation (5.13) that Slν0 =
Bν0 .

Question 7.15

ε′ν0 =
εν0

1− εν0
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εν0 =
ε′ν0

1 + ε′ν0

ε′ν0 =
Cul

Aul +BulJν0

Slν0 =
Jν0 + ε′ν0Bν0

1 + ε′ν0
.

Question 7.16

This is an extensive exercise which is made easier with the above approximations for
ε and ε′ and with the use of a sharp-lined two-level atom without profile functions.
Begin with the statistical equilibrium equation for the upper level u:

dnu
dt

= nl
∑

Plu − nu
∑

Pul = 0,

resulting in
nl (BluJν0 + Clu) = (BulJν0 + Cul +Aul) .

This provides an expression for nl/nu; substitute this into the general expression for
the line source function (5.13):
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divide by Aul, convert Bul and Blu with the Einstein relations to Aul and similarly
Clu to Cul, then we obtain:
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Question 7.17

For complete redistribution there is no “memory” of the original excitation frequency
and the probability distributions ψ and χ for the emission are equal to ϕ for the

extincion. Then we have J
χ
ν0 = J

ψ
ν0 = J

ϕ
ν0 ≡ Jν0 . The derivation is then similar

as before, with the frequency-averaged Jν0 in stead of the monochromatic Jν0 . The
statistical equilibrium equation again provides nl/nu and the line source function is
again given by

Slν0 =
nuAul

nlBlu − nuBul
;

the is:
Slν0 = (1− εν0)Jν0 + εν0Bν0 ,
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with

εν0 =
Cul

Aul +BulJν0 + Cul

≈ Cul
Cul +

[
Aul/(1− e−hν0/kT )

] .
This line source function is independent of the frequency (within the width of the
spectral line). That provides also in the outgoing intensity difference with the
monochromatic line source function of the scharp two-level atom above; both in the
optically thin case (I+

ν0 ≈ αν0Sν0D) and in the optically thick case (I+
ν0 ≈ Sν0 [τ ′ν0 =

µ]), the emergent intensity depends on the source function.

Question 7.18

First calculate the luminosity of the sphere under the assumption of no scattering,
thus for αs

ν = 0. Then at a point P on the surface of the sphere we have:

Iν(θ) = αa
νBνs = αa

νBν2R cos θ

with R the beam of the sphere and θ the angle of escape with respect to the normal
of the surface. The flux through P is

F+
ν = 2π

∫ π/2

0
Iν cos θ sin θ dθ =

4

3
πRαa

νBν

and the total luminosity is

Lν = F+
ν 4πR2 = 4πV αa

νBν .

This expression for the luminosity also holds if αs
ν 6= 0 because then there occurs

only an additional re-distribution over all directions.

Question 7.19

An object can be simultaneously effectively thin and optically thick. Example: dense
fog around a lantern. Equation (7.16) then also holds (even though it remains an
approximation; the photons have to be created and therefore there will be some
destruction too).

Question 7.20

In a stellar atmosphere the density increases roughly exponentially with the geo-
metrical depth. The collisional frequency increases with the density; the transition
probability Cul is given by

Cul = Ne

∫ ∞
v0

σul(v) f(v)v dv,

in which Ne is the electron density. The transition probability for spontaneous
deexcitation Aul is does not depend on any thermodynamical state variable; so
ε ≈ Cul/(Aul + Cul) will approach unity at depth.
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Question 7.21

The Rosseland approximation requires that Sν = Bν and thus holds in deeper layers
than roughly optical depth τ ′∗ν ≈ 1, up to a single effective free path length from the
upper surface. From there on photons leak outward, possibly via scattering; such
radiative loss results in Sν/Bν < 1.

In the Eddington approximation Sν may differ from the Planck function but
the intensity may not depart too much from isotropy (Iν = Jν in each direction).
The addition of photons to the local radiation field occurs isotropically both for the
thermal creation of new photons and for the scattering of photons created elsewhere;
the anisotropy of the radiation field only becomes large in the layer from which
photons escape directly. The Eddington approximation therefore holds up to about
τ ′ν = 1, a single free path length from the upper surface.

When there is much scattering (εν � 1) the Eddington approximation conse-
quently holds to much nearer the surface than the Rosseland approximation.

Question 7.22

If the layer is optically very thick in the 1–2 transition 2–1 photons are strongly
confined within. The 2–1 radiation field can then practically become isotropic as it
wanders about, i.e., a large average intensity J21 is paired with a low flux. From
the above there are many extra 2–1 photons available from the conversion of 3–1
photons.

Question 7.23

It doesn’t matter whether the layer is optically thin or effectively thin to 3–2 photons;
in both cases they escape from the layer and thus bring about conversion of 3–1
radiation into 3–2 radiation plus 2–1 radiation.

Question 7.24

In a two-level-plus-continuum atom the situation is not essentially different from the
three-level atom depicted; there is the same type of conversion of the radiating 3–1
continuum into 3–2 continuum radiation and 2–1 line radiation in which the latter
again is trapped. This occurs for example for the Lyman continuum in the Zanstra
mechanism for planetary nebulae, see Chapter 8.
NB: in “two-level-plus-continuum atom” “continuum” refers to the bf transitions in
the atom, not to the continua on which the line extinction of the bb transitions is
superimposed and the continua which govern whether the lines are in emission or
absorption.


