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4.1 Questions Chapter 4

Question 4.1

The radiation from two TE enclosures with the same temperature is Iν = Bν(T )
irrespective of the material of the walls of the enclosure. The absorption coefficient
of the hole is κsurface

ν if it is sufficiently small, without sensitivity to any material
property.

Question 4.2

A TE enclosure is not transparent when viewed through its hole and may therefore
be regarded as optically thick. The Eddington-Barbier approximation then holds
because the escaping photons come from an isothermal, optically thick medium with
constant source function Sν = Bν(T ) along any line of sight through the hole.

Question 4.4

In Question 3.11 surface extinction and emission coefficients are defined by:

dIν = jsurface
ν − αsurface

ν Iν .

The emission coefficient jsurface
ν has the dimension of intensity. It is the sum of the

intrinsic emission by the surface in the direction of the reflected beam εsurface
ν =

κsurface
ν Bν) and of all radiation that is scattered into the reflected beam from other

directions than the incident beam.
The extinction coefficient αsurface

ν is dimensionless. It specifies the fraction of the
incident radiation that is not reflected along the beam but absorbed at the surface
(κsurface
ν Bν) or scattered into other directions.
Defining a scattering coefficient ssurface

ν for the fractional extinction due to scat-
tering with

dIscatt
ν ≡ −ssurface

ν Iν

yields for the radiation by a TE surface in the reflected direction:

Iν = Bν(1− κsurface
ν − ssurface

ν ) + κsurface
ν Bν + ssurface

ν Bν = Bν .

The first term in the middle represents the reflected radiation that did not leave the
beam, given by the incident intensity minus the absorption and scattering losses.
The second term specifies the intrinsic radiation by the surface, with the Planck
function as source function since the surface is a wall of a TE enclosure. The third
term measures the contribution by scattering and equals the amount that is scattered
out of the incident beam because detailed balancing requires that as much radiation
is scattered out of one direction as into another. The corresponding equilibrium
source function is again Bν .

The total source function is:

Ssurface
ν =

jsurface
ν

αsurface
ν

=
∑
jprocess
ν∑
αprocess
ν

=
∑
αprocess
ν Sprocess

ν∑
αprocess
ν

,
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where “process” stands for intrinsic absorption and emission (with Sabs
ν ≡

εsurface
ν /κsurface

ν ), reflection and scattering. The intensity, the partial source functions
and the total source function all equal the Planck function, whatever the material
properties measured by κsurface

ν (surface blackness) and ssurface
ν (surface roughness)

are.

Question 4.5

Bν and Bλ have the dimension of intensity and are measured per unit of bandwidth;
the conversion factor between frequency and wavelength units is dν = (c/λ2)dλ (see
Question 2.2). The term 2hν3/c2 of (4.2) becomes 2hc/λ3 and is multiplied with
this factor to become 2hc2/λ5 in (4.3).

Question 4.6

Hotter bodies radiate stronger than colder.

Question 4.7

Wien:

Bλ ≈
2hc2

λ5
e−hc/λkT =

2hν5

c3
e−hν/kT .

Rayleigh-Jeans:

Bλ ≈
2ckT
λ4

=
2ν4kT

c3
.

Question 4.9

The function Bν peaks at the wavelength given by:

λ(Bmax
ν ) = c/νmax =

3× 1010

5.88× 1010 T
cm

or
λ(Bmax

ν )T = 0.51 cm K,

whereas
λ(Bmax

λ )T = 0.29 cm K.

The difference results again from the bandwidth conversion factor dν = (c/λ2) dλ.

Question 4.10

Bλ(Tb) = Iobs
λ = (λ2/c) Iobs

ν .

Question 4.11

The intensity of a source does not vary along a ray towards the observer (see Chap-
ter 2).Brightness temperature measures intensity and therefore does not depend on
source distance, unless there is extinction or emission along the way.
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Question 4.12

Brightness temperature is a measure of intensity, i.e., energy per steradian. It can-
not be used for a point source with dΩ = 0 ster. The intensity from an extended
object may be measured per angular resolution element. Its value defines a cor-
responding brightness temperature irrespective of the radiation mechanism or the
source conditions.

Question 4.13

An optically thick source has Iν ≈ Sν(τ ′ν = 1) so that in Eddington-Barbier approx-
imation

Tb ≈ Tsource(τ ′ν =1),

provided that:

– the Rayleigh-Jeans approximation holds, i.e., hν � kT . This is usually the case
for radio sources;

– the source function equals the Planck function;

– the line of sight is perpendicular to the surface;

– the source is axially symmetric within the resolution element.

The brightness temperature equals the source temperature at depth τ ′ν = 1 if in
addition, the latter varies linearly with τ ′ν .

For an optically thin source with geometrical thickness Dsource the brightness
temperature Tb is a linear measure for the source temperature Tsource if the Rayleigh-
Jeans approximation holds, the source function equals the Planck function, and the
temperature does not vary through the source. It is then given by

Tb = Tsource

∫ τν

0
e−(τν−tν) dtν ≈ Tsource τν .

The optical thickness τν =
∫Dsource

0 αν ds of the source must then be known to find
its temperature.

Question 4.14

The Rayleigh-Jeans approximation usually holds on radio wavelengths, therefore
Iν ∼ ν2. The brightness temperature has Tb ∼ ν0, also outside the validity regime
of the Rayleigh-Jeans limit. The source is optically thick because it wouldn’t have
Iν = Bν otherwise. (Well, an optically thin source would produce Iν = Bν if it
happens to have Sν = Bν/τν but that is not very likely.)

Question 4.15

If the source is not resolved by the telescope, irradiance is measured rather than
intensity:

Rν = F+
ν (Earth)

=
∫
Iν cos θ dΩ

≈ IνΩsource,
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assuming that the source is homogeneous and small in angular extent. The definition
of antenna temperature requires that the beam Ωantenna is filled homogeneously with
radiation. Therefore, in Rayleigh-Jeans approximation:

TA = ηATb
Ωsource

Ωantenna
.

Question 4.16

From stars one measures irradiance R, not intensity. The ratio between stellar
irradiance values at two frequencies ν1 and ν2 may be converted into a ratio of
emergent surface fluxes through

Rν1
Rν2

=
F+
ν1R

2
ν1/D

2

F+
ν2R

2
ν2/D

2
,

with R the radius of the star, D its distance and F+ the outward flux through
the stellar surface (Question 2.17). This ratio may be further converted when
Rν1 = Rν2 and the Eddington-Barbier approximation holds at both frequencies
(Question 3.51.):

Rν1
Rν2

=
πSν1(τ ′ν1 =2/3)
πSν2(τ ′ν2 =2/3)

=
I+
ν1(τ ′ν1 =0, µ=2/3)
I+
ν2(τ ′ν2 =0, µ=2/3)

.

The observed irradiance ratio then equals the stellar intensity ratio at the two fre-
quencies along a line of sight with µ = 2/3.

A corresponding color temperature Tc for unresolved objects is defined by

Rν1
Rν2

=
Bν1(Tc)
Bν2(Tc)

.

It equals the stellar temperature at radial optical depth τ ′ν = 2/3 if the source
function in the stellar atmosphere is given by the Planck function at both frequencies,
if the optical depth scaling is the same at the two frequencies so that the ratio refers
to a single geometrical layer (and also Rν1 = Rν2), and if the Eddington-Barbier
approximation applies.

Question 4.17

Two-color photometry gives the temperature of a star if the source function is given
by the Planck function and the radiation measured at the two frequencies originates
from the same layer. With the Eddington-Barbier approximation this corresponds
to the temperature at radial optical depth τ ′1 = τ ′2 = 2/3.

Question 4.18

The value and the slope of Iν may correspond to different Planck functions at dif-
ferent frequencies. For example, a giant’s color temperature may measure a hot
photosphere in the ultraviolet and a cool dust envelope in the infrared. Such differ-
ences may result from:
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– difference in formation depth if τ ′ν1 6= τ ′ν2 . This is the case in the above example,
for which the two color temperatures differ strongly even if Sν = Bν at each
frequency.

– difference in source function:
Sν1(τ ′ν1 =2/3)
Bν1(τ ′ν1 =2/3)

6=
Sν2(τ ′ν2 =2/3)
Bν1(τ ′ν2 =2/3)

when irradiances are measured, and similarly with τ ′ν = 1 for intensity measure-
ments. The source function slope dS/dν may differ in different fashion from the
Planck function slope at the two frequencies, even if the radiation comes from the
same layer with the same temperature. For example, the infrared radiation from
a dust envelope may be thermal with Iν = Bν , while the ultraviolet radiation may
come from the same envelope but consist of photons that originated in the star
but are scattered by the envelope (cf. the line emission from planetary nebulae
treated in Sect. 8.3.3).

– difference in the extinction between the source and the observer, such as inter-
stellar reddening of distant stars.

Question 4.18

A spherical object has from (2.6):

Teff =
[

1
σ
F+

source

]1/4

=
[

2π
σ

∫ ∞
0

∫ 1

0
µIλ dµ dλ

]1/4

.

If the object is an isotropic radiator this simplifies to

Teff =
[
π

σ

∫ ∞
0

Iλ dλ
]1/4

;

otherwise, to

Teff =
[
π

σ

∫ ∞
0

Iλ dλ
]1/4

where Iλ is the spatial average over the apparent surface of the star as seen by a
distant observer (Question 2.17b).

Question 4.20

The fraction particles with velocity components between vx and vx+dvx, vy and
vy+dvy and vz and vz+dvz is given by the product of the three independent component
distributions (since it is the fraction of particles with vx of the fraction of particles
with vy of the fraction of particles with vz):

n(~v)
N

d~v =
1

a3π3/2
e−(v2x+v2y+v2z)/a2

dvx dvy dvz

with a2 = 2kT/m. The size of the speed v ≡ |~v| has v2 = v2
x + v2

y + v2
z ; integration

over all directions assuming isotropy yields dvx dvy dvz = 4πv2 dv (Question 2.5)
and so:

n(v)
N

dv =
1

a3π3/2
e−v

2/a2
4πv2 dv.
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Question 4.21

The area under the gaussian exp(−x2/a2) is∫ ∞
−∞

e−x
2/a2

dx = a
√
π,

therefore ∫ ∞
−∞

n(vx)
N

dvx =
∫ ∞
−∞

1
a
√
π

e−v
2
x/a

2
dvx = 1.

The Maxwell speed distribution results from normalized component distributions
and is normalized as well, as follows directly from

∫∞
−∞ v

2 exp(−v2/a2)dv = a3√π/4.

Question 4.22

Writing the Maxwell distribution as

n(v)
N

=
1

a3π3/2
e−v

2/a2
4πv2

with a2 = 2kT/m gives the derivative

d
dv

(
n(v)
N

)
=

4π
a3π3/2

e−v
2/a2

[
2v − 2

v3

a2

]
,

which reaches zero for 1 − v2/a2 = 0 or v = a. Thus, the peak of the distribution
marking the most probable speed is at vpeak =

√
2kT/m.

The most probable velocity component is at vx = 0, vy = 0, vz = 0, respectively.
The mean kinetic particle energy is:

<Ekin>=<
1
2
mv2> =

1
2
m

∫∞
0 v2 n(v)/N dv∫∞

0 n(v)/N dv

=
2πm
a3π3/2

∫∞
0 v4 e−v

2/a2
dv

1

=
3
2
kT,

using ∫ ∞
0

v4 e−v
2/a2

dv =
3
8
a5√π.

The root-mean-square speed is

<v2>1/2=

√
3kT
m

,

whereas the root-mean-square velocity in a given direction (such as the line of sight
in Doppler measurements) is given by:

<v2
x>

1/2=

√
kT

m
.

Note that vpeak = 0.89 <v2>1/2 and that <Ekin>= 3/2Epeak.
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Question 4.23

The conversion from excitation energy difference in eV to wavelength in nm is

∆χ (eV) =
1.24× 103

λ (nm)
.

A spectral line at 500 nm results from a bb transition of about 2.5 eV. These
conversions are not exact for wavelengths λ > 200 nm where air rather than vacuum
wavelengths are used (see § 32 of Allen, Astrophysical Quantities).

Question 4.24

The Boltzmann population ratio

log(n2/n1) = log(g2/g1)− χ12 θ

with χ12 in eV uses the notation θ ≡ 5040/T with T in K. This notation is commonly
used in the older literature.

Question 4.25

At T = 20 000 K ionization stage E IV contains appreciable population:
∑
s n4,s ≈

0.38.

Question 4.26

The Ca II K line at λ = 393.3 nm is the “resonance” transition between the ground
state n = 1 and the excited level n = 2 of once ionized calcium. It has a companion
called the H line at 396.9 nm. The names were given by Fraunhofer who enumerated
the features he saw in the solar spectrum alphabetically. H and K are the strongest
lines in the visible part of the solar spectrum (cf. Figure 8.7, Question 3.57.and
Question 3.58.). Hα is the transition between levels n = 2 and n = 3 of atomic
hydrogen (Figure 1.4). The ionisation energy of Ca I is 6.1 eV whereas the excitation
energy of H I n = 2 is 10.2 eV (Figure 1.4).

Apparently, the temperature and pressure in the solar atmosphere are such that
Ca I is largely ionised into Ca II (Saha). Most calcium particles then occupy the
Ca II ground state (Boltzmann), in number close to the total calcium abundance.
Hydrogen has 13.6 eV ionization energy (Figure 1.4) and is yet neutral. The popula-
tion of H I n = 2 is small, however, due to its large excitation energy: the Boltzman
factor exp−χ/kT = 10−9.

Thus, the much larger abundance of hydrogen is canceled by the small population
of the lower level of Hα.

Ca II happens to be the most abundant ionization stage in the solar photosphere
of which the resonance lines (with the ground state as lower level) lie in the visible
part of the spectrum. The comparable resonance doublet lines of Mg II are stronger
because magnesium has larger abundance (§ 14 of Allen, Astrophysical Quantitites:
magnesium has abundance 7.42 dex, calcium 6.30 dex) , but these are in the near
ultraviolet at 280.3 nm and 279.6 nm, respectively. (They are called “h” and “k”
in analogy with Ca II H & K). Yet more abundant elements as oxygen (8.82 dex,
most abundant element after hydrogen and helium) and carbon (8.52 dex) have
resonance lines at yet shorter wavelengths (these are predominantly neutral in the
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solar photosphere; O I has lines at 1300 nm, C I at 1656 nm). Obviously, the solar
H I Lyα line at 121.6 nm is strongest of all.

For more details see the numerical exercise SSA.

Question 4.27

§ 16 of Allen, Astrophysical Quantities, specifies the ionization energies of Ti I
(6.8 eV), Ti II (13.6 eV) and Ti III (27.5 eV). H I and Ti II have the same ionization
energy; therefore, Ti II is 50% ionized just as H I. Only two successive ionization
stages are populated simultaneously, therefore:

NTi II
NTi

≈
NTi III
NTi

≈ 0.5 NTi I ≈ NTi IV ≈ 0.

The electron density Ne is:

Ne = NH II +NTi II + 2NTi III + 3NTi IV
≈ 0.9× 0.5Nnuc + 0.1× (0.5 + 2/0.5)Nnuc

≈ 0.6Nnuc

with Nnuc the density of atomic nuclei, i.e., all particles with at least one proton.
The total particle density is N = Ne +Nnuc ≈ 1.6Nnuc, so Ne/N ≈ 0.4.


