
Maxwell distribution: distribution of particle velocities

�.�. MATTER IN THERMODYNAMICAL EQUILIBRIUM ��

�.�.�.� Color temperature

The color temperature Tc is the temperature for which the Planck function reproduces
the slope of the observed spectrum at the observational frequency:
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����
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For example in two-color photometry:

I1
I2

⌘ B�1(Tc)
B�2(Tc)

the ratio of two observed intensities determines a temperature. A benefit of this
definition is that it is a relative measurement: the absolute value of I⌫ need not be
known.
Notation: (B-V) ⌘ 2.5 log(IV/IB).

Question �.�� Two-color photometry is frequently applied to stars. How is that related to
the fact that stars are unresolved sources?

Question �.�� What conditions must prevail in order for two-color photometry of a star
to provide its temperature? Of what part of the star is that then the tem-
perature?

Question �.�� Check that Tc, just like Tb and TA, is a function of frequency. From three-
color photometry, two color temperatures can be found. Give three reasons
why the color temperatures from the three-color photometry of a star can
differ from one another.

�.�.�.� Effective temperature

The effective temperature Teff of a source of radiation is the temperature of a black
body which radiates the same total flux:

�T4
eff ⇤ F+

source , (�.��)

thus it is the temperature for which an isotropically radiating black surface radiates
the same total outward flux per m2 F+ ⇤ ⇡B ⇤ ⇡

Ø 1
0 B⌫ d⌫ as does one m2 of the

object.

Question �.�� Express Teff in terms of the emergent intensity of a spherically symmetric
source.

�.� Matter in thermodynamical equilibrium

�.�.� Maxwell distribution

Where there is equipartition of kinetic energy, as is the case in TE, then the Maxwellian
velocity distribution applies. For a type of particle with mass m we have: For each
component of velocity:

n(vx)
N

dvx ⇤

⇣ m
2⇡kT

⌘1/2
e�(1/2)mv2

x/kT dvx , (�.��)
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and for the speed:

n(v)
N

dv ⇤

⇣ m
2⇡kT

⌘3/2
4⇡v2 e�(1/2)mv2/kT dv , (�.��)

with N the total number of particles of this type per unit volume and m the mass
per particle.
The first distribution function is a Gaussian distribution. The second exhibits a
“tail” as a result of the v2 term, see Figure �.�.

Figure �.�: The Maxwellian velocity distribution for hydrogen atoms, for a velocity com-
ponent and for the speed.

Question �.�� Derive the second distribution from the first.

Question �.�� Demonstrate that both distributions are normalized.

Question �.�� Check by differentiating equation (�.��) with respect to v that the most
probable velocity is given by:

v ⇤
p

2kT/m.

How large is the most probable velocity component? The average particle
energy? The average Doppler velocity along the line of sight?

�.�.� Boltzmann distribution

In TE, the distribution of the particle populations of a specific type of atom (or ion or
molecule) over the possible discrete excitation states (bound energy levels) is given
by the Boltzmann law: 

nr,s

nr,t

�TE
⇤

gr,s

gr,t
e�(�r,s��r,t )/kT . (�.��)

In which:
nr,s = number of atoms per m3 in level s of ionization state r;
gr,s = statistical weight of level s of ionization state r;
�r,s = excitation energy of level s of ionization state r, measured from the ground
state (r, 0). Thus �r,s ⌘ Er,s � Er,0, and �r,s � �r,t ⇤ h⌫ for a radiative transition
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Figure �.�: The bb and bf processes.

photon creation photon destruction photon scattering

Figure �.�: Three pairs of bb interactions: creation, destruction and scattering of photons.

energy triggers radiative deexcitation — that is, the target atom resonates with the
incoming wave. The escaping photon has the same attributes (frequency, direction,
phase) as the incident photon.

With more levels, even more circuitous routes are possible; see Figure �.�.

Bound-bound (bb) processes 
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with A the atomic weight on the C=�� scale and Nion the ion density per m3. For
hydrogen this ratio is already

p
mp/me ⇤ 43; with the more complete ionization of

heavier atoms, the electrons win out even more convincingly because then Ne > Nion.

In a partially neutral gas it can happen that hydrogen is mostly neutral and that free
electrons are supplied only by elements with lower ionization energies, including Fe,
Mg and the alkali elements (see Appendix ??). Then collisions with neutral hydro-
gen atoms often dominate, on account of the large abundance of hydrogen and the
large polarizability of the hydrogen atom (a consequence of its asymmetrical mass
distribution).
The collisional cross sections � are usually not well known for electron collisions, and
for collisions with neutral atoms they are almost entirely unknown.

�.� Einstein relations

Next we express the Einstein coefficients Aul , Blu and Bul defined above in terms of
each other, under the assumption of thermodynamical equilibrium. In TE detailed
balance holds for each process, thus there are as many transitions downwards
as upwards. This holds for each individual process as well: (as many radiating
downwards as radiating upwards), and it holds also at each frequency, it being
implicit that the profile functions  , ', and � are equal. Therefore in TE we have:

nlBlu J
'
⌫0 ⇤ nuAul + nuBul J

�
⌫0

J⌫0 ⌘ J
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⌫0 ⇤ J
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⇤
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nl

nu
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� 1

⇤
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gl

gu

Blu

Bul
eh⌫/kT � 1

,

in which we make use of the Boltzmann law, which holds in TE.
Furthermore, it is true in TE that J⌫ ⇤ B⌫. Because B⌫ changes only slowly with

frequency over the small width of the extinction profile '(⌫�⌫0) it is usually also
true that J⌫0 ⇤ B⌫, and so:

B⌫ ⇤
Aul/Bul

gl

gu

Blu

Bul
eh⌫/kT � 1

.

This formula holds for arbitrary temperature, just as the Planck formula does.
Equating these, we find:

Blu

Bul
⇤

gu

gl
and Aul

Bul
⇤

2h⌫3

c2 . (�.�)

These are the Einstein relations. There are two equations with three unknowns, and
so you only have to know but a single one to determine the others.

Next we have a typically Einsteinian piece of reasoning. These relationships
connect Aul , Bul and Blu without regard to the temperature. Just above we noted that
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these coefficients are defined as atomic parameters that do not depend on external
conditions. So if these relationships hold anywhere, they must hold everywhere.
Thus the Einstein relations hold generally, even in media where the assumption of
TE does not hold, or where J⌫0 , B⌫ or where ' , �. These are “detailed balance”
relationships which ensure that in the proper circumstances equilibrium certainly
can occur. This forms a generalization of Kirchhoff’s law ( j⌫ ⇤ ↵⌫B⌫ in TE).

For the collisional rates there follows similarly for TE:

nlClu ⇤ nuCul

thus
Cul

Clu
⇤

gl

gu
eElu/kT , (�.�)

with the application of the Boltzmann law. This relationship also holds generally,
even outside TE. The knowledge of a single collisional transition probability is thus
enough.

Question �.� Do the dimensions tally on the left- and right-hand sides of equation (�.�)?

�.� Emissivity and extinction coefficient

Spontaneous deexcitation provides photons headed in all directions. We define the
output of radiated energy per Hz and per steradian:
Aul = number of spontaneous deexcitations per second per particle in state u,
nuAul ⇤ Rul = number of deexcitations per second per m3,
h⌫0nuAul = energy radiated per second per m3,
h⌫0nuAul (⌫�⌫0) = energy radiated per second per m3 per Hz,
h⌫0nuAul (⌫�⌫0)/4⇡ = energy radiated per second per m3 per Hz per steradian.
Thus we have for the associated emissivity:

jspont
⌫ ⇤ h⌫0nuAul (⌫�⌫0)/4⇡. (�.��)

Now the radiative excitation. The total energy in a volume dV that is extin-
guished by radiative excitation during dt is:

dEtot
⇤ �h⌫0nlBlu J

'
⌫0 dV dt

⇤ �h⌫0nlBlu dV dt
π

J⌫'(⌫�⌫0) d⌫

⇤ �h⌫0
4⇡ nlBlu dV dt

π π
I⌫'(⌫�⌫0) d⌦ d⌫,

thus the energy dEbundle that is extinguished during a time dt in a given bundle
with intensity I⌫, opening angle d⌦ and bandwidth d⌫ in dV is:

dEbundle
⇤ �h⌫0

4⇡ nlBluI⌫'(⌫�⌫0) dV dt d⌦ d⌫,

and from dV ⇤ dA ds and the definitions of intensity and extinction coefficient it
follows that:

↵excitation
⌫ ⇤

h⌫0
4⇡ nlBlu'(⌫�⌫0).

�.�. EMISSIVITY AND EXTINCTION COEFFICIENT ��

Now the stimulated emission. It seems obvious that we should introduce an
extra emissivity and then sum this up with the coefficient for spontaneous emission.
However, stimulated emission is much more similar to radiative excitation than to
spontaneous deexcitation; just as before this is proportional to J⌫0 . In practice,
these processes always occur together. Consequently the stimulated emission is not
usually included with the emissivity but is treated as “negative extinction”, i.e., as
a correction to the extinction.

Thus we have the line extinction coefficient ↵l
⌫:

↵l
⌫ ⇤

h⌫0
4⇡

⇥
nlBlu'(⌫�⌫0) � nuBul�(⌫�⌫0)

⇤
(�.��)

and the line emissivity jl
⌫ remains:

jl
⌫ ⇤

h⌫0
4⇡ nuAul (⌫�⌫0).

The excitation coefficient ↵excitation
⌫ is a more fundamental quantity than the deexcitation

coefficient jspont
⌫ because the latter depends more strongly on the local radiation field.

This occurs because j⌫ contains the recent history of the excited particle in the term nu .
An atom or molecule can for example be excited to level u prior to the spontaneous
deexcitation by radiative excitation in the same spectral line (photon scattering), by
radiative excitation in another spectral line or by radiative deexcitation from a higher
level (photon conversion), or by a collisional excitation or collisional deexcitation (photon
creation). Each of these mechanisms counts, and thus the emissivity depends directly
on the medium and on the radiation field. The excitation is a form of internal energy
which, in the presence of substantial scattering and conversion of photons, can be
determined primarily by nonlocal conditions; via photons transported from afar by the
radiation field.
The situation is different for the excitation coefficient ↵excitation

⌫ , since the exciting radia-
tion field itself does not enter into the determination of the coefficient, nor is it sensitive
to recently deposited internal energy. This coefficient is thus governed by the medium.
While it is true that the state of the medium, and thus the population of the lower level,
can be strongly dependent on whatever radiation field may be present, nevertheless
the coupling is much less direct than for a recently excited level.
The introduction of a correction term for the stimulated emission in the line extinction
coefficient blurs this distinction. The line extinction coefficient ↵l

⌫ is then:

↵l
⌫ ⇤

h⌫0
4⇡ nlBlu'(⌫�⌫0)


1 � nuBul�(⌫�⌫0)

nlBlu'(⌫�⌫0)

�

thus the correction factor is:

1 � nuBul�(⌫�⌫0)
nlBlu'(⌫�⌫0)

⇤ 1 � nu gl�(⌫�⌫0)
nl gu'(⌫�⌫0)

.

The correction is large (a large reduction) if the excited level has a relatively large
population. In that case the extinction coefficient is also directly governed by the
radiation field.
Einstein introduced the stimulated emission process only because without it he could
only derive the Wien approximation and not the Planck function. The Wien approx-
imation can readily be deduced because in this case h⌫ � kT, so that according to
the Boltzmann distribution the population nu of the excited level is small and the
contribution of stimulated emission is negligible.
With ↵l

⌫ , Blu , Bul and Aul , we have now four parameters that describe how readily a
bb transition will occur: the bb transition probability. You have only to know but one
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(from calculation or measurement). For the most part however we employ none of
these four but rather a fifth parameter: the oscillator strength f . The term stems from the
classical description of a spectral line as a harmonic oscillator, in which the extinction
coefficient per particle �(⌫) is given by (Chapter �, converting ! to ⌫):

�(⌫) ⇤ e2

4"0mec
�/4⇡2

(⌫�⌫0)2 + (�/4⇡)2 ⇤
e2

4"0mec
'(⌫�⌫0)

with
� ⌘

π 1

0
�(⌫) d⌫ ⇤

e2

4"0mec
⇤ 2.654 ⇥ 10�6 m2 Hz.

The oscillator strength flu is introduced as a correction factor to this classical value,
neglecting the correction for stimulated emission:

�l
⇤

π 1

0

↵l
⌫

nl
d⌫ ⇤

h⌫0
4⇡ Blu ⌘ e2

4"0mec
flu .

For resonance lines such as Ly↵ the classical oscillator is a good approximation so that
flu ⇡ 1, and so the oscillator strength has a reasonable numerical size. Other permitted
transitions have 10�4  flu  10�1; forbidden transitions have flu  10�6.
We derive the correction for stimulated emission in TE with the use of the Einstein
relations, Boltzmann’s law, and the equality ' ⇤ � which is valid for TE, as:

1 � nuBul�(⌫�⌫0)
nlBlu'(⌫�⌫0)

⇤ 1 � e�h⌫0/kT .

This factor is often given as “the” correction for stimulated emission, but strictly speak-
ing it holds only in TE. With this the line extinction coefficient is ultimately represented
as:

↵l
⌫ ⇤

e2

4"0mec
nl flu'(⌫�⌫0)

⇥
1 � e�h⌫0/kT ⇤ .

And finally we have yet a sixth quantity: the product gl flu that is usually referred to
as the “gf–value”. This is the quantity that you will encounter most frequently in the
literature as the “transition probability”.

Question �.� What are the dimensions of ↵l
⌫ , jl

⌫ , flu and gl flu?

Question �.� Express the photoexcitation rate Rlu in terms of ↵excitation
⌫ and I⌫ .

�.� Source function

Lastly, the line source function Sl
⌫ is given by:

Sl
⌫ ⌘ jl

⌫/↵l
⌫ ⇤

nuAul (⌫�⌫0)
nlBlu'(⌫�⌫0) � nuBul�(⌫�⌫0)

.

Because the Einstein relations also hold outside of TE, we have a very general result
for the line source function, and in fact for the source function of an arbitrary
radiative transition:

S⌫ ⇤

Aul

Bul

 

'
nl
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⇤
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 /'

gu nl

gl nu
� �
'

. (�.��)
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The assumption of complete redistribution is frequently made. This states that in the
case of elastic bb scattering, atoms have no “memory”: that the photon resulting
from deexcitation is not correlated with the photon that was responsible for the
excitation. In this case the three frequency distributions are equal because for each
process the statistical distribution is represented anew: '(⌫�⌫0) ⇤  (⌫�⌫0) ⇤ �(⌫�⌫0).
In that case the general line source function simplifies to:

Sl
⌫ ⇤

nuAul

nlBlu � nuBul
⇤

2h⌫3

c2
1

gu nl

gl nu
� 1
. (�.��)

Question �.� Using equation (�.��), demonstrate that S⌫ ⇤ B⌫ for TE.

Question �.�� What is the relationship between spontaneous deexcitation and stimulated
emission in TE? Which deexcitation process dominates in the Wien limit,
and which in the Rayleigh-Jeans limit?

Relating Einstein coefficients

[TE]

General

Complete redistribution:General:

Einstein coefficients and line extinction / emissivity

Broadening



Types of spectral line broadening

Microphysics within Broadening by motion Microphysics outside

Natural Thermal Isotopic

Collisional Non-thermal Hyperfine

Stark Turbulence Zeeman

van der Waals  Rotation …



Natural broadening
Other names:

• Radiative broadening/damping
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is given by the Fourier transform of the perturbed wave function, or the convolution4 of
the two separate component transforms. The latter convolution recovers the transform of
the decay distribution centered at ν = ν0.

Multiple levels and transitions. In real atoms and ions the lower level of a given
line may also have finite lifetime (when it isn’t the ground state) and there may also be
multiple downward transitions from each level. Multiple transition probabilities add up
as

γrad
u =

!

l<u

Aul (3.46)

because they measure deexcitations per second, an additive quantity. In other words, the
corresponding decay functions multiply as exp(−Au1t) exp(−Au2t) = exp[−(γrad

1 + γrad
2 ) t]

so that the γrad broadening parameters add linearly. Or in yet other words, the convolution
of two Lorentz profiles with halfwidth parameters γ1 and γ2 delivers a new Lorentz profile
with halfwidth parameter γ = γ1 + γ2. The total natural damping width is therefore
given by:

γrad = γrad
l + γrad

u =
!

i<l

Ali +
!

i<u

Aui, (3.47)

or better yet, by the sum of the actual total radiative transition rates per particle out
of the lower and upper level as determined in the computer. In that case extinction and
stimulated emission out of each level are automatically taken into account (Gray 1992
p. 209).

3.3.2 Collision broadening

Collisional broadening tends to present large problems in spectral line modeling and large
complexity in formulating appropriate formalisms to treat it properly. Such formalisms
exist but often only in rough form. A physicist may easily spend a whole career on
collisional line broadening. The standard texts are the book on electron collisions by
Griem (1974) and the more general book of Sobelman et al. (1981); a fairly extensive
summary is found in Mihalas (1978). Gray (1992) gives a much simpler summary and
specifies useful approximations for applications.

Elastic collisions. Collisional broadening or pressure broadening results from other par-
ticles in the neighborhood. They may be electrons, ions, atoms or molecules. Their charge
affects the radiating or extincting atom or ion of interest through the Coulomb interaction
and therefore affects the frequency of a bound-bound transition between perturbed levels.
These collisional encounters are often termed elastic although the energies are slightly
changed momentarily; the term inelastic is reserved for collisions involving bound-bound
transitions between different energy levels.

Neutral atoms take part to some extent as perturber because they are polarizable,
having a net electric field at close quarters. Of these, neutral H I atoms have the largest
polarizability due to the bad shielding of the proton by the single electron. They are
therefore important spectral line broadeners in cool atmospheres in which hydrogen is not
ionized and which contain few free electrons.

4The convolution of two functions f(x) and g(x) is defined as h(a) ≡ f ∗ g(a) ≡
"

f(x)g(a − x) dx.
Convolution is equivalent to multiplication in the Fourier domain: H = F ·G with H , F and G the Fourier
transforms of h, f and g.
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3.3.1 Radiation broadening

Spontaneous deexcitation limits the lifetime of excited states with a statistical distribution
function and therefore causes uncertainty in the energy of any transitions out of them
according to the uncertainty relation. This line broadening is called natural broadening
or radiative damping; “natural” means that a line is broadened even in the absence of
other particles and “damping” comes from the classical description of a spectral line as a
damped driven harmonic oscillator (Gray 1992 p. 203 ff). In a two-level atom the single
transition has

γrad = γrad
u = Aul (3.43)

because the lower level of a two-level atom has infinite lifetime and does not contribute
existential uncertainty.

Damping profile. The shape of the corresponding broadening function is given by the
Lorentz damping profile

ψ(ν−ν0) =
γrad/4π2

(ν − ν0)2 + (γrad/4π)2
(3.44)

which has
!∞
0 ψ(ν−ν0) dν = 1, full width at half maximum FWHM(ν) = γrad/2π in

frequency units, and FWHM(λ) = λ2γrad/2πc in wavelength units.
In the absence of other broadening agents this is the emission profile function. An

estimate of its width: the Ca II K line near λ ≈ 400 nm has frequency ν = c/λ ≈ 1015 Hz,
transition probability A ≈ 108 s−1 and therefore a natural width of order ∆λ = 0.008 pm.
The classical value for the damped harmonic oscillator is:

γrad =
8πe2

3mecλ2
0

(3.45)

with FWHM = 0.012 pm independent of wavelength. These values are very small. The
other broadening agents are usually more effective. However, radiation damping does not
depend on location and therefore exceeds collisional damping in the low-density outer
layers of stellar atmospheres.

Extinction profile. The Lorentz shape (3.44) above holds for the emission profile ψ(ν−
ν0) since this is the shape function defined for spontaneous bound-bound transitions.
However, atoms deexcite spontaneously the same way whether they are inside or outside
a TE enclosure. We may therefore simply take the TE equality ψ(ν−ν0) = ϕ(ν−ν0) that
is required to have TE detailed balancing at every individual frequency and generalize it
to non-TE conditions. Thus, (3.44) describes also the radiative-damping constituent of
the extinction profile ϕ(ν−ν0).

Derivation. See e.g., Sect. 11.5 of Bransden and Joachain (1989) for the derivation of
(3.44). Basically, the profile describes the convolution of two Fourier transforms. The first
is the delta function δ(ν−ν0) that represents the Fourier transform of an infinitely long,
monofrequent wave exp(−i 2π ν0t) with frequency ν0. The second is the Fourier transform
of the exp(−Ault) = exp(−γradt) decay distribution. The actual wave function consists of
the infinite wave multiplied by the decay distribution. The energy amplitude distribution

Related to the finite lifetime of 
an excited state, as given by the 
Einstein coefficients. Intrinsic to 
the radiative transition.

Lorentzian profile



Collisional broadening
Other names:

• Pressure broadening 
• Stark broadening 
• Resonance broadening 
• van der Waals broadening 

“A physicist may easily spend a whole career in collisional line broadening.” —  R.J. Rutten RTSA
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There are two extreme formalisms to describe the changes in the term structure, the
impact approximation and the quasi-static approximation.

Impact approximation. The perturber comes by at large speed and causes a momen-
tary disruption of the wave train emitted by a deexciting atom. Such disruptions are
described as phase jumps in the wave train (Lindholm theory) and cause broadening with
a Lorentz profile just as the natural-broadening decay functions do; the resulting broad-
ening parameters γcol are then simply added to γrad. See Fig. 11.4 of Gray (1992) and his
description on p. 211 ff; more detail is given in Sect. 9-3 of Mihalas (1978).

Such fast disruptions are primarily caused by free electrons due to their large collision
frequency and high thermal speed. However, perturbations by neutral hydrogen atoms
are also well described by the impact approximation. The duration of their encounters is
brief although they are slower because the spatial extent of this interaction is very short
(see below).

Quasi-static approximation. The other extreme is to have the surrounding particles
at rest, which finds its application in describing the broadening by the slow-moving ions
(protons when hydrogen is partially ionized). The ion density then defines an electric field
that resets the internal term structure of the radiating (extinguishing) atom. The profile
shape then depends on the frequency with which different surrounding fields are realized;
a statistical description is needed to describe them. In the nearest-neighbor approximation
one accounts only for the binary encounters and neglects the more distant perturbers.

Gray (1992) gives more detail on p. 219 ff and Mihalas (1978) gives yet more detail in
Sect. 9.4. A profile function results which is not Lorentzian but has the so-called Holtsmark
shape. It has a dip at line center and decays in the far wings ∼ ∆ν−5/2, whereas the Lorentz
profile in (3.44) decays as ∆ν−2. See Fig. 11.9 of Gray (1992), Fig. 9-3 of Mihalas (1970)
and Fig. 9-1 of Mihalas (1978) for examples.

Classification. The classical classification is to split the various interactions by their
schematic dependence on the separation r between the absorbing (photon-extinguishing)
atom or ion and the perturber in the form

∆ν =
∆E

h
≡ Cn

rn
(3.48)

with Cn the interaction constant and r the distance at the moment of closest encounter (the
impact parameter) for the impact approximation and the distance to the next ion in the
quasi-static nearest-neighbor approximation. This scheme assumes that the interaction
potentials may to first order be described as power laws in r, an approximation which
holds to some extent but not perfectly. The power index n defines the name and type of
the interaction specified in Table 3.1.

Linear Stark effect (n = 2). The lowest-order broadening is called the linear Stark
effect. It is important for H I lines and explains their very large width in spectra from hot
stars. It is also important for hydrogenic lines such as He II lines and Rydberg lines (lines
with high principal quantum number n obeying the Rydberg formula for hydrogen levels)
of other elements. These interactions are with protons and electrons as perturbers. Their
spatial extent ∼ r−2 is so large because hydrogen has a permanent dipole moment. The

Energy perturbation

Interaction constant

Distance between atom and perturber56 CHAPTER 3. BOUND-BOUND AND BOUND-FREE TRANSITIONS

n name profile atom, ion perturbers spectral type

2 linear Stark Holtsmark hydrogen, hydrogenic ions hot
2 linear Stark Lorentz? hydrogen, hydrogenic electrons hot
3 resonance Lorentz hydrogen hydrogen solar
4 quadratic Stark Lorentz non-hydrogenic electrons, ions hot
6 van der Waals Lorentz non-hydrogenic hydrogen cool

Table 3.1: Collision broadening mechanisms.

decay is the same as for the Coulomb field of a point source so that the energy change is
proportional to the surrounding field strength,

The linear Stark effect from proton collisions is best described by quasi-static theory
and the Holtsmark profile shape. The surrounding electric field splits the normally degen-
erate 2n2 sublevels of each H I level into pairs of separate Stark components, each shifted
from line center over a distance that is proportional to the field strength in a symmetrical
pattern. Statistically averaging over field realizations produces Holtsmark broadening for
each component; all these profiles must be added together to derive the total broadening.

The electron broadening component of the linear Stark effect is usually described
with the impact approximation, although its validity is questionable. “Unified” quantum-
theoretical approaches exist also; Mihalas gives a summary. The resulting Lorentz profiles
must be convolved with the summed Holtsmark shapes from the ions.

Resonance broadening (n = 3). The n = 3 decay describes the interaction scale for
collisions between neutral hydrogen atoms themselves. In order to see Balmer lines (from
the n = 2 level, where n is the principal quantum number, another n) the atmosphere
should be not too cool. It shouldn’t be too hot or neutral hydrogen is not the major
perturber. It seems to be important for the solar Hα line.

Quadratic Stark effect (n = 4). Most lines other than H I lines are broadened by
electron and ion impacts with spatial extent ∼ r−4 because they arise from systems without
dipole moment. The short interaction length makes the impact approximation applicable.
Therefore the broadening function is a Lorentzian and the corresponding γ4 adds to γrad.
Electron broadening dominates for non-hydrogenic atoms and ions in the atmospheres of
hot stars where the electron density is high and the neutral hydrogen density small. It is
described extensively by Griem (1974).

Van der Waals broadening (n = 6). The overwhelming numbers of neutral hydrogen
atoms makes them the dominant broadener of spectral lines from cool-star atmospheres.
The short scale length of the interaction makes the encounter brief and the impact ap-
proximation valid, so that the profile shape is again Lorentzian and the corresponding line
shift is negligible. The classical description by Unsöld (1955) gives (Warner 1967):

log γ6 ≈ 6.33 + 0.4 log(r2
u − r2

l ) + log Pg − 0.7 log T (3.49)
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pattern. Statistically averaging over field realizations produces Holtsmark broadening for
each component; all these profiles must be added together to derive the total broadening.

The electron broadening component of the linear Stark effect is usually described
with the impact approximation, although its validity is questionable. “Unified” quantum-
theoretical approaches exist also; Mihalas gives a summary. The resulting Lorentz profiles
must be convolved with the summed Holtsmark shapes from the ions.

Resonance broadening (n = 3). The n = 3 decay describes the interaction scale for
collisions between neutral hydrogen atoms themselves. In order to see Balmer lines (from
the n = 2 level, where n is the principal quantum number, another n) the atmosphere
should be not too cool. It shouldn’t be too hot or neutral hydrogen is not the major
perturber. It seems to be important for the solar Hα line.

Quadratic Stark effect (n = 4). Most lines other than H I lines are broadened by
electron and ion impacts with spatial extent ∼ r−4 because they arise from systems without
dipole moment. The short interaction length makes the impact approximation applicable.
Therefore the broadening function is a Lorentzian and the corresponding γ4 adds to γrad.
Electron broadening dominates for non-hydrogenic atoms and ions in the atmospheres of
hot stars where the electron density is high and the neutral hydrogen density small. It is
described extensively by Griem (1974).

Van der Waals broadening (n = 6). The overwhelming numbers of neutral hydrogen
atoms makes them the dominant broadener of spectral lines from cool-star atmospheres.
The short scale length of the interaction makes the encounter brief and the impact ap-
proximation valid, so that the profile shape is again Lorentzian and the corresponding line
shift is negligible. The classical description by Unsöld (1955) gives (Warner 1967):

log γ6 ≈ 6.33 + 0.4 log(r2
u − r2

l ) + log Pg − 0.7 log T (3.49)Unsöld (1955) (More on this in SSB.)

}
Lorentz type collisional 
broadening factors will just add 
to the natural broadening:
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Doppler broadening
Other names:

• Thermal/non-thermal broadening 
• Turbulent broadeningGaussian profile resulting from 

motions along the line of sight
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and the Gaussian extinction profile given by

ϕ(ν−ν0) =
1√

π∆νD
e−(∆ν/∆νD)2 . (3.64)

In wavelength units the monochromatic extinction coefficient is:

σl
λ =

√
πe2

mec

λ2

c

f

∆λD
e−(∆λ/∆λD)2 (3.65)

with

∆λD ≡ ξ0
c
λ0 =

λ0

c

!

2kT

m
(3.66)

and ∆λ/∆λD = ∆ν/∆νD. The full width at half maximum of the profile is FWHM =
2 ln(2)∆λD = 1.38∆λD.

Voigt profile. When the collisional damping has the Lorentz profile shape (as in the
impact approximation), the total damping profile is the convolution of the constituents and
is given by a Lorentz profile with γ = γrad+γcol. Assuming that collisional broadening and
thermal Doppler shifting are independent processes, this shape function must be convolved
with (3.62) for thermal broadening to obtain the total extinction coefficient. The damping
profile (3.44) is area-normalized and therefore takes the place of the δ function in (3.61),
again with the frame-of-the-atom frequency shift ν ′−ν0 = ν− ξν0/c−ν0 as argument.
Thus:

σl
ν =

"√
πe2

mec

f

∆νD
e−(∆ν/∆νD)2

#

∗
"

γ/4π2

(ν ′−ν0)2 + (γ/4π)2

#

=
√
πe2

mec

f

∆νD

$ +∞

−∞

(γ/4π2) e−(∆ν/∆νD)2

(ν ′−ν0)2 + (γ/4π)2
dν

=
√
πe2

mec

f

∆νD
H(a, v) (3.67)

with

H(a, v) ≡ a

π

$ +∞

−∞

e−y2

(v − y)2 + a2
dy (3.68)

y ≡ ξ

ξ0
=
ξ

c

ν0

∆νD
=
ξ

c

λ0

∆λD
(3.69)

v ≡ ν − ν0

∆νD
=
λ− λ0

∆λD
(3.70)

a ≡ γ

4π∆νD
=

λ2

4πc

γ

∆λD
. (3.71)

The function H(a, v) is called the Voigt function. Examples are shown in Fig. 3.1; a simple
numerical approximation and references to more elaborate routines are given on page 107
of Baschek and Scholz (1982). The Voigt function is not normalized but has area

√
π

in v units; the maximum value in the center has H(a, v = 0) ≈ 1 − a for a < 1. The
corresponding area-normalized extinction profile is:

ϕ(ν−ν0) =
H(a, v)√
π∆νD

. (3.72)

Voigt profile: combination of 
Gaussian with Lorentzian types 
of broadening
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macroturbulence-free zone!
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Thermal: Turbulent broadening:
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does not vary across the stellar disk. The relative flux profile may then be written as a
convolution (Gray 1992 p. 373)

Fν

Fcont
ν

=
!

H(ν−∆ν)Icont
ν cos θ dΩ

!

Icont
ν cos θ dΩ

=
!!

(H(ν−∆ν)Icont
ν /R2) dx dy

!!

(Icont
ν /R2) dx dy

=
" +∞

−∞
H(ν−∆ν)G(∆ν) dν

= H(ν) ∗ G(ν) (3.79)

with ∆ν at each location (x, y) the Doppler shift that corresponds to (3.75) and the
function G(∆ν) describing the rotation profile. It has the shape of a half ellipse. Equation
17.12 of Gray (1992) gives a similar expression for such direct convolution with a function
G(∆ν) for a fairly general limb darkening law on the assumption that it does not differ
between the continuum and the line.

Since convolution implies multiplication of Fourier transforms, the splitting of observed
flux profiles between the rotation profile and the intrinsic intensity profile is best done in
the Fourier domain, see Gray (1992) p. 378 ff. The elliptical shape of G(∆ν) causes a
distinct side-lobe sin x/x pattern in the transform. The locations of the corresponding
dips between the humps are not very sensitive to noise and furnish a good diagnostic7.

Turbulent broadening. There are other motions in stellar atmospheres than just the
microscopic thermal particle motions and the macroscopic rotation of the whole star. Ex-
amples are waves of various sorts and turbulent convection. They are neglected when
stars are assumed to possess time-independent plane-parallel geometry. In that case one
also neglects stationary inhomogeneities and magnetic structuring. In order to make up
for this glaring deficiency in their modeling, stellar spectroscopists follow Struve’s trick of
introducing two additional fudge parameters called microturbulence and macroturbulence.
As the names indicate, they supposedly have random nature and supposedly operate on
microscopic scales and macroscopic scales, respectively. They are usually defined as con-
volutions with Gaussian velocity distributions, respectively of the local line extinction
coefficient (microturbulence) and of the emergent intensity or flux profile (macroturbu-
lence).

The microturbulence is simply entered by redefining the Doppler width (3.63) on
page 58 as

∆νD ≡ ν0

c

#

2kT

m
+ ξ2micro (3.80)

7Such zeroes in a Fourier transform are useful to fit a known transform shape with zeroes in the
presence of other signals without transform zeroes. Examples of the latter are white noise, noise with
a Gaussian frequency distribution, or in this case the Voigt-like intrinsic shape of the non-rotationally
broadened spectral lines. See Gray (1992) for examples. However, Fourier transform zeroes are a nuisance
for restoring data by deconvolution using the convolution theorem (convolution in the measurement domain
transforms into multiplication in the Fourier domain, and vice versa). If restoration is done by dividing the
transform S(f) of the signal s(x) by the transform A(f) of the smearing function A(x) (for example the
point spread function of a telescope or the instrumental profile of a spectrograph), zeroes in A(t) make the
corrected transform S(t)/A(t) infinity. Much more sophisticated methods are generally needed to restore
images, spectra, time sequences etc. for instrumental effects.

Microturbulence
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to describe the convolution of the two Gaussians8. Adding macroturbulence is done by
convolving the computed emergent intensity profile numerically with a Gaussian velocity
distribution:

Ic − Iλ

Ic
=
!
Ic − Iλ

Ic

"

comp
∗ 1
ξmacro

√
π

e−ξ2/ξ2
macro . (3.81)

The value of these parameters is derived by requiring that the computed line profiles fit
the observed ones. Since a single choice will usually not work for more than one line, they
are often assumed to vary with height and/or with viewing angle, effectively enlarging the
free parameter space.

Warning. Although the names imply random motions, the turbulence parameters are
really ad-hoc fitting parameters that serve to correct for any deficiencies in plane-parallel
modeling, including not or badly modeled departures from LTE and wrong collision broad-
ening in addition to dynamical effects and inhomogeneities and whatever else is wrong in
the modeling. There have been efforts to produce a more physical description from real
theories of real stochastic turbulence9. I don’t think these descriptions make much more
sense than the classical definitions do; all use of these parameters remains rather suspect
since they mostly do not describe actual turbulence. The problem is that the fitted tur-
bulence needs to be fairly large to explain observed line profiles, typically larger than the
thermal broadening and even supersonic in hot stars. See Fig. 18.9 of Gray (1992) for an
overview.

3.3.4 Other broadening

Hyperfine structure. The angular momentum of the nucleus in atoms and ions couples
with the angular momentum of the electron cloud and so causes a slight splitting of energy
levels into hypermultiplets. It is usually negligible, with the component separations well
below the thermal Dopplerwidth, except in some optical spectra (Mn I, V I, Co I, Cu I).
The patterns are found in physics handbooks.

Isotope splitting. Different isotopes have different nuclear mass and therefore slightly
different term energies. The effect is most outspoken for the light elements (H I, Li I) but
also evident in Ba II.

Zeeman splitting. Magnetic fields split magnetically sensitive lines in patterns of polar-
ized components of which the Zeeman triplet is the simplest case. At optical wavelengths
the splitting is seen as line broadening. Towards the infrared the Zeeman splitting becomes
more noticeable because it increases as ∆λZ ∼ λ2 whereas the thermal line width increases
as ∆λD ∼ λ. In the solar spectrum, the famous Mg I emission lines near 12 µm are fully
split for fields as weak as 300 Gauss (Rutten and Carlsson 1994). The book by Stenflo
(1994) treats polarized radiative transfer and solar magnetic field diagnostics extensively.

8If there really are Gaussian-distributed turbulent motions in the stellar atmosphere that broaden the
local line extinction coefficient, the value ξmicro would be larger than the rms velocities <v2

turb>1/2 by
√

2.
9Also, De Jager has introduced mesoturbulence for intermediate scales and Gray (1992) uses a radial-

tangential model assuming that the actual motions in the atmosphere are either radial or horizontal but
not slanted.

Macroturbulence



Rotational broadening

Stellar Class ve (km/s)

O5 190

B0 200

B5 210

A0 190

A5 160

F0 95

F5 25

G0 12

Sun 2



Rotational broadening
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Collins & Truax (1995)
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Isotopic splitting

Not a broadening per se, just a consequence 
of overlapping transitions with different energy 
levels from isotopes.

Isotopic abundance will affect shape of line 
profiles, resulting in an apparent broadening.

Wikimedia commons



Hyperfine splitting

Elements or isotopes with an odd number of 
protons + neutrons will have nonzero nuclear 
spin. This spin can interact with the electron 
spin (1/2) and split the wave function into 
additional energy levels.

Transitions between lower levels and the split 
levels have very similar wavelengths, resulting 
in an apparent broadening.

Proton spin: 1/2        Neutron spin: 1/2

https://upload.wikimedia.org/wikipedia/commons/9/96/Hydroge...

1 of 1 26/09/2019, 12:18

Wikimedia commons

Hydrogen 21 cm line



H I 21 cm from nearby galaxies, NRAO



This HI4PI map was produced using data from the 100 metre Max-Planck 
radio telescope in Effelsberg, Germany and the 64 metre CSIRO radio 
telescope in Parkes, Australia. 
Image credit: Benjamin Winkel and the HI4PI collaboration https://www.icrar.org/hi4pi/

map of galactic H I 21-cm emission

-250 < v < +250 km/s



Zeeman splitting

S 1/2

P 1/2

P 3/2

+1/2

−1/2

−1/2
+1/2

−3/2
−1/2
+1/2
+3/2

https://upload.wikimedia.org/wikipedia/commons/9/9d/Zeeman...

1 of 1 26/09/2019, 12:26

Wikimedia commons

The presence of a magnetic field along the line 
of sight will cause the energy levels to split.

For small values of this split, the different 
levels are not distinguishable, resulting in an 
apparent broadening.

Hale et al. (1919)

Zeeman splitting is arguably the best 
diagnostic of astrophysical magnetic fields.



Measuring stellar parameters: Teff

One of the most reliable methods to determine 
Teff is the infrared flux method. It consists on 
comparing the monochromatic flux in the infrared 
with the bolometric flux, and is similar to a colour.
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1

From model atmospheres

Infrared minimises dependence of R on Teff 

Hydrogen Balmer lines are also a good indicator 
of Teff because of their strong Stark-broadened 
wings. In cool stars the wings are mostly 
dependent on Teff, but in hots stars they also 
depend on gravity.

“ = “rad
+ “2 + “3 + “4 + “6

�‹D =
‹0
c

Ú
2kT

m

Robs =
F⁄(total)

F⁄(IR)
Ã T 4

e�
Te�

= Rtheor(Te� , log g, [Fe/H])

–line

–cont Ã NeNH(n = 2)

NeNH(n = 1)
Ã NH(n = 2)

NH(n = 1)

–line

–cont Ã NeNH(n = 2)

NH(n = 3)

1

“ = “rad
+ “2 + “3 + “4 + “6

�‹D =
‹0
c

Ú
2kT

m

Robs =
F⁄(total)

F⁄(IR)
Ã T 4

e�
Te�

= Rtheor(Te� , log g, [Fe/H])

–line

–cont Ã NeNH(n = 2)

NeNH(n = 1)
Ã NH(n = 2)

NH(n = 1)

–line

–cont Ã NeNH(n = 2)

NH(n = 3)

1

Cool stars: 

Hot stars:



Measuring other stellar parameters

Surface gravity (log g), or mass: parallaxes, line ionisation balance  

Radius: photometric ratios, interferometry



Measuring chemical composition

Chemical composition, or the abundances of elements is 
often measured as a ratio to hydrogen.

Need to measure each element individually, and need 
spectral lines of each! Need to know source function, and 
for that need a good model of the stellar atmosphere.

Metallicity is a related concept, and is often used as the 
ratio of iron to hydrogen: Fe / H. It is often measured relative 
to the solar value, so [Fe / H] = 0 means a star has the same 
metallicity (iron content) as the Sun, and [Fe / H] = -1 means 
it has a metallicity 10 times lower (log scale)



A&A 557, A26 (2013)

Fig. 8. Overview of the emergent (bolometric) intensity for a selection of stars, namely main-sequence (MS), turnoff (TO), K-giant and K-dwarf
(from left to right, respectively) at a given time instant. For each star, we show four metallicities [Fe/H] = 0.0,−1.0,−2.0 and −3.0 (from top to
bottom, respectively). To facilitate comparisons between the different metallicity of each star, the intensity scale and the horizontal geometrical
size of the metal-poor simulations are identical to [Fe/H] = 0.0, and the individual intensity contrasts [%] are indicated in each box.

with I being the (spatial) mean intensity and N the number of
data points (see Roudier & Muller 1986). We remark that the
shown ∆Irms are is temporal averages. It is essentially defined
as the relative standard deviation, hence it reflects the width of
the intensity distribution (see Fig. 9). This often measured value
is very suitable for quantifying the range of brightness fluctu-
ations due to granulation. The intensity contrast increases with
higher Teff and lower log g. For our solar simulation we get an
intensity contrast of 15%, which is close to the one found by
SN98 with 16% (see Col. 10 in Table C.1).

Towards higher Teff, we find that sbot, ∆s, and the verti-
cal velocity increase, as shown in Sects. 3.1.2 and 3.2.2. For

increasingly hotter stars, the top of the convective zone, ztop,cz,
penetrates higher and higher above the optical surface due to
larger vertical velocities (see Fig. 17). Additionally, at higher
Teff (higher sbot and ∆s), the overall temperatures and their fluc-
tuations also increase, implying that one observes increasingly
higher layers, since the dominant H−-opacity, hence the opti-
cal depth, depends sensitively on the temperature. Therefore, the
granulation pattern is enhanced at higher Teff, while on the con-
trary for lower Teff the granulation becomes less visible, since
ztop,cz recedes below the optical surface in the latter case (see
overview in Fig. 8). This phenomenon has been already de-
scribed by Nordlund & Dravins (1990) as naked granulation.

A26, page 12 of 30
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Fig. 8. Overview of the emergent (bolometric) intensity for a selection of stars, namely main-sequence (MS), turnoff (TO), K-giant and K-dwarf
(from left to right, respectively) at a given time instant. For each star, we show four metallicities [Fe/H] = 0.0,−1.0,−2.0 and −3.0 (from top to
bottom, respectively). To facilitate comparisons between the different metallicity of each star, the intensity scale and the horizontal geometrical
size of the metal-poor simulations are identical to [Fe/H] = 0.0, and the individual intensity contrasts [%] are indicated in each box.

with I being the (spatial) mean intensity and N the number of
data points (see Roudier & Muller 1986). We remark that the
shown ∆Irms are is temporal averages. It is essentially defined
as the relative standard deviation, hence it reflects the width of
the intensity distribution (see Fig. 9). This often measured value
is very suitable for quantifying the range of brightness fluctu-
ations due to granulation. The intensity contrast increases with
higher Teff and lower log g. For our solar simulation we get an
intensity contrast of 15%, which is close to the one found by
SN98 with 16% (see Col. 10 in Table C.1).

Towards higher Teff, we find that sbot, ∆s, and the verti-
cal velocity increase, as shown in Sects. 3.1.2 and 3.2.2. For

increasingly hotter stars, the top of the convective zone, ztop,cz,
penetrates higher and higher above the optical surface due to
larger vertical velocities (see Fig. 17). Additionally, at higher
Teff (higher sbot and ∆s), the overall temperatures and their fluc-
tuations also increase, implying that one observes increasingly
higher layers, since the dominant H−-opacity, hence the opti-
cal depth, depends sensitively on the temperature. Therefore, the
granulation pattern is enhanced at higher Teff, while on the con-
trary for lower Teff the granulation becomes less visible, since
ztop,cz recedes below the optical surface in the latter case (see
overview in Fig. 8). This phenomenon has been already de-
scribed by Nordlund & Dravins (1990) as naked granulation.
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Main sequence Turnoff K giant K dwarf

Magic et al. (2013)
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Figure 3 Spatially resolved line profiles of the Fe I 608.27 nm line (χ exc = 2.22 eV) across
the predicted granulation in a 3D hydrodynamical simulation of the solar atmosphere. The
thick red line denotes the spatially averaged profile. Their steeper temperature structures tend
to make lines stronger in upflows (blue-shifted). The detailed shape of the spatially averaged
line profile is a sensitive probe of the 3D temperature and veolicty structure in the stellar
atmosphere.

a consequence, near-adiabatic expansion cooling of upflowing material dominates
over radiative heating and the resulting temperatures are considerably below the
radiative equilibrium values (Asplund et al. 1999), which is illustrated in Figure
2. The differences in mean temperature between 3D and 1D models can amount
to 1000 K or more in the optically thin layers, with a dramatic consequence for
the formation of lines sensitive to those layers. The steeper temperature structures
will also produce a stronger Jν/Bν divergence and thus possibly cause more pro-
nounced non-LTE effects, an area that is now starting to be explored. It should be
noted that the impact of line-blanketing is opposite in 3D hydrodynamical models
to that in radiative equilibrium 1D models where they cause surface cooling. Due
to the nonlinearity in line formation, the presence of atmospheric inhomogeneities
can also have a pronounced effect on the derived element abundances. This is
particularly true for very temperature sensitive species like molecules.

The combination of a cooler mean temperature structure and the existence
of temperature inhomogeneities explains why a 3D hydrodynamical solar model
implies much lower molecular-based C, N, and O abundances than with the semi-
empirical Holweger & Müller (1974) model (Asplund et al. 2004, 2005; Asplund,
Grevesse & Sauval 2005), as is clear from Table 1. The excellent agreement with
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Measuring chemical composition: 
Spectral lines in stellar granulation

Asplund (2005)
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Solar oxygen crisis?

Solar interior modelling crisis



Overcoming the structural surface effect 3471

Figure 5. Left-hand panel: squared sound speed difference between models A–D and the Sun. The shaded yellow area shows the statistical and conservative
error estimates by Degl’Innocenti et al. (1997). These errors are dominated by the error that stems from the choice of reference model but also include
observational errors – see the text, for further details. We use the reference model by Basu & Antia (2008). The base of the ⟨3D⟩-envelope is located
approximately 1 Mm below the photosphere, which roughly corresponds to 1.5 × 10−3R⊙. Right-hand panel: zoom-in in convective zone. Although the depth
of the appended ⟨3D⟩-envelope is only 1.5 × 10−3 R⊙, and although all models reach the same deep asymptotic adiabat, the different outer boundary conditions
of models A-D clearly affect the stratification of the convection zone far beyond the extent of the ⟨3D⟩-envelope.

particular those by Asplund et al. (2009). The improvements of the
outer boundary conditions that results from the coupling 1D and
3D have little effect on the location of the bottom of the convective
envelope.

There is also a large anomaly in δc2/c2 close to the base of the
convective envelope (Fig. 5 ). This so-called tachocline anomaly
is likewise a well-known shortcoming of state-of-the-art solar
models (Christensen-Dalsgaard et al. 1985 ; Christensen-Dalsgaard,
Gough & Thompson 1988a), and again the use of AGSS09 abun-
dances is found to lead to a particularly strong disagreement with
observations (Serenelli et al. 2009).

5.3 Solar oscillations

Following the approach outlined in Section 4.2, we computed
adiabatic model frequencies for model A. In order to assess the
extent, to which our method corrects for the structural contribution
to the surface effect, we compared these model frequencies to
BiSON observations. The comparison is shown in Fig. 6, where

δνnℓ = νobs
nℓ − νmod

nℓ . (16)

Here, we let νnℓ denote the mode frequency with radial order n and
degree ℓ. The superscripts ‘obs’ and ‘mod’ refer to the observed and
the model frequencies, respectively. δνnℓ denotes the remaining
frequency residual. For simplicity, we only include radial modes
(ℓ = 0). We hence avoid the necessity of scaling δνnℓ by the ratio
between the mode inertia (or modal mass) and the mode inertia of
a radial mode with the same frequency (cf. Christensen-Dalsgaard
1986).

We find that the adiabatic model frequencies of model A are
systematically lower than the observed frequencies. The frequency
residual is close to 12 µHz in the vicinity of the frequency of maxi-
mum power (vmax,⊙ = 3090 µHz). Overall, the obtained frequency
residuals are in very good agreement with the structural surface
effect inferred by Houdek et al. (2017) and Jørgensen et al. (2018)
using post-evolutionary patching.

Houdek et al. (2017) have determined the modal contribution
to the surface effect of the Sun, using a time-dependent, non-local
treatment of pulsational perturbations. Such effects include non-
adiabatic energetics. According to Houdek et al. (2017), the modal

Figure 6. Frequency difference between BiSON observations and a model
of the present Sun that appends an interpolated ⟨3D⟩-envelope and calibrates
β at each time-step (model A). Model B is included for comparison, to
demonstrate the effect of including turbulent pressure. The dashed light
green line shows the modal effect (with opposite sign) that was originally
published in fig. 1 in Houdek et al. (2017). The modal effect and the structural
effect combine to an effective residual of at most 2 µHz everywhere. The
modal effect was kindly provided by G. Houdek. Only radial modes (ℓ = 0)
with frequencies above 1000 µHz are included.

surface effect counteracts the structural surface effect. Furthermore,
the modal surface effect matches the frequency residuals of model
A as a function of frequency (cf. figs 1 and 5 in Houdek et al.
2017). To illustrate this, we have included the modal surface effect
from Houdek et al. (2017) in Fig. 6 – with the opposite sign, in
order to facilitate an easy comparison with the structural surface
effect. The remaining residuals between observations and the model
frequencies from model A are at most 2 µHz for frequencies
below 4000 µHz, once modal effects have been subtracted. Physical
differences between our solar calibration models and those used
by Houdek et al. (2017) may partly contribute to the remaining
frequency residuals. However, we note that Houdek et al. (2017)
obtain the same deviation of at most 2 µHz.

From the above, we conclude that model A successfully elim-
inates the structural surface effect, leaving only modal effects
to be corrected for. Our method hence overcomes the structural

MNRAS 488, 3463–3473 (2019)
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Fig. 13. Same as Fig. 11 but as a function of excitation potential of
the lower level. In general high excitation lines are formed in deeper
layers and thus have larger convective blueshifts. The trend is not as
striking as in Fig. 11, since also e.g. the oscillator strength determines
the line-formation depth

observedbisectors. It should benoted that both types of bisectors
are on an absolute wavelength scale and the synthetic bisectors
have therefore not been shifted in velocity to match the obser-
vations. In order to achieve such a remarkable agreement it is
necessary to have both a very accurate description of the atmo-
spheric structure and the details of line formation as well as very
high quality laboratory wavelengths. Clearly the result is very
satisfactory. The excellent correspondence in Fig. 15 is not only
fortuitous, as is apparent from an inspection of Fig. 16, which
shows the differences in observed and predicted line asymme-
tries for all the 67 computed Fe i lines. Under ideal conditions
the differences should all be vertical lines with no velocity off-
set, which in fact is not far from the truth. In particular the
weaker lines show excellent agreement, while the situation be-
comes progressively worse for the cores of the stronger lines,
reflecting the shortcomings already discussed in Sect. 6. This
discrepancy also affects the bisectors closer to the continuum
for the stronger lines, causing the bisector differences to be pre-
dominantly positive. The situation for the Fe ii lines are shown
in Fig. 17, which again is very satisfactory. Both with an infe-
rior resolution and height extension in the convection simula-
tions the resulting bisectors are of noticably lower quality when
comparing with observations (Asplund et al. 2000a). The good

Fig. 14. The time averaged horizontal average (solid) and rms (dashed)
vertical velocity in the solar simulations. Positive vertical velocities
indicate downward motion. Note the upturn in ⟨vz⟩ which reaches
400m s−1 in the uppermost parts of the atmosphere. The horizontal part
of the curves at the upper boundary is a consequence of the boundary
formulation, which specifies the same vertical velocity in the two top
layers

Fig. 15. The predicted (solid line) and observed (line with error bars)
bisectors of the Fe i 680.4, 627.1 and 624.0 nm (in order of increasing
line strength) lines. It should be emphasized that the velocity scale is
absolute for both the computed and measured line asymmetries, i.e.
no arbitrary wavelength shifts have been applied in order to bring the
two into agreement. Clearly the predicted bisectors agree rather satis-
factory with the observations. In fact, the close resemblance for these
lines is partly fortuitous since both the laboratory wavelengths and the
wavelength calibration of the solar intensity atlas may only be accurate
to about 30–50ms−1. In comparison, classical 1Dmodel atmospheres
will of course only produce vertical bisectors at zero absolute velocity

overall agreement in terms of line asymmetries therefore lend
very strong support to the realism of the convection simulations.

In fact it is very easy to detect problematic lines due to
erroneous laboratory wavelengths (large velocity offset) and
blends (discrepant bisector shape) when comparing line asym-

Asplund et al. (2000)

1412 T. M. D. Pereira et al.: Oxygen lines in solar granulation. II.
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1D HM: FTS Intensity Atlas
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1D MARCS: FTS Intensity Atlas
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Fig. 8. Synthetic line profiles (solid lines) for the O I+Ni I 630.03 nm blend vs. observations (circles). Shaded regions indicate the range over which
the profiles were fitted. Left panels: fit for FTS Intensity atlas, done over the wavelength range of Allende-Prieto et al. (2001). Middle panels: fit
for our observations, disk-centre. Right panels: our observations at µ = 0.197, and profiles from models using abundance fitted at disk-centre,
adjusted for continuum. The wavelength shift was measured for each model and disk position separately from Fe I lines (see text). Ni abundance
was fixed at 6.22, 6.16, 6.26 for the 3D model, 1D MARCS model and 1D HM model, respectively.
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Fig. 9. Equivalent width vs. µ for the [O I]+Ni I 630.03 nm lines blend,
for our observations and different models at different positions in the
solar disk.

disk-centre also indicate an excess of intensity in the red wing.
The line profile at low µ with the disk-centre abundance shows
a slightly weaker line than the observations. The oxygen abun-
dances from profile fitting with the FTS disk-centre atlas for
the HM and MARCS models were, respectively, 8.69 and 8.66.

4.2.6. Comparison with previous work

An easy comparison to be made is with ALA01. Some things
have been done differently in the present study. We computed a
proper blend of the two transitions (adding line opacities), in-
stead of computing separate line profiles for each line and co-
adding them. We also performed a more precise wavelength cal-
ibration using Fe I lines. And finally, we employed a more recent
3D model and a higher Ni abundance. Fitting the flux profiles
against the FTS flux atlas and using the same fitting range in
ALA01, we obtained an oxygen abundance 0.07 dex lower. The
reason for this difference is mainly the higher Ni abundance used
(6.22 vs. 6.05), which translates to a ≈−0.07 dex difference in

Pereira et al. (2009)

Measuring chemical composition: 
spectral line asymmetries



Measuring chemical composition: 3D vs 1D model atmospheres
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Figure 1 Distribution of temperature with height in a 3D hydrodynamical model atmosphere
corresponding to the Sun (Asplund et al. 2000b) with warm colors denoting an abundance
of gas and cold colors a shortage of gas at those temperatures. Note the shortage of gas with
a temperature between 6000 and 10,000 K owing to the very rapid cooling in upflowing
material as it starts to become optically thin. The zero-point in height corresponds to average
continuum optical depth unity. Also shown is the temperature structure of a 1D hydrostatic
theoretical MARCS model (Asplund et al. 1997) with otherwise identical input parameters
(dashed line), which illustrates that in the 3D model the gas is close to radiative equilibrium
in the optically thin layers at solar metallicity.

in mixing length-type models. The resulting atmospheric structure shows substan-
tial temperature inhomogeneities with a horizontal rms scatter of ∼200 K in the
line-forming regions and ∼2000 K just below the optical surface in the Sun (e.g.,
Stein & Nordlund 1998; see also Figures 1 and 2). For continuum wavelengths
in the visual this translates to a brightness contrast of 15–20%; the temperature
inhomogeneities are more pronounced for higher Teff and lower log g (Nordlund
& Dravins 1990). The velocities for the convective motions and the waves they
generate are normally subsonic but shocks often develop above the downflows.

In light of this dynamic environment, the question naturally arises as to how
this may affect the derived element abundances from observed line profiles. Fol-
lowing pioneering work on line formation in hydrodynamical stellar model atmo-
spheres (e.g., Dravins, Lindegren & Nordlund 1981; Nordlund 1982, 1985; Steffen,
Ludwig & Kruess 1989; Stein & Nordlund 1989; Dravins & Nordlund 1990a,b;
Nordlund & Dravins 1990), recently this has started to be explored in a more
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Figure 2 Same as Figure 1 but for [Fe/H] = −3.0 (Asplund & Garcı́a Pćrez 2001). Note
that the 3D model has temperatures much below the radiative equilibrium expectations in
the optically thin layers due to the dominance of expansion cooling in upflows over radiative
heating owing to spectral lines. The large difference in temperature with the 1D model can
have a profound impact on lines sensitive to those atmospheric layers.

quantitative manner (e.g., Atroshchenko & Gadun 1994; Kiselman & Nordlund
1995; Gadun & Pavlenko 1997; Kiselman 1997; Uitenbroek 1998; Asplund et al.
1999, 2000a,b,c, 2004, 2005; Asplund 2000, 2004a,b; Allende Prieto, Lambert &
Asplund 2001, 2002; Asplund & Garcı́a Pérez 2001; Shchukina & Trujillo Bueno
2001; Allende Prieto et al. 2002; Nissen et al. 2002; Steffen & Holweger 2002;
Shchukina, Trujillo Bueno & Asplund 2005). The current state-of-the-art in 3D
hydrodynamical modeling of stellar atmospheres (e.g., Stein & Nordlund 1998;
Freytag, Steffen & Dorch 2002; Carlsson et al. 2004; Vögler 2004) solves the stan-
dard equations for conservation of mass, momentum, and energy in connection with
the 3D radiative transfer equation for a representative volume of the stellar surface
covering typically >10 granules at any one time. The vertical extent is normally
≥10 pressure scale-heights, which in the Sun corresponds to approximately 3 Mm
(3 × 106 m) below the surface to at least up to the temperature minimum around
0.5 Mm above. The numerical resolution is typically ≥1003 gridpoints, which ap-
pears to be sufficient for line-formation purposes (Asplund et al. 2000a). Realistic
equation-of-state and opacities with line-blanketing accounted for through opacity
binning (Nordlund 1982) are used; tests show that the predicted radiative heating
agrees to typically approximately 1% with detailed opacity sampling calculations
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Asplund (2005)
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to describe the convolution of the two Gaussians8. Adding macroturbulence is done by
convolving the computed emergent intensity profile numerically with a Gaussian velocity
distribution:

Ic − Iλ

Ic
=
!
Ic − Iλ

Ic

"

comp
∗ 1
ξmacro

√
π

e−ξ2/ξ2
macro . (3.81)

The value of these parameters is derived by requiring that the computed line profiles fit
the observed ones. Since a single choice will usually not work for more than one line, they
are often assumed to vary with height and/or with viewing angle, effectively enlarging the
free parameter space.

Warning. Although the names imply random motions, the turbulence parameters are
really ad-hoc fitting parameters that serve to correct for any deficiencies in plane-parallel
modeling, including not or badly modeled departures from LTE and wrong collision broad-
ening in addition to dynamical effects and inhomogeneities and whatever else is wrong in
the modeling. There have been efforts to produce a more physical description from real
theories of real stochastic turbulence9. I don’t think these descriptions make much more
sense than the classical definitions do; all use of these parameters remains rather suspect
since they mostly do not describe actual turbulence. The problem is that the fitted tur-
bulence needs to be fairly large to explain observed line profiles, typically larger than the
thermal broadening and even supersonic in hot stars. See Fig. 18.9 of Gray (1992) for an
overview.

3.3.4 Other broadening

Hyperfine structure. The angular momentum of the nucleus in atoms and ions couples
with the angular momentum of the electron cloud and so causes a slight splitting of energy
levels into hypermultiplets. It is usually negligible, with the component separations well
below the thermal Dopplerwidth, except in some optical spectra (Mn I, V I, Co I, Cu I).
The patterns are found in physics handbooks.

Isotope splitting. Different isotopes have different nuclear mass and therefore slightly
different term energies. The effect is most outspoken for the light elements (H I, Li I) but
also evident in Ba II.

Zeeman splitting. Magnetic fields split magnetically sensitive lines in patterns of polar-
ized components of which the Zeeman triplet is the simplest case. At optical wavelengths
the splitting is seen as line broadening. Towards the infrared the Zeeman splitting becomes
more noticeable because it increases as ∆λZ ∼ λ2 whereas the thermal line width increases
as ∆λD ∼ λ. In the solar spectrum, the famous Mg I emission lines near 12 µm are fully
split for fields as weak as 300 Gauss (Rutten and Carlsson 1994). The book by Stenflo
(1994) treats polarized radiative transfer and solar magnetic field diagnostics extensively.

8If there really are Gaussian-distributed turbulent motions in the stellar atmosphere that broaden the
local line extinction coefficient, the value ξmicro would be larger than the rms velocities <v2

turb>1/2 by
√

2.
9Also, De Jager has introduced mesoturbulence for intermediate scales and Gray (1992) uses a radial-

tangential model assuming that the actual motions in the atmosphere are either radial or horizontal but
not slanted.

Macroturbulence
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does not vary across the stellar disk. The relative flux profile may then be written as a
convolution (Gray 1992 p. 373)

Fν

Fcont
ν

=
!

H(ν−∆ν)Icont
ν cos θ dΩ

!

Icont
ν cos θ dΩ

=
!!

(H(ν−∆ν)Icont
ν /R2) dx dy

!!

(Icont
ν /R2) dx dy

=
" +∞

−∞
H(ν−∆ν)G(∆ν) dν

= H(ν) ∗ G(ν) (3.79)

with ∆ν at each location (x, y) the Doppler shift that corresponds to (3.75) and the
function G(∆ν) describing the rotation profile. It has the shape of a half ellipse. Equation
17.12 of Gray (1992) gives a similar expression for such direct convolution with a function
G(∆ν) for a fairly general limb darkening law on the assumption that it does not differ
between the continuum and the line.

Since convolution implies multiplication of Fourier transforms, the splitting of observed
flux profiles between the rotation profile and the intrinsic intensity profile is best done in
the Fourier domain, see Gray (1992) p. 378 ff. The elliptical shape of G(∆ν) causes a
distinct side-lobe sin x/x pattern in the transform. The locations of the corresponding
dips between the humps are not very sensitive to noise and furnish a good diagnostic7.

Turbulent broadening. There are other motions in stellar atmospheres than just the
microscopic thermal particle motions and the macroscopic rotation of the whole star. Ex-
amples are waves of various sorts and turbulent convection. They are neglected when
stars are assumed to possess time-independent plane-parallel geometry. In that case one
also neglects stationary inhomogeneities and magnetic structuring. In order to make up
for this glaring deficiency in their modeling, stellar spectroscopists follow Struve’s trick of
introducing two additional fudge parameters called microturbulence and macroturbulence.
As the names indicate, they supposedly have random nature and supposedly operate on
microscopic scales and macroscopic scales, respectively. They are usually defined as con-
volutions with Gaussian velocity distributions, respectively of the local line extinction
coefficient (microturbulence) and of the emergent intensity or flux profile (macroturbu-
lence).

The microturbulence is simply entered by redefining the Doppler width (3.63) on
page 58 as

∆νD ≡ ν0

c

#

2kT

m
+ ξ2micro (3.80)

7Such zeroes in a Fourier transform are useful to fit a known transform shape with zeroes in the
presence of other signals without transform zeroes. Examples of the latter are white noise, noise with
a Gaussian frequency distribution, or in this case the Voigt-like intrinsic shape of the non-rotationally
broadened spectral lines. See Gray (1992) for examples. However, Fourier transform zeroes are a nuisance
for restoring data by deconvolution using the convolution theorem (convolution in the measurement domain
transforms into multiplication in the Fourier domain, and vice versa). If restoration is done by dividing the
transform S(f) of the signal s(x) by the transform A(f) of the smearing function A(x) (for example the
point spread function of a telescope or the instrumental profile of a spectrograph), zeroes in A(t) make the
corrected transform S(t)/A(t) infinity. Much more sophisticated methods are generally needed to restore
images, spectra, time sequences etc. for instrumental effects.

Microturbulence
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Figure 1
Schematic overview of the many scientific topics related to near-field cosmology. These examples illustrate how closely connected the
many different areas are. Abbreviations: CEMP, carbon-enhanced metal-poor; MDF, metallicity distribution function; MW, Milky
Way; Pop I and Pop II, Population I and II.

! Pagel (1997), Frebel (2010), Frebel & Norris (2013), and Karlsson et al. (2013) address the
context of the early chemical enrichment of the Universe, and how one might use metal-poor
stars to explore back in time to the Big Bang.

! Wheeler et al. (1989), Asplund (2005), Gray (2005), Sneden et al. (2008), and Asplund
et al. (2009) address the determination of the chemical abundances of stars, the important
abundance patterns, and the reliability of the results.

! Beers & Christlieb (2005) describe the search for and discovery of metal-poor stars.
! Sandage (1986), Gilmore et al. (1989), McWilliam (1997), Freeman & Bland-Hawthorn

(2002), and Ivezić et al. (2012) discuss the role of abundances in the stellar population
paradigm, and the manner in which they inform our understanding of galactic chemical
enrichment.

! Woosley & Weaver (1995), Woosley et al. (2002), Kobayashi et al. (2006), Heger & Woosley
(2010), and Nomoto et al. (2013) describe the progress in understanding how supernovae
produce the chemical elements.

! Mateo (1998), Tolstoy et al. (2009), Willman (2010), and Belokurov (2013) address the
discovery, observation, and interpretation of the Milky Way’s dwarf galaxy satellites.

These reviews are, of course, not one dimensional, and in many cases, a given review discusses
matters in several of the above topics.

634 Frebel · Norris
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Figure 4
High-resolution (R ∼ 40,000), high S/N spectra of metal-poor red giants having similar Teff and log g in the
[Fe/H] range < −7.3 to −0.9 and wavelength range 3830–3980 Å. The numbers in each panel to the right of
the star’s identification represent the atmospheric parameters Teff /log g/[Fe/H], with metallicity decreasing
from top to bottom. Note that, although the CaII H and K lines become very weak in the two most
iron-poor stars, HE 0107−5240 and SM 0313−6708, many more lines have appeared. These are features of
CH (the positions of which are indicated immediately above the spectra), resulting from extremely large
overabundances of carbon relative to iron in these objects. For convenience, the vertical dotted lines are
added to help delineate the positions of the H and K lines in the lower spectra. Alternative representations of
the spectra are provided in Supplemental Figures 1–4. Follow the Supplemental Material link from the
Annual Reviews home page at http://www.annualreviews.org.

line strength of 20 mÅ in a putative metal-poor red giant having Teff = 4,500 K and log g = 0.5.
[The CaII K line is the strongest atomic feature in the spectra of metal-poor stars (see Figure 4),
and its strength is intrinsically greater in red giants than in near main-sequence dwarfs.] We make
two further points about Figure 3. First, steady progress has been made over the past six decades
to find stars with lower and lower metallicities (notwithstanding the one to two decade periods
without progress). Second, we have most likely come to the point where further progress for
identifying stars with lower abundances will be very slow. The spectrum of the most metal-poor
star currently known, SM 0313−6708 (Keller et al. 2014) has [Ca/H] = −7.2, and no Fe lines
have been observed. The only other elements so far detected are H, C, O, Mg, and Si; the strength
of the CaII K line is a mere 90 mÅ. For comparison, the strength of this line in CD−38◦245 (which
has [Fe/H] = −4.0) is 1,485 mÅ.

3.4.2. The eight most iron-poor stars. A very challenging aspect of the study of the most
metal-poor stars is their extreme rarity. Below [Fe/H] ! −4.5, only eight of them are known.

www.annualreviews.org • Near-Field Cosmology with Metal-Poor Stars 645

Supplemental Material
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Teff=5125 K, [Fe/H]=−7.3

Teff=4670 K, [Fe/H]=−0.9

Teff=4650 K, [Fe/H]=−2.7

Teff=4850 K, [Fe/H]=−4.0

Teff=5100 K, [Fe/H]=−5.4

Anna Frebel & John Norris (2015, ARAA)Å
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A single low-energy, iron-poor supernova
as the source of metals in the star SMSS
J031300.362670839.3
S. C. Keller1, M. S. Bessell1, A. Frebel2, A. R. Casey1, M. Asplund1, H. R. Jacobson2, K. Lind3, J. E. Norris1, D. Yong1, A. Heger4,
Z. Magic1,5, G. S. Da Costa1, B. P. Schmidt1 & P. Tisserand1

The element abundance ratios of four low-mass stars with extremely
low metallicities (abundances of elements heavier than helium)
indicate that the gas out of which the stars formed was enriched
in each case by at most a few—and potentially only one—low-energy
supernova1–4. Such supernovae yield large quantities of light ele-
ments such as carbon but very little iron. The dominance of low-
energy supernovae seems surprising, because it had been expected
that the first stars were extremely massive, and that they disinte-
grated in pair-instability explosions that would rapidly enrich gal-
axies in iron5. What has remained unclear is the yield of iron from
the first supernovae, because hitherto no star has been unambigu-
ously interpreted as encapsulating the yield of a single supernova.
Here we report the optical spectrum of SMSS J031300.362670839.3,
which shows no evidence of iron (with an upper limit of 1027.1 times
solar abundance). Based on a comparison of its abundance pattern
with those of models, we conclude that the star was seeded with mate-
rial from a single supernova with an original mass about 60 times
that of the Sun (and that the supernova left behind a black hole).
Taken together with the four previously mentioned low-metallicity
stars, we conclude that low-energy supernovae were common in
the early Universe, and that such supernovae yielded light-element
enrichment with insignificant iron. Reduced stellar feedback both
chemically and mechanically from low-energy supernovae would
have enabled first-generation stars to form over an extended period.
We speculate that such stars may perhaps have had an important role
in the epoch of cosmic reionization and the chemical evolution of
early galaxies.

Whereas the solar spectrum contains many thousands of spectral
lines due to iron and other elements, the high-resolution (R 5 28,000)
optical spectrum of SMSS J031300.362670839.3 (hereafter SMSS 03132
6708) is remarkable for the complete absence of detectable iron lines.
Figure 1 shows a portion of the spectrum that possesses a signal-to-noise
ratio (S/N) of 100 per resolution element in the vicinity of one of the
strongest iron lines (Fe I at 385.9 nm wavelength). The non-detection
of iron lines places an upper limit on the iron abundance of the star,
[Fe/H] , 27.1, at a 3s confidence level. (Here [A/B] 5 log10(NA/NB)star 2
log10(NA/NB)[, where NA/NB is the number ratio of atoms of elements A
and B, and the subscript[ refers to the solar value.) This upper limit is 30
times lower than the iron abundance in HE 132722326, which has [Fe/
H] 5 25.6 (ref. 2), and is the most iron-deficient star previously known.

The paucity of absorption lines in the spectrum of SMSS 031326708
allows us to derive the abundance of only four chemical elements. The
calcium abundance is determined to be [Ca/H] 5 27.0. Given that
existing studies have shown that [Ca/Fe] 5 10.4 for the majority of
extremely metal-poor stars6, the [Ca/H] value that we determine would
be consistent with an extraordinary low iron abundance limit. We
suggest below, however, that the Ca abundance in SMSS 031326708

1Research School of Astronomy and Astrophysics, Mount Stromlo Observatory, Cotter Road, Weston, Australian Capital Territory 2611, Australia. 2Department of Physics, Massachusetts Institute of
Technology and Kavli Institute for Astrophysics and Space Research, Cambridge, Massachusetts 02139, USA. 3Institute of Astronomy, University of Cambridge, Madingley Road, Cambridge CB3 0HA, UK.
4School of Mathematical Sciences, Monash University, Victoria 3800, Australia. 5Max-Planck-Institut für Astrophysik, Karl-Schwarzschild-Strasse 1, Garching 85741, Germany.
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Figure 1 | A comparison of the spectrum of SMSS 031326708 to that
of other extremely metal-poor stars. a–c, Metal-poor stars of similar
temperature and surface gravity are chosen from the literature. The spectrum
of SMSS 031326708 shows an absence of detectable Fe I lines (a) and is
dominated by molecular features of CH (c). Panel b shows the vicinity of what
should be one of the strongest iron lines in the ultraviolet/optical wavelength
region. Overlaid are synthesized line profiles (1D LTE) for [Fe/H] 5 27.5
(dotted line), 27.2 (solid line) and 26.9 (long dashed line).

2 7 F E B R U A R Y 2 0 1 4 | V O L 5 0 6 | N A T U R E | 4 6 3

Macmillan Publishers Limited. All rights reserved©2014

A single low-energy, iron-poor supernova as the source of metals for this star

Keller et al. (2014, Nature)  

synthesised line profiles for  
[Fe/H]=-7.5, -7.2 (solid) and -6.9

LETTER
doi:10.1038/nature12990

A single low-energy, iron-poor supernova
as the source of metals in the star SMSS
J031300.362670839.3
S. C. Keller1, M. S. Bessell1, A. Frebel2, A. R. Casey1, M. Asplund1, H. R. Jacobson2, K. Lind3, J. E. Norris1, D. Yong1, A. Heger4,
Z. Magic1,5, G. S. Da Costa1, B. P. Schmidt1 & P. Tisserand1

The element abundance ratios of four low-mass stars with extremely
low metallicities (abundances of elements heavier than helium)
indicate that the gas out of which the stars formed was enriched
in each case by at most a few—and potentially only one—low-energy
supernova1–4. Such supernovae yield large quantities of light ele-
ments such as carbon but very little iron. The dominance of low-
energy supernovae seems surprising, because it had been expected
that the first stars were extremely massive, and that they disinte-
grated in pair-instability explosions that would rapidly enrich gal-
axies in iron5. What has remained unclear is the yield of iron from
the first supernovae, because hitherto no star has been unambigu-
ously interpreted as encapsulating the yield of a single supernova.
Here we report the optical spectrum of SMSS J031300.362670839.3,
which shows no evidence of iron (with an upper limit of 1027.1 times
solar abundance). Based on a comparison of its abundance pattern
with those of models, we conclude that the star was seeded with mate-
rial from a single supernova with an original mass about 60 times
that of the Sun (and that the supernova left behind a black hole).
Taken together with the four previously mentioned low-metallicity
stars, we conclude that low-energy supernovae were common in
the early Universe, and that such supernovae yielded light-element
enrichment with insignificant iron. Reduced stellar feedback both
chemically and mechanically from low-energy supernovae would
have enabled first-generation stars to form over an extended period.
We speculate that such stars may perhaps have had an important role
in the epoch of cosmic reionization and the chemical evolution of
early galaxies.

Whereas the solar spectrum contains many thousands of spectral
lines due to iron and other elements, the high-resolution (R 5 28,000)
optical spectrum of SMSS J031300.362670839.3 (hereafter SMSS 03132
6708) is remarkable for the complete absence of detectable iron lines.
Figure 1 shows a portion of the spectrum that possesses a signal-to-noise
ratio (S/N) of 100 per resolution element in the vicinity of one of the
strongest iron lines (Fe I at 385.9 nm wavelength). The non-detection
of iron lines places an upper limit on the iron abundance of the star,
[Fe/H] , 27.1, at a 3s confidence level. (Here [A/B] 5 log10(NA/NB)star 2
log10(NA/NB)[, where NA/NB is the number ratio of atoms of elements A
and B, and the subscript[ refers to the solar value.) This upper limit is 30
times lower than the iron abundance in HE 132722326, which has [Fe/
H] 5 25.6 (ref. 2), and is the most iron-deficient star previously known.

The paucity of absorption lines in the spectrum of SMSS 031326708
allows us to derive the abundance of only four chemical elements. The
calcium abundance is determined to be [Ca/H] 5 27.0. Given that
existing studies have shown that [Ca/Fe] 5 10.4 for the majority of
extremely metal-poor stars6, the [Ca/H] value that we determine would
be consistent with an extraordinary low iron abundance limit. We
suggest below, however, that the Ca abundance in SMSS 031326708
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Figure 1 | A comparison of the spectrum of SMSS 031326708 to that
of other extremely metal-poor stars. a–c, Metal-poor stars of similar
temperature and surface gravity are chosen from the literature. The spectrum
of SMSS 031326708 shows an absence of detectable Fe I lines (a) and is
dominated by molecular features of CH (c). Panel b shows the vicinity of what
should be one of the strongest iron lines in the ultraviolet/optical wavelength
region. Overlaid are synthesized line profiles (1D LTE) for [Fe/H] 5 27.5
(dotted line), 27.2 (solid line) and 26.9 (long dashed line).
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No detectable Fe!


