
AST5110, 2nd exercise in numerics:
Adding the momentum equation

In this exercise we will model the system of equations that arises when we add
the momentum equation
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(Note that the momentum equation becomes an advection equation with source
terms if one adds it to the mass conservation equation multiplied by u.)

In order to solve this set of two equations we will also need an equation of
state that relates the density ρ with the gas pressure pg. This is probably most
generally done by assuming that the gas is adiabatic and setting

pg ∝ ργ .

For an ideal adiabatic gas we have γ = 5/3, if we set γ = 1 the gas is isothermal.

1. There are many ways of formulating and discretizing these equation. Be-
fore starting on your own version, take a look at the ‘ZEUS code’ developed
by James Stone and Michael Norman in 1992 and described in the As-
trophysical Journal Supplement Series 80, 753 and/or the ‘Stagger code’
initially developed by Åke Nordlund and Klaus Galsgaard described in
this course’s web pages (https://www.uio.no/studier/emner/matnat/
astro/AST5110/h18/)

2. Both the ZEUS and the Stagger codes use a staggered grid where the den-
sity and velocity are defined in the grid interiors and on the grid boundaries
respectively. What are the reasons for this?

3. You will need a subroutine/method eos(rho,pg,gamma) for the equation
of state that computes the gas pressure given the density and the adiabatic
index γ. Where should this subroutine be called in the code to ensure that
the pressure is up to date when it needs to be?

4. How do you define the viscosity Q? What are it’s units? Is it necessary
to include this term in order to ensure stability?

5. Choose a formulation, then discretize and code the mass conservation and
momentum equations e.g. using a first order upwind scheme, or e.g. one
of the other schemes illustrated in exercise 1.

6. Initially set gravity to zero (g = 0) and use periodic boundaries with
an intial state given by uz(t = 0) = 0 and an initial perturbation in
ρ(t = 0) = 1 + δρ(z) (e.g. δρ given by a half-period sinusoidal increase
with a wavelength short(ish) compared to the computational grid.)
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7. What happens when the code is run? How fast do the disturbances flow
compared with the speed of sound cs. Make a movie of the evolution of
the system.

8. How long does it take for the initial perturbation to be damped by vis-
cosity? What plays the role of the mean free path in your viscosity for-
mulation? Do you see any growth of non-linear behaviour (i.e. shock
formation)?
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