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Recap — Energy transport

Photons carry enerqgy, travels a
Y I Occurs whenever a temperature

Radiation distance between emission and - -
. . gradient is maintained.
being absorbed again
Particles carry energy, travels a |Occurs whenever d temperature
: distance between collisions gradient is maintained.

Conduction . . . | .
with other particles (during In Sun/solar-like stars only relevant in
which energy is exchanged) the corona.

: (Macroscopic) mass motion of  |Occurs only if the temperature

Convection

gas elements gradient exceeds a critical value.

Radiation and conduction: diffusion process driven by a temperature gradient VI’

= Netenergy flux F=—-KVT (K: diffusion constant)

6_T__ 3 Kkl
om  64rn2ac r*T3

= Radiative temperature gradient

® 1 dB,
|5 ar
dB,

"R ‘of o7 dv

dv

1 K

= Rosseland mean opacity (to incorporate freq. dependence)
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2rgy transport

Radiative e ansport

» Time for a photon to travel from centre to

Radiative surface without interaction:
region ~25
?;:g?;:a s e But: mean free path of photons very small!

from core  Inthe dense solar interior: Mean free path of a

photon only 102 m

« Random walk,
photon absorbed and re-emitted
~1022 times before reaching surface

= [ime ~ thermal timescale of the Sun
~2107 yr

m» Observed radiation due to fusion reactions
(on average) tens of millions of years ago.

« Net direction towards surface due to
gradients (opacity)
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'gy transport

Radiative ene ansport

- Radiation pressure P.,g=1/3aT*4

« Qutward force that must be smaller than
gravitational force in order to maintain

region T
hydrostatic equilibrium (HE)!
Random walk y d (HE)
of photon Praa) _|(dP ko L _Gmp
fropn?core_,\ | ar | = ‘(dr )HE| = 4rc r? < r2
"'S\Qé\?gv"rb —_— = Upper limit to the local luminosity:
Net direction (local) Eddington luminosity:

of travel

Maximum energy flux that can be

carried by radiation . AncGm

= lgqd

= Can get violated by intense nuclear burning

= |n these situations, radiative energy transport
insufficient for maintaining hydrostatic
equilibrium
4ncGM

« Atthesurface (m=M): L < Lggq =

A
In photosphere
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Radiative energy transport

Condition violated?
= No hydrostatic equilibrium!

= Gas accelerated outwards due to
radiative pressure.

= (Can potentially lead to mass loss!

« Radiation pressure P q=1/3aT*

« Qutward force that must be smaller than
gravitational force in order to maintain
hydrostatic equilibrium (HE)!

dP
< —
‘ (d" )HE

= Upper limit to the local luminosity:
(local) Eddington luminosity:
Maximum energy flux that can be

carried by radiation . 4rcGm

ko I Gmp

4rc 12 r2

dP rad
dr

= lgqd

= Can get violated by intense nuclear burning

= [N these situations, radiative energy transport
insufficient for maintaining hydrostatic
equilibrium
4ncGM

o Atthe surface (mm=M): L < Lggq =

A
In photosphere
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Note: At high temperature all atom are
completely ionised

= Photons move through a plasma consisting
of free electrons and atomic nuclei (incl.
protons)

Towards surface (in solar-like stars):
Not all atoms are completely ionised anymore

= Changes in mean molecular weight and
gradients

m» Convection becomes the dominant mode of
energy transport subject to stability criterion

Note: Radiative energy transport the “default”in
convectively stable regions
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Convection

F=Frad+FC+FCd=L/4nr2
F. ;o VT

- Transport for larger energy flux
(luminosity) requires larger
temperature gradient required.

» But: Upper limit to VT in stellar
interior
= Stratification becomes
unstable if limit exceeded
= (Additional) dominating
energy transport via
convection
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E n e rgy tra n S po rt Literature: Nordlund, Stein, Asplund

o o Living Rev. Solar Phys., 6, (2009), 2
Surface convection — granulation A gt

 Density, temperature decreases with radius

 Eventually plasma transparent enough (longer mean free path)
Hot (and bright)

= Radiation effectively removes heat from rising convective cells granules

at surface

m Plasma cools Cooler anddarker

m Advected sideways (pushed away from more upwelling gas below) intergranular lanes

- —

= Cooled and dense plasma sinks down again

Living Rev. Solar Phys., 6, (2009), 2
http://www.livingreviews.org/lrsp-2009-2

: -y f / \ ,
codice] B me

N -
plasma sinks
down again

rises

Top of convection zone — energy transport via convection (bulk motion)
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Convection — Solar surface convection

Time-dependent 3D
hydrodynamic simulation
showing convection at the
top of the Sun's convection
zone (at the surface)
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Highest-resolution
observations of the Sun's
granulation ever taken.
DKIST (4m)
(NSO/AURA/NSF)
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Surface convection — solar granulation

Highest-resolution observations of the Sun's granulation ever taken (DKIST, NSO/AURA/NSF)

™ 7
, Al
4

3 ..

Granules
- Diameters ~1000-2000km

. Lifetime ~8min

Bright features in inter-
granular lanes

. (Mostly) due to magnetic field
concentrations
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Convection

Betelgeuse's gravity:
0.0023 m/s
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Convection

st35gm04n26: Surface Intensity(31), time( 0.0)=30.263 yrs

Time-dependent 3D
hydrodynamic simulation of
Betelgeuse,

here intensity

Large convection cells

Slower temporal evolution
(Note time at top right)

Simulation produced with the same
code as the models for the project

, Freytag
assignment (Freytag et al. 2012)
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Surface convection on other stars

« QObservations of the cool red
giant 1! Gruis
(with PIONIER/VLT)

« Spectral type M1l
« 1.5solar masses

e 350 times the diameter of
the Sun

- Few giant convection cells

£SO


https://en.wikipedia.org/wiki/Red_giant
https://en.wikipedia.org/wiki/Red_giant
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Surface convection on other stars

« QObservations of the cool red
supergiant Antares
(with AMBER/VLTI)

« Spectral type M1.5
« ~11-14 solar masses

« ~700 times the diameter of
the Sun

£SO
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Stellar interior

Standard model of the solar interior

Variation of (average) quantities as 1.0 ' ' ' ' —
function of radius in the solar interior =~ [ )
(r/RO) - -
0.8 [ 1%
Scaled to value at solar centre - 1
i C/Cy 12
Temperature To=1.57 107K 06 F 48
Mass density po=1.54 105kg m-3 i ]a
R 1 c
Pressure po=2.35 1016Nm-2 04 T/T, H 2
i 1c
Sound speed ¢s0=5.05 105 ms-! i 1=
02 /P ~
. P/po .
0 0 i SR R T N S T PR T B T
00 02 04 06 08 10

/R

©
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Energy transport

Convection — Stability criterion

- Plasma/gas inside a star not a perfectly
stratified but small perturbations occur

= |s a layer stable against small perturbations?

_ Stratification of the solar interior (upper part)
[T 7T T T T T

= Or can initially small perturbations grow and 10
result in significant deviations?
« In the stratified stellar interior: o
Pressure and density decreases with radius r - S
’ 7
towards surface .. o
1028777 -8
‘ll / 8
:: / Temperature ©
II 4 . .|G_JJ
.:.;/‘l ————— Entropy (arbitrary units) S
I!
10° P - Pressure N %
9 ®
% = — Density 1=z
h .
S <« hadiusr
10721 .
0 5 10 15 20
Depth(Mm)
>

Towards centre
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Energy transport

Convection — Stability criterion Pressure and density of surrounding gas

decrease with r towards surface

>

* *

| P P, r+0r Y
» (Gas element at distance r from the centre A £
of the star I 2|3 7
" . . o O[S S
« Initially: E.Iement in equilibrium with its O g %
surroundings at r: ___@ P— o 2

m» Pressure P and density p are the same as in (Convective) Surrounding

its surroundings. gas element gas

*  Now — perturbation: element displaced (rises) a vertical distance or adiabatically
(no heat exchanged with environment) but slow enough that pressure is adjusted to new
balance with outside pressure

« Occurs when time scale of heat exchange is long compared to time scale of expansion
of the element (the latter = local dynamical time scale, set by local sound speed);
happens in the optically thick solar interior

= Flement expands to restore pressure equilibrium with surrounding
m Pressure in the element reduce as it rises
= Now at r+0r: Compare density of the element p* with density of (new) surrounding po*
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Energy transport

Convection — Stability criterion

*
>

p* o r+0r Y

« @Gas element at distance r from the centre A £

i =l )

of the star rises ... ‘ Z |3 7

|G O

. Initially in equilibrium with its surroundings ajls %

atr ___@ b S
(Convective) Surrounding

gas element gas

* 0% > po*: Element will fall back to initial height — stratification is convectively stable

* 0% < o*: Element will keep rising up — stratification is convectively unstable
(net buoyancy!)

* Atr+or: Density difference o* - go* — gradients!

oP* = Yad @*

. For adiabatic expansion:
P* Q*

for the gas remaining convectively stable:

m» For the situation above, we derive the following criterion | dlogp 1
> —
dlogP  yaq
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Energy transport

Convection — Stability criterion

p* : r+0r uy?
g}
214 E
0
&P S: stable gradient q __@ P —— ot 2
U: unstable gradient 8
) (Convective) Surrounding
gas element gas
5 5 dlogp 1
% > |
P P log P (dlogP yadJ
Pols
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Energy transport

Convection — Stability criterion

« Compare gradient Vg for convectively stable stratification

| T , OlnT
with adiabatic temperature gradient Vaa = (mzP)

V:aa: spatial gradient of temperature

« Ledoux criterion I V. spatial gradient of mean molecular weight
of Stab'l'.ty against Vrad < Vad = Y7 Vi Vi adiabatic temperature variation in a gas
convection element undergoing a change in pressure.

6logP) =(5108P) _ Indices: quantities held
p.Xi g T.Xi

A= (6logT dlogp ~ constant

 For chemically homogeneous gas: V, = 0:
= Schwarzschild criterion of stability against convection Viad < Vag

Note: In presence of fusion reactions: V,= 0
Stabilising effect! (An upwards displaced element is heavier due to higher p)



Energy transport

Convection — Stability criterion

Compare gradient Vg for convectively stable stratification

OlnT
Oln P

with adiabatic temperature gradient Vaq = (

Ledoux criterion p’
of stability against Vrad < Vad — X—” Vi

. T
convection

Stratification convectively stable:  Energy transport by radiation

Stratification convectively unstable: Energy transport by convection

AST5770 - UiO - S. Wedemeyer
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Energy transport

Convection — Stability criterion in the solar interior

- centre
' I ' | T | ' T ' | ' | ' | '
102 B 700 Mm -
0
107 - —
I 200 Mm -7 Nradiative _
_ 10'2 | _ - - —_
[72) P
o) .
gl i 7 - }
a ,.-4 PRe "\ near adiabatic
10 m—— 3vMm —— - ]
100 \ optically thi -
optically thick
" N surface |
108 ™\ optically thin —

102 108 108 100 1072 1014 10T
P [cgs]
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Energy transport

Convection — Stability criterion

Outer Inner
convection convection
zone zone
2.()'|'|'|'|'|'|'|"|.'|':|I #2500 N o e e e I s
- M = 1 Msun | - ) M = 4 Msun }
1.5 - - 1.5 - -
B Vrad < Vad ; : i B " Vrad < Vad B
_ Stable, radiative l.' o - Stable, radiative -
B enerqgy transport : L] o enerqgy transport 7
<10 - S TP o <100 gy transp N
| ;" | nl L ‘\ _
0.5 i Vad II : __ 0.5 —— ‘\.\ Vad —_
B \\\‘\\\ Vrad // \\l il B \\\\\\ Vrad o i j |
00_"'|"'|"'|"" I’.l.— OO—||'||||||||||||||||||||||_

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.5 1.0 1.5 2.0 2.5
Sun: bottom of convection

zone at 0.7 Ro r/Run




Stellar interiors

Equations of stellar structure
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Stellar interior
Hydrostatic Equilibrium

The outward |pressure force

- Outward pressure of hot gas in

the center balances the inward

|grovitationo| force force due to gra\/ity.
everywhere inside the Sun.

balances the inward

= At any given radius
balancing the weight of all
layers above

= |[mbalance at some radius
will result in corresponding
adjustment of the

stratification /%\

= Determines the interior

y structure (stratification)
Pressur_ej

Hydrostatic equilibrium ~ * Main Sequence in the
Hertzsprung-Russell diagram
dP GM p is a narrow strip as it

2 requires stability over
dr r :
long enough time
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Stellar interior

Equations of stellar structure

- The interior structure of a star in equilibrium can be described with the following “ingredients”

- Variables and their stratification (function of radius) P, o, T, M;, L,
- The following equations :

, — dP GM . p
Hydrostatic equilibrium — =T A “small” problem:
M We cannot observe the interior
Mass conservation/continuity y " = 4nr’p of stars directly
4 T but rely mostly on few
Equation of state p=" measurable properties (M, L,...),
Wity assumptions, (tested) physical
Energy “generation” dL, = 47r? pe laws and material properties
dr (often with substantial
ar 3xp L, uncertainties)
Energy transport P P ——
- And these boundary conditions:
* Inthecentre (=0):M,(0) =0, L,(0)=20

- Note that the chemical composition affects the density and thus the stratification
via the mean molecular weight u as function of radius (see equation of state)
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Stellar interior

Equations of stellar structure

- The interior structure of a star in equilibrium can be described with the following “ingredients”

- Variables and their stratification (function of radius) P, o, T, M;, L,
- The following equations :

TABLE X. Model physical and chemical
M/Mo R/[Rs T » P L/Lo Sew X('H) X(°He) X(*He) X("Be) X(*2C) X(*4N) X(*°0)

0.00000 0.0000 1.56E+07 1.48E+02 2.29E+17 0.000 -0.127 0.34111 7.74E-06 0.63867 1.65E-11 2.61E-05 6.34E-03 8.48E-03
0.00001 0.0039 1.56E+07 1.48E+02 2.29E+17 0.000 -0.124 0.34103 7.73E-06 0.63875 1.65E-11 2.61E-05 6.34E-03 8.48E-03
0.00005 0.0083 1.56E+407 1.47E+02 2.28E+17 0.000 -0.127 0.34317 7.88E-06 0.63661 1.64E-11 2.60E-05 6.33E-03 8.50E-03
0.00017 0.0120 1.56E+07 1.46E+02 2.27E+17 0.001 -0.130 0.34546 8.04E-06 0.63432 1.62E-11 2.59E-05 6.31E-03 8.52E-03
0.00040 0.0158 1.56E+07 1.45E+02 2.26E+17 0.003 -0.132 0.34885 8.29E-06 0.63092 1.59E-11 2.56E-05 6.29E-03 8.54E-03
0.00078 0.0197 1.55E+07 1.44E+02 2.24E+17 0.007 -0.134 0.35328 8.63E-06 0.62649 1.56E-11 2.54E-05 6.26E-03 8.58E-03
0.00135 0.0237 1.55E+407 1.42E402 2.21E+17 0.012 -0.137 0.35868 9.06E-06 0.62108 1.52E-11 2.50E-05 6.22E-03 8.62E-03
0.00214 0.0277 1.54E+07 1.40E+02 2.18E+17 0.018 -0.141 0.36499 9.58E-06 0.61476 1.47E-11 2.47E-05 6.18E-03 8.66E-03
0.00320 0.0317 1.53E+407 1.37E+02 2.1SE+17 0.027 -0.144 0.37217 1.02E-05 0.60758 1.41E-11 2.43E-05 6.14E-03 8.71E-03
0.00456 0.0358 1.52E+07 1.35E+02 2.12E+17 0.038 -0.147 0.38016 1.09E-05 0.59958 1.34E-11 2.38E-05 6.10E-03 8.76E-03
0.00625 0.0400 1.51E+07 1.32E+02 2.08E+17 0.051 -0.150 0.38890 1.18E-05 0.59084 1.27E-11 2.34E-05 6.06E-03 8.81E-03
0.00832 0.0442 1.50E+07 1.29E+02 2.03E+17 0.067 -0.155 0.39833 1.28E-05 0.58140 1.19E-11 2.29E-05 6.02E-03 8.86E-03
0.01080 0.0484 1.49E+07 1.26E+02 1.99E+17 0.085 -0.160 0.40839 1.39E-05 0.57133 1.11E-11 2.24E-05 5.98E-03 8.90E-03
0.01373 0.0528 1.48E+07 1.23E+02 1.94E+17 0.106 -0.163 0.41903 1.52E-05 0.56069 1.02E-11 2.19E-05 5.94E-03 8.94E-03
0.01715 0.0572 1.46E+407 1.19E+02 1.89E+17 0.130 -0.167 0.43017 1.67E-05 0.54954 9.33E-12 2.13E-05 5.91E-03 8.98E-03
0.02109 0.0616 1.45E+07 1.16E-+02 1.83E+17 0.157 -0.171 0.44176 1.85E-05 0.53794 8.44E-12 2.08E-05 5.88E-03 9.01E-03
0.02560 0.0662 1.43E+07 1.12E+02 1.78E+17 0.186 -0.176 0.45428 2.05E-05 0.52542 7.55E-12 2.03E-05 5.86E-03 9.04E-03
0.03071 0.0708 1.42E+07 1.08E+02 1.72E+17 0.217 -0.179 0.46672 2.28E-05 0.51297 6.69E-12 1.98E-05 5.84E-03 9.06E-03
0.03645 0.0756 1.40E+07 1.05E+402 1.66E+17 0.251 -0.183 0.47942 2.54E-05 0.50026 5.86E-12 1.92E-05 5.82E-03 9.08E-03
0.04287 0.0804 1.38E+07 1.01E+02 1.60E+17 0.287 -0.188 0.49233 2.85E-05 0.48735 5.08E-12 1.87E-05 5.81E-03 9.10E-03
0.05000 0.0853 1.37E+07 9.70E+01 1.53E+17 0.325 -0.192 0.50536 3.20E-05 0.47431 4.35E-12 1.82E-05 5.80E-03 9.11E-03
0.05769 0.0902 1.3:K+07 9.33E+01 1.47E+17 0.363 -0.196 0.51817 3.60E-05 0.46150 3.70E-12 1.76E-05 5.79E-03 9.12E-03
0.06538 0.0948 1.33E+07 8.99E+01 1.41E+17 0.400 -0.200 0.52988 4.02E-05 0.44978 3.16E-12 1.71E-05 5.78E-03 9.13E-03
0.07308 0.0992 1.31E+07 8.68E+01 1.36E+17 0.434 -0.205 0.54066 4.46E-05 0.43900 2.71E-12 1.67E-05 5.78E-03 9.14E-03
0.08077 0.1033 1.30E+07 8.40E+01 1.31E+17 0.466 -0.208 0.55064 4.93E-05 0.42902 2.33E-12 1.62E-05 5.78E-03 9.14E-03
0.08846 0.1073 1.28E+07 8.13E+01 1.26E+17 0.497 -0.213 0.55990 5.42E-05 0.41975 2.01E-12 1.58E-05 5.78E-03 9.14E-03
0.09615 0.1111 1.27E+407 7.88E+01 1.22E+17 0.525 -0.216 0.56853 5.95E-05 0.41111 1.74E-12 1.54E-05 5.77E-03 9.14E-03
0.10385 0.1147 1.25E+07 7.64E+01 1.18E+17 0.553 -0.219 0.57659 6.51E-05 0.40304 1.50E-12 1.50E-05 5.77E-03 9.15E-03
0.11154 0.1182 1.24E+07 7.42E401 1.14E+17 0.579 -0.224 0.58414 7.10E-05 0.39549 1.30E-12 1.47E-05 5.77E-03 9.15E-03
0.11923 0.1217 1.22E+07 7.20E+01 1.10E+17 0.603 -0.228 0.59121 7.73E-05 0.38841 1.13E-12 1.43E-05 5.77E-03 9.15E-03
0.12692 0.1250 1.21E+07 7.00E+01 1.06E+17 0.626 -0.233 0.59785 8.40E-05 0.38177 9.86E-13 1.40E-05 5.77E-03 9.15E-03
0.13462 0.1283 1.20E+07 6.81E+01 1.03E+17 0.648 -0.237 0.60409 9.11E-05 0.37552 8.59E-13 1.39E-05 5.77E-03 9.15E-03
0.14231 0.1315 1.18E+07 6.63E-+01 9.92E+416 0.668 -0.241 0.60996 9.86E-05 0.36964 7.50E-13 1.45E-05 5.77E-03 9.15E-03
0.15000 0.1346 1.17E+07 6.45E+01 9.60E+16 0.688 -0.246 0.61549 1.07E-04 0.36410 6.56E-13 1.68E-05 5.77E-03 9.15E-03
0.15600 0.1370 1.16E+07 6.32E+01 9.36E+16 0.702 -0.250 0.61958 1.13E-04 0.36001 5.91E-13 2.14E-05 5.76E-03 9.15E-03
0.16200 0.1393 1.15E+07 6.20E+01 9.12E+16 0.716 -0.254 0.62349 1.20E-04 0.35610 5.33E-13 3.07E-05 5.75E-03 9.15E-03
0.16800 0.1417 1.14E+07 6.07E+01 8.89E+16 0.729 -0.259 0.62722 1.27E-04 0.35236 4.81E-13 4.76E-05 5.73E-03 9.15E-03
0.17400 0.1440 1.13E+07 5.95E+01 8.67E+16 0.742 -0.264 0.63079 1.35E-04 0.34879 4.34E-13 7.59E-05 5.70E-03 9.15E-03
0.18000 0.1462 1.13E+07 5.84E+01 8.46E+16 0.754 -0.268 0.63420 1.43E-04 0.34537 3.92E-13 1.20E-04 5.65E-03 9.15E-03
0.18600 0.1485 1.12E+07 5.72E+01 8.25E+16 0.766 -0.275 0.63747 1.51E-04 0.34211 3.54E-13 1.84E-04 5.57E-03 9.15E-03
0.19200 0.1507 1.11E+07 5.61E+01 8.05E+16 0.777 -0.281 0.64059 1.60E-04 0.33899 3.20E-13 2.72E-04 5.47E-03 9.15E-03
0.19800 0.1529 1.10E+07 5.50E+01 7.85E+16 0.788 -0.287 0.64359 1.69E-04 0.33600 2.90E-13 3.87E-04 5.34E-03 9.15E-03
0.20400 0.1551 1.09E+07 5.40E+01 7.66E+16 0.798 -0.295 0.64646 1.79E-04 0.33315 2.63E-13 5.28E-04 5.17E-03 9.15E-03
0.21000 0.1572 1.08E+407 5.30E+01 747E+16 0.807 -0.304 0.64922 1.89E-04 0.33041 2.38E-13 6.94E-04 4.98E-03 9.15E-03
0.21600 0.1594 1.08E+07 5.20E+01 7.29E+16 0.817 -0.312 0.65185 2.00E-04 0.32779 2.16E-13 8.82E-04 4.76E-03 9.15E-03
0.22200 0.1615 1.07E+07 5.10E+01 7.11E+16 0.826 -0.321 0.65438 2.11E-04 0.32529 1.96E-13 1.09E-03 4.52E-03 9.15E-03
0.22800 0.1636 1.06E+07 5.00E+01 6.94E+16 0.834 -0.329 0.65681 2.22E-04 0.32289 1.78E-13 1.30E-03 4.26E-03 9.15E-03
0.23400 0.1657 1.05SE+07 4.91E+01 6.77E+16 0.842 -0.337 0.65913 2.34E-04 0.32058 1.61E-13 1.53E-03 4.00E-03 9.15E-03
0.24000 0.1678 1.04E-+07 4.82E+0] 6.61E+16 0.850 -0.346 0.66136 2.47E-04 0.31838 1.47E-13 1.75E-03 3.74E-03 9.15E-03
0.24600 0.1699 1.04E+07 4.73E+401 6.45E+16 0.857 -0.352 0.66349 2.60E-04 0.31627 1.33E-13 1.98E-03 3.48E-03 9.15E-03
0.25200 0.1719 1.03E+07 4.64E+01 6.29E+16 0.865 -0.364 0.66550 2.73E-04 0.31429 1.22E-13 2.18E-03 3.24E-03 9.15E-03
0.25800 0.1740 1.02E+07 4.55E+401 6.14E+16 0.872 -0.373 0.66746 2.87E-04 0.31235 1.11E-13 2.39E-03 3.00E-03 9.15E-03
0.26400 0.1760 1.02E+07 4.47E+01 5.99E+16 0.878 -0.381 0.66934 3.03E-04 0.31049 1.01E-13 2.58E-03 2.78E-03 9.15E-03
0.27000 0.1781 1.01E+07 4.38E+01 5.84E+16 0.885 -0.390 0.67113 3.18E-04 0.30871 9.22E-14 2.75E-03 2.58E-03 9.15E-03
0.27600 0.1801 1.00E+07 4.30E+01 5.70E+16 0.891 -0.399 0.67285 3.35E-04 0.30700 8.40E-14 2.91E-03 2.39E-03 9.15E-03
0.28200 0.1821 9.95E+06 4.22E+01 5.56E+16 0.896 -0.406 0.67450 3.52E-04 0.30536 7.65E-14 3.06E-03 2.21E-03 9.15E-03
0.28800 0.1841 9.88E+06 4.14E+01 5.42E+16 0.902 -0.414 0.67607 3.71E-04 0.30379 6.97E-14 3.19E-03 2.06E-03 9.15E-03
0.29400 0.1861 9.81E+06 4.06E-+01 5.29E+16 0.907 -0.423 0.67758 3.90E-04 0.30228 6.36E-14 3.31E-03 1.92E-03 9.15E-03
0.30000 0.1881 9.74E+06 3.99E+01 5.16E+16 0.912 -0.430 0.67902 4.10E-04 0.30084 5.80E-14 3.42E-03 1.80E-03 9.15E-03
0.31000 0.1914 9.63E+06 3.86E-+01 4.95E+16 0.919 -0.446 0.68129 4.45E-04 0.29856 4.98E-14 3.57E-03 1.62E-03 9.15E-03
0.32000 0.1948 9.52E+06 3.74E+01 4.75E+16 0.926 -0.459 0.68339 4.84E-04 0.29644 4.27E-14 3.69E-03 1.48E-03 9.15E-03
0.33000 0.1981 9.41E+06 3.63E+01 4.55E+16 0.933 -0.473 0.68535 5.26E-04 0.29445 3.67E-14 3.79E-03 1.37E-03 9.15E-03
0.34000 0.2014 9.31E+406 3.51E+01 4.36E+16 0.939 -0.488 0.68716 5.71E-04 0.2926) 3.15E-14 3.86E-03 1.28E-03 9.15E-03
0.35000 0.2047 9.20E+06 3.40E+01 4.18E+16 0.945 -0.502 0.68885 6.20E-04 0.29088 2.71E-14 3.92E-03 1.21E-03 9.15E-03
0.36000 0.2080 9.10E+06 3.29E+01 4.01E+16 0.950 -0.517 0.69042 6.74E-04 0.28927 2.33E-14 3.97E-03 1.16E-03 9.15E-03

Hydrostatic equilibrium ===

Mass conservation/continuity

Equation of state P=

Energy “generation”

Bahcall & Ulrich (1988)

d_T B 3kp L,
dr  16mac r2T?

Energy transport

- And these boundary conditions:
* Inthe centre (r=0
- At the surface (r=R

Rav. Mod. Phys., Vol. 60, No. 2, April 1988

- Note that the chemical composition affects the density and thus the stratification
via the mean molecular weight u as function of radius (see equation of state)



Stellar interior

Equations of stellar structure

AST5770 - UiO - S. Wedemeyer

- The interior structure of a star in equilibrium can be described with the following “ingredients”
- Variables and their stratification (function of radius) P, o, T, M;, L,

- Solution: Standard Model (for the Sun

TABLE X. Model physical and 1
M[Mo R/Ro T » P L/Lo Seq X(*H) X(*He) X(*He) X("Be) X(*2C) X(**N) X(*°0)
o, .
H o\/e —_ . . 0.00000 0.0000 1.56E+07 1.48E+02 2.29E+17 034111 7.74E-06 0.63867 1.65E-11 2.61E-05 6.34E-03 848E-03
aSS U I I leS C el I I |Ca COI I l pOSI |On ol —_ o U \J. 0.00001 0.0039 1.56E+07 1.48E+02 2.29E+17 0.34103 7.73E-06 0.63875 1.65E-11 2.61E-05 6.34E-03 8.48E-03
0.00005 0.0083 1.56E+07 1.47E+02 2.28E+17 0.34317 7.88E-06 0.63661 1.64E-11 2.60E-05 6.33E-03 8.50E-03
0.00017 0.0120 1.56E+07 1.46E+02 2.27E+17 0:34546 8.04E-06 0.63432 1.62E-11 2.59E-05 6.31E-03 8.52E-03
0.00040 0.0158 1.56E+07 1.45E+02 2.26E+17 0.34885 8.29E-06 0.63092 1.59E-11 2.56E-05 6.29E-03 8 54E-03
Soname 2 oiat 1 SSE407 1.44E+02 2.24E+17 0.35328 8.63E-06 0.62649 1.56E-11 2.54E-05 6.26E-03 8.58E-03
b L L L | [T N T T T T T T T T T T T T T T T T T T T T T T T T T U T Y eip o7 142E402 2.21E417 0.35868 9.06E-06 0.62108 1.52E-11 2.50E-05 6.22E-03 8.62E-03
- ! E 140 — _ThS4E+07 1.40E+02 2.18E+17 0.36499 9.58E-06 0.61476 1.47E-11 2.47E-05 6.18E-03 8.66E-03
l - |.53E407 1.37E402 2.15E+17 0.37217 1.02E-05 0.60758 1.41E-11 2.43E-05 6.14E-03 8.71E-03
a . (c ) 1.52E+07 1.35E+02 2.12E+17 0.38016 1.09E-05 0.59958 1.34E-11 2.38E-05 6.10E-03 8.76E-03
B r ~|.51E+07 1.32E+02 2.08E+17 0.051 - 0.38890 1.18E-05 0.59084 1.27E-11 2.34E-05 6.06E-03 8.81E-03
B p ti 120 - D ity Distributi —~.50E+07 1.29E+02 2.03E+17 0.067 0.39833 1.28E-05 0.58140 1.19E-11 2.29E-05 6.02E-03 8.86E-03
- — —~ — ensi i1stribution —.49E+407 1.26E+02 1.99E+17 0.085 0.40839 1.39E-05 0.57133 1.11E-11 2.24E-05 5.98E-03 8.90E-03
8 Energy roduc lon ? - y ~48E+07 1.23E+02 1.94E+17 0.106 0.41903 1.52E-05 0.56069 1.02E-11 2.19E-05 5.94E-03 8.94E-03
- B £ - J 46E+07 1.19E+02 1.89E+17 0.130 0.43017 1.67E-05 0.54954 9.33E-12 2.13E-05 5.91E-03 8.98E-03
— ] L _J45E+07 1.16E+02 1.83E+17 0.157 0.44176 1.85E-05 0.53794 8.44E-12 2.08E-05 5.88E-03 9.01E-03
o? - O 100 |~ _|43E+07 1.12E+02 1.78E+17 0.186 0.45428 2.05E-05 0.52542 7.55E-12 2.03E-05 5.86E-03 9.04E-03
" N _|.42E+07 1.08E+02 1.72E417 0.217 0.46672 2.28E-05 0.51297 6.69E-12 1.98E-05 5.84E-03 9.06E-03
N 7] g C | 40E+07 1.05E+02 1.66E+17 0.251 0.47942 2.54E-05 0.50026 5.86E-12 1.92E-05 5.82E-03 9.08E-03
Y 6} . ) N 7].38E+07 1.01E+02 1.60E+17 0.287 0.49233 2.85E-05 0.48735 5.08E-12 1.87E-05 5.81E-03 9.10E-03
- X0 1 .37E+07 9.70E+01 1.53E+17 0.325 0.50536 3.20E-05 0.47431 4.35E-12 1.82E-05 5.80E-03 9.11E-03
o o b < 80 — —.35K+07 9.33E+01 1.47E+17 0.363 0.51817 3.60E-05 0.46150 3.70E-12 1.76E-05 5.79E-03 9.12E-03 ~—~
~ L B = o —1.33E407 8.99E+01 1.41E+17 0.400 052988 4.02E-05 0.44978 3.16E-12 1.71E-05 5.78E-03 9.13E-03 OQ
N s o ~.31E+07 8.68E+01 1.36E+17 0.434 054066 4.46E-05 0.43900 2.71E-12 1.67E-05 5.78E-03 9.14E-03 ()
a0 o = - —{.30E+07 8.40E+01 1.31E+17 0.466 -0.208 0.55064 4.93E-05 0.42902 2.33E-12 1.62E-05 5.78E-03 9.14E-03
by “u 60— - 1.26E417 0.497 -0.213 0.55990 5.42E-05 0.41975 2.01E-12 1.58E-05 5.78E-03 9.14E-03 (O
o 4+ o L i 1.22E417 0525 0.56853 5.95E-05 0.41111 1.74E-12 1.54E-05 5.77E-03 9.14E-03 —
bt | | [ ] 1I8E+17 0553 0.57659 6.51E-05 0.40304 1.50E-12 1.50E-05 5.77E-03 9.15E-03 ~__~
P (=) 7| -24E407 7.42E401 1.14E417 0.579 058414 7.10E-05 0.39549 1.30E-12 1.47E-05 5.77E-03 9.15E-03
{ 40 - .22E+07 7.20E+01 1.10E+17 0,603 0.59121 7.73E-05 0.38841 1.13E-12 1.43E-05 5.77E-03 9.15E-03 _(_
e L- ~.21E+07 7.00E+01 1.06E+17 0.626 0.59785 8.40E-05 038177 9.86E-13 1.40E-05 5.77E-03 9.15E03 ()
: - - ~].20E+07 6.81E+01 1.03E+17 0.648 0.60409 9.11E-05 0.37552 8.59E-13 1.39E-05 5.77E-03 9.15E-03 , ~~
= ~18E+07 6.63E+01 9.92E+16 0.668 0.60996 9.86E-05 0.36964 7.50E-13 1.45E-05 5.77E-03 9.15E-03 o
2 - - ~ 17E+07 6.45E+01 9.60E+16 0.688 0.61549 1.07E-04 0.36410 6.56E-13 1.68E-05 5.77E-03 9.15E-03 ——
L R 20 L— — 16E+07 6.32E+01 9.36E+16 0.702 0.61958 1.13E-04 0.36001 5.91E-13 2.14E-05 5.76E-03 9.15E-03 )
. 15E+07 6.20E+01 9.12E+16 0.716 0.62349 1.20E-04 0.35610 5.33E-13 3.07E-05 5.75E-03 9.15E-03
- - L | 14E+07 6.07E+01 8.89E+16 0.720 062722 1.27E-04 0.35236 4SIE-13 4.T6B05 S.73E-08 O.1SE03. o
~ 13E+07 5.95E+01 8.67E+16 0.742 0.63079 1.35E-04 0.34879 4.34E-13 7.59E-05 5.70E-03 9.15E-03
- ol v o Lo v o by v by by ya bogg gy Ly a4y JI3E407 584E 401 8.46E+16 0754 0.63420 1.43E-04 0.34537 3.92E-13 1.20E-04 5.65E-03 9.15E-03
old 1 | IR B S N R A B SR SN B [ 1 : - 12E+07 5.72E+01 8.25E+16 0.766 0.63747 1.51E-04 0.34211 3.54E-13 1.84E-04 5.57E-03 9.15E-03 ——
0 .05 B 15 2 25 3 -3111E+07 5.61E+01 8.05E+16 0.777 0.64059 1.60E-04 0.33899 3.20E-13 2.72E-04 5.47E-03 9.15E-03 (O
0 .05 B 15 -2 25 -35 A10E+07 5.50E+01 7.85E+16 0.788 -0.267 0.64359 1.69E-04 0.33600 2.90E-13 3.87E-04 5.34E-03 9.15E-03 ()
(R/ RQ) 09E+07 5.40E+01 7.66E+16 0.798 0.64646 1.79E-04 0.33315 2.63E-13 5.28E-04 5.17E-03 9.15E-03
(R / RG) 08E+07 5.30E+01 7ATE-+16 0.807 -0.304 0.64922 1.89E-04 0.33041 2.38E-13 6.94E-04 4.98E-03 9.155-03 —C—
08E+07 5.20E+01 7.29E+16 0.817 0.65185 2.00E-04 0.32779 2.16E-13 8.82E-04 4.76E-03 9.15E:03 (1O
O7E+07 5.10E+01 7.11E+16 0826 -0.321 0.65438 2.11E-04 0.32529 1.96E-13 1.09E-03 4.52E-03 9.1SE-03  ~
L06E+07 5.00E+01 6.94E+16 0.834 -0.329 0.65681 2.22E-04 0.32289 1.78E-13 1.30E-03 4.26E-03 9.15E-03
L0SE+07 4.91E+01 6.77E+16 0.842 -0.337 0.65913 2.34E-04 0.32058 1.61E-13 1.53E-03 4.00E-03 9.15E-03
3 S . . S — T T T T 1T 1T~ ¢4E+07 4.82E+01 6.61E+16 0.850 -0.346 0.66136 2.47E-04 0.31838 1.47E-13 1.75E-03 3.74E-03 9.15E-03
r T —T—T T LELELELEN | T T 7T T TTTTTT | [ T]04E+07 4.73E401 6.45E+16 0.857 -0.352 0.66349 2.60E-04 0.31627 1.33E-13 1.98E-03 3.48E-03 9.15E-03
L I | | | - “]03E+07 4.64E+01 6.29E+16 0.865 -0.364 0.66550 2.73E-04 0.31429 1.22E-13 2.18E-03 3.24E-03 9.15E-03
L - - . ~02E407 4.55E401 6.14E+16 0.872 -0.373 0.66746 2.87E-04 0.31235 1.11E-13 2.39E-03 3.00E-03 9.15E-03
( b ) L d) _|02E+07 4.47E+01 5.99E+16 0.878 -0.381 0.66934 3.03E-04 0.31049 1.01E-13 2.58E-03 2.78E-03 9.15E-03
L — - [01E+07 4.38E+01 5.84E+16 0.885 -0.390 0.67113 3.18E-04 0.30871 9.22E-14 2.75E-03 2.58E-03 9.15E-03
. . . ~00E+07 4.30E+01 5.70E+16 0.891 -0.399 0.67285 3.35E-04 0.30700 8.40E-14 2.91E-03 2.39E-03 9.15E-03
15 Temperature Distribution 2 ~—|.95E+06 4.22E+01 5.56E+16 0.896 -0.406 0.67450 3.52E-04 0.30536 7.65E-14 3.06E-03 2.21E-03 9.15E-03
— L _{88E+06 4.14E+01 5.42E+16 0.902 -0.414 0.67607 3.71E-04 0.30379 6.97E-14 3.19E-03 2.06E-03 9.15E-03
@] i SIE+06 4.06E+01 B.E+16 0507 0423 067758 3.90E-04 0.30228 6.36E-14 3IIE3 19203 9.15E-03
74E406 3.99E+01 5.16E+16 0.912 -0.430 0.67902 4.10E-04 0.30084 5.80E-14 3.42E-03 1.80E-03 9.15E-03
© - log (ne/ NA) Vs. (R/ RO) q‘,oaswo 3.86E+01 4.95E+16 0.919 -0.446 0.68129 4.45E-04 0.20856 4.98E-14 3.57E-03 1.62E-03 9.15E-03
© N _|.52E406 3.74E+01 4.75E+16 0.926 -0.459 0.68339 4.84E-04 0.29644 4.27E-14 3.69E-03 1.48E-03 9.15E-03
[«] — 41E+06 3.63E+01 4.55E+16 0.933 -0.473 0.68535 5.26E-04 0.29445 3.67E-14 3.79E-03 1.37E-03 9.15E-03
— = 1~ “|:31E406 3.51E+01 4.36E+16 0.939 -0.488 0.68716 5.71E-04 0.2926] 3.15E-14 3.86E-03 1.28E-03 9.15E-03
N Z L —~{20E+06 3.40E+01 4.18E+16 0.945 -0.502 0.68885 6.20E-04 0.29088 2.71E-14 3.92E-03 1.21E-03 9.15E-03
} 10 ~ B |10E+06 3.29E+01 4.01E+16 0.950 -0.517 0.69042 6.74E-04 0.28927 2.33E-14 3.97E-03 1.16E-03 9.15E-03
S =] - g
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Stellar interior

Equations of stellar structure

- The interior structure of a star in equilibrium can be described with the following “ingredients”

- Variables and their stratification (function of radius) P, o, T, M;, L,
- The following equations :

Hydrodynamic equilibrium |— = -

dr ) dt? More general, time-dependent form
: . dM )
Mass conservation/continuity o 4o p Stellar structure is time-dependent
kT and will adjust
Equation of state P=
Wy
o dL, ds |
Energy “generation P =4nr’p [G_TE] = 5:entropy
AT 3kp L, m T (dS/dt) is the energy of collapse
Energy transport Ir " 167mac T2 expressed in terms of the entropy change

- And these boundary conditions:
* Inthecentre (=0):M,(0) =0, L,(0)=0
+ Atthe surface =R): M, (R) =M, L,(R)=L =4 7 R? 0 Tett*

- Note that the mean molecular weight u and the opacity % are now functions of
radius and time (due to fusion in the core)



Energy transport

Convection
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Mixing length theory

« |Inthe context of stellar (interior) structure and evolution, we want to know about
convection zones:

- How much energy can be transported by convection?
- Whatis the temperature gradient

. But: Detailed theory of convection and its practical application still challenging today

. Addressed with numerical simulations but very challenging
and computationally expensive

= Prohibitive to use as part of
stellar evolution calculations.

= Simpler approach needed
= Mixing Length Theory (MLT)
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Energy transport
Mixing length theory

- Simplified picture of convective energy transport:
1. Gas element rises (or sinks) over a radial distance

2. Gas element dissolves (becomes part of the new environment)
and releases excess heat

*  Mixing length I,
| | | mixing
If gas element sinks, it absorbs deficit energy from I length

environment

*  Mixing length [, is an unknown free parameter!

* Assumption: [, on the order of local pressure scale height Hp

~ L4
hhhhhh

- Pressure scale height: (in a stratiied medium)
L : dr P
the radial distance over which the pressure Hp = = —
changes by a factor 1/e

dlnP| pg
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Energy transport
Mixing length theory

* Assumption: I, = a Hp
» Valid in hydrostatic equilibrium.

« Reasonable as gas element expands while rising

« Assume spherical surface inside the convection zone
« 1/2 covered by rising blobs Im
« 1/2 covered by sinking blobs

mixing
length

= Fxpanding rising blobs would cover most of the area after
rising 1-2 pressure scale heights.

= Net energy transport upwards (down the gradient) R g

- Pressure scale height: (in a stratiied medium)
the radial distance over which the pressure

changes by a factor 1/e P(r) = Pye /%)
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Energy transport
Mixing length theory

« Detailed numerical model

calculations
(in comparison to observation)
to derive/calibrate corresponding

mixing length

*  Mixing length (via parameter =
depends on 2 W p | Mixing
‘ v ™ length

« Effective temperature Tefr

* Grav. Acceleration log g .

* Metallicity [Fe/M] S

L4
------

* Values for a typically ~2

il _ i i L :
7000 6500 6000 5500 5000 4500 4000

Teff [K]
Magic et al. 2015a


http://adsabs.harvard.edu/abs/2015A%26A...573A..89M
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Energy transport

The convective energy flux

« Gas element after rising a distance or = Iy

= \ean excess temperature Al between element and surrounding:

dT dT dT
AT =T.-Ts=|l—| ——|tm=A|l— |t
© > [(dr)e dr £ (dr)f

* dT/dr: temperature gradientin surrounding

Distance
6r —_ Im

* (dT/dr). : variation of temperature with radius r for the gas element
while rising and expanding adiabatically

*  A(dT/dr). difference between the two gradients.

dr
dlnP

P

174

* Rewrite the equation above with gradients V = (gizlj;) and Hp=
deriving and using the following equation

dT _dlnT _dInT dlnP T dT T
S o7 =T -~V ) =2V
dr dr dnP dar - mp' and (dr)e Hp ™
fm
- AT = T 22 (V = V)
Hp


http://adsabs.harvard.edu/abs/2015A%26A...573A..89M

