
Exercises for AST1100, week 48 2004

On large scales the Universe is homogenous and isotropic and we may describe
its evolution by considering a spherical surface of sufficient size centered on any
origin. The total energy of this surfarce, mass m, radius Rs may be written
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where Ms is the mass inside the spherical surface.

1. Compute the mass inside the spherical surface as a function of radius Rs

and density ρ.

2. We have written the total energy E as −mR2
sκc2/2R2

0, which is the term
that apprears when the equation for the structure of the Universe is devel-
oped according to general relativity. What do the various symbols stand
for?

3. Introduce the scale factor a such that Rs(t) = a(t)rs where rs is tre
comoving radius of the sphere. Show that the equation (1) can with the
help of Hubble’s law be written
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where H is the Hubble parameter.

4. Write the Hubble parameter as a function of the scale factor a and its
time derivative.

5. What is the critical density ρc = 3H2/8πG? What characterizes Universes
with κ < 0 og κ > 0?

6. Given H0 = 70 km/s/Mpc, what is the critical density of todays Universe?
What energy density does this correspond to?

7. The local group has typical dimensions Rlg = 15 Mly and contains 4×1011

star. The cosmic microwave backround has a temperature Tcmb = 2.725 K.
Explain what we mean by the “local group” and the “cosmic microwave
background” (CMB).

8. According to Einstein’s general theory of relativity we must include all
forms of energy when we measure or compute the Universe’s density. Com-
pute the (energy and matter) density of the local group and the CMB.
What forms of matter/energy have we ignored when only considering the
baryon density and the CMB.
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9. Photons and other relativistc particles are “stretched out” with the ex-
pansion of the universe such that
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(3)

where z is the redshift and λ1,2 are the wavelengsths at times t1 and t2.
Explain with the help of Wiens law λmaxT = 0.0029 mK, the connection
between the temperature of the CMB, its redshift and the expansion of
the Universe.

10. Explain why the energy density contained in radiation was much more
important than cold matter early in the history of the Universe.

11. Measurements of the size of the largest fluctuations in the CMB indicate
that the Univserse is flat (κ = 0). Use this, along with the convention that
a(t = t0) = 1 and that ρa3 = ρ0a

3
0, to show that the how the Friedmann

equation 2 predicts how a matter dominated Universe will expand with
time.

12. What is the age of a matter dominated Universe t0 when the Hubble
constant is H0 = 70 km/s/Mpc?
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