
Lecture notes 2: Quantum mechanics in a nutshell

Wave particle duality

Planetary model of the atom (by Rutherford) gives rise to a paradox: acceler-
ated (v2/r) charges should radiate. Hence, orbiting electrons should decay into
nucleus. Our very existence proves they do not do.

In addition, it is observed that atoms do not radiate radiation at all wave-
lengths, rather at certain specific wavelengths particular to the species of radi-
ating atom.

The solution to this problems was found to lie in introducing wave–particle

duality. Every (fundamental) particle has wave nature with associated wave-
length λ such that the energy E and momentum amplitude of the particle may
be written:

E = hc/λ p = h/λ

where h is a fundamental constant of nature Planck’s constant h = 6.626 ×
10−34 Js. The concept of wave particle duality leads to

• quantized energy levels for bound states

• Heisenberg’s uncertainty principle for free states

Heisenberg’s’s uncertainty principle

It is impossible to determine the product of the uncertainties of the position of
a particle and its momentum to better than h (actually h̄/2π).

(∆x)(∆px) > h

On very small — microscopic — scales nature is intrinsically woolly or fuzzy.

Consequences of the uncertainty principle

“Derivation” of the Rayleigh criterion using Heisenberg’s uncertainty principle
on photons with momentum p impinging on a lens of diameter D gives that the
resolution (θ = ∆px/p) may be found as

θ = ∆px/p =
h/D

h/λ
= λ/D

The size of the atom

Another example, on the size of the Hydrogen atom is stolen from Richard
Feynman.

...the idea is right but the analysis is not very accurate... Richard Feynman,
in “The Feynman Lectures on Physics”

Let us assume that we measure the position of an electron in a bound state
around a proton, i.e. a Hydrogen atom. These positions cannot all be in the
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nucleus but spread out over a distance a. We will find an expression for a
by minimizing the energy of the atom and by using Heisenberg’s uncertainty
prinicple. (We will cheat a little by using h̄ instead of the “correct” h̄/2 — this
ensures the numbers come out nicely.)

Thus, the spread in momentum for the electron must be on the order h̄/a.

• This implies a kinetic energy of roughly 1

2
mv2 = p2/2m = h̄2/2ma2.

• While the potential energy is given by −e2/4πε0a.

• The potential energy is reduced as a gets smaller, while on the other hand
and because of the uncertainty principle, the kinetic energy increases with
decreasing a.

The total energy is
E = h̄2/2ma2 − e2/4πε0a. (1)

A principle of thermodynamics is that a system such as this atom will arrange
itself such that the energy is minimized. The minimum energy is easily found
by finding the value of a which gives dE/da = 0.

dE/da = −h̄2/ma3 + e2/4πε0a
2

which gives a length

a0 = h̄24πε0/me2 = h2ε0/πme2.

This length is the Bohr radius a0 = 0.528 Å= 0.528 × 10−10 m.
Replacing a with a0 in the equation 1 gives us an energy

E0 = −me4/8ε2
0
h2 (2)

I.e. we can get a fairly good estimate of the size of an atom, and the
energy binding it together using only Heisenberg’s uncertainty principle and
the principle of minimum energy!

Source: The Feynman Lectures on Physics, Volume iii, section 2–7

Bohr’s model of the atom

de Broglie theorized that the size of an electrons orbit around the nucleus should
be an integral number of electron wavelengths λe such that 2πr = nλe. Where
the integer n is the principal quantum number. This gives radii

r = n2(
h2ε0

πmee2
)

and energies

E = −
1

n2
(
mee

4

8ε2
0
h2

)

Note that the energy is negative for bound states and that E → 0 when n → ∞.
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We may have spontaneous emission in which a photon with energy equal
to the difference in energy En − En′ is created. Likewise the converse process
of absorption is possible where a photons energy goes into raising the energy
of the atom.

Other processes are scattering and continuum transitions such as pho-

toionization where a photon has sufficient energy to remove an electron entirely
from the nucleus.

Angular Momentum

In classical mechanics we may define the orbital angular momentum j = r × p.
The motion of any of the planets about the Sun can be reduced to a problem
of a body orbiting the center of force. In this case j is a conserved quantity.1

A body rotating on its own axis has spin

J = Iω

where I is the moment of inertia (unit [kg m2])and ω is the angular velocity
(unit [radians/s]).

Angular momentum is very important in quantum mechanics. In atoms we
have orbital angular momentum of electrons about the nucleus (which asymp-
totically goes towards the classical expression as n → ∞), as well as spin angular
momentum associated with electron spin (which is entirely non-classical).

Orbital spin is quantized such that the magnitude of the angular momentum
is given as

L =
√

l(l + 1)h̄

and l may only take on values l = 0, 1, 2, . . . , n − 1, where n is the principal
quantum number. The z-component of the angular momentum vector, Lz can
only take the values Lz = mlh̄, where ml can take on any integer value between
−l and +l inclusive.

The electron spin

S =

√

1

2
(
1

2
+ 1)h̄ =

√
3/2h̄

has z-component Sz = msh̄ where ms = ± 1

2
.

The Hydrogen Atom

In order to specify the state of a (Hydrogen) atom we therefore need four quan-

tum numbers: n, l, ml, ms.
The lowest energy, ground state, is an s-state n = 1, l = 0, m = 0. The

wave-function is spherically symmetric.

1This “explains” Kepler’s second law that equal areas are swept out in equal times by the

radius vector r. The conserved amplitude of j gives this result, the conserved direction of

j shows that the orbit is confined to a plane. Note also that for orbits of given energy E,

circular orbits have greater angular momentum than more elliptic orbits.
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Figure 1: Hydrogen atom orbitals for cross section showing color-coded prob-
ability density for different n = 1, 2, 3 and l = s, p, d; note that m = 0. Source:
http://en.wikipedia.org/wiki/Image:HAtomOrbitals.png

There are other s-states with higher energies for n = 2, 3, 4 . . .. For each
energy only m = 0 versions are allowed, and they are all spherically symmetric.

The p-states have l = 1. For each n (which must be 2 or greater) there are
three states of the same energy; m = −1, 0, +1.

The d-states have five possible values of m for each energy.

More on elementary particle spin

Elementary particles come in two types with either integer or half integer spin,
quantum number s. The quantum number ms can take on 2s + 1 values from
−s to +s.

Photons are spin 1 particles but can only have ms = ±1 since they have zero
rest mass and travel with the speed of light c.

• Fermions (after Enrico Fermi) are half integer spin particles; include the
electron, the proton, the neutron.

• Bosons (after Satyendra Bose) are integer spin particles; include photons.

Pauli’s exclusion principle

No two fermions may occupy the same quantum state.

This principle has as a consequence the structure of Mendeleev’s periodic ta-
ble of the elements. A qualitative understanding (thank you Richard Feynman!)
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can be built up by neglecting electron spin (but do keep the exclusion princi-
ple). This means any electron configuration can have two electrons — one with
spin up, the other with spin down. Assume further that each electron moves
in a central field which is the combined field of the nucleus and all the other
electrons. Thus in this model each electron moves as an independent particle
with conserved angular momentum and energy depending on quantum number
l in addition to principal quantum number n.

Low values of the quantum number l allow the electron to sample regions
which are closer to the nucleus for a given n. Thus, low values of l correspond
to lower energies than high values of l for the same n.

He Both electrons can be in the same lowest state. The electron moves in a
potential which is for small r like a Coulomb field for z = 2 and for large r like
a Coulomb field for z = 1. Since the 1s shell is filled (only two electrons allowed
by Pauli principle) helium is chemically inert.

Li Lithium has a charge of three. Two electrons will go into the 1s state and
the third into an n = 2 state. The 2s state has appreciable amplitudes near the
nucleus while the 2p states do not. This means that a 2s electron will sample
the nucleus field and thus experience a greater attraction and lower energy.

B to Ne Boron has five electrons. The fifth must go into a 2p state. There
are 2× 3 = 6 different 2p states, so we can keep adding electrons until we get a
total of 8 (neon).

Consider what happens in H2O. Each of the two hydrogen atoms are willing
to share an electron with the oxygen, helping oxygen to fill the 2p shell. This
explains the structure of the water molecule.

Similar arguments for ammonia H3N.

Special Relativity

• The relativity principle; the laws of physics are the same for all inertial
observers.

• The speed of light c = 3 × 108 m/s is the same for all inertial observers,
independent of their velocity or motion relative the source of the light.

Time dilation

t = γt0 where γ ≡ (1 − v2/c2)−1/2

Lorentz contraction
L = L0/γ.

Relativistic Doppler shift

λ

λ0

=

(

1 + v/c

1 − v/c

)1/2

.

Relativistic increase of mass

m = γm0
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Equivalence of mass and energy

E = mc2

Exercises: Introduction and Microscopic Physics

1. For some point in space P , show that, for any arbitrary closed surface
surrounding P , the integral over a solid angle about P gives

Ωtot =

∮

dΩ = 4π.

2. (a) Using the Rayleigh criterion; the resolution θ of a circular lens diam-
eter D is given by θ = 1.22(λ/D) for light of wavelength λ, estimate
the angular resolution limit of the human eye at 5500 Å (550 nm).
Assume that the diameter of the pupil is 5 mm.

(b) Compare your answer to the angular diameters of the Moon and
Jupiter. Data for the Moon and Jupiter may surely be found on
www.google.com.

(c) What can you conclude about the ability to resolve the Moon’s disk
and Jupiter’s disk with the unaided eye?

3. (a) Using the Rayleigh criterion, estimate the theoretical diffraction limit
for the angular resolution of a typical 8-inch amateur telescope at
5500 Å. Express your answer in arc seconds.

(b) Estimate the minimum size of a crater on the Moon that can be
resolved by an 8-inch telescope. Express your answer in km.

(c) Is this resolution limit likely to be achieved? Why or why not?

4. Prove that the total energy conservation

E =
1

2
m1v

2

1
+

1

2
m2v

2

2
+ (−

Gm1m2

r
) = constant

for two isolated point masses is a consequence of Newton’s second law of
motion and Newton’s law of gravitation.

Hint: Take the dot product of the equation of motion for particle 1 with

v1 =
dr1

dt
(3)

and add the result to the equivalent equation for particle 2.

5. Calculate the ratio of the electric force to the gravitational force between
two protons.

6. Formulate Gauss’ law for the electrostatic force law.
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7. Combining de Broglies expression for the wavelength of an electron with
the assumption that only an integral number of these wavelengths can
orbits around protons give an expression for the possible sizes of the hy-
drogen atom.

Hint: Use Newton’s second law for the motion of an electron in a circular
orbit around a proton to relate v and r.

8. Show that the energies corresponding to the orbits computed above are
given by the following expression.

En = −
1

n2

[

mee
4

8ε2
0
h2

]

.

9. Show the the wavelength λ for emission/absorption between two energy
levels in the hydrogen atom may be written as

λ = (
2hcε0

e2
)(

4ε20h
2n2

mee2
)(

n′2

n′2 − n2
). (4)

What is the wavelength λ32 of the transition n = 3 to n = 2? What is the
wavelength λ21 of the transition n = 2 to n = 1? Is either of these visible
to the naked eye? And if so, which color should we expect to see from the
transition?

10. A white dwarf is a very dense star, with its ions and electrons packed
extremely close together. Each electron may be considered to be located
within a region of the size ∆x ≈ 1.5 × 10−12 m. Use Heisenberg’s uncer-
tainty principle to estimate the minimum speed of the electron. Do you
think the effects of relativity will be important for these stars?

11. Each quantum state of the hydrogen atom is labeled by a set of four
quantum numbers [n, l, ml, ms].

(a) List the sets of quantum numbers for the hydrogen atom having
n = 1, n = 2, and n = 3.

(b) Show that the degeneracy of level n is 2n2.
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