
Lecture notes 3: Macroscopic Physics

Thermodynamics

When considering the truly enormous number of particles that any parcel of
gas consists of it should be clear that integrating the equations of motion for
each and every particle is a hopeless task. Instead, thermodynamics and later
statistical physics were invented in order to describe macroscopic phenomena.
Thermodynamics may be encapsulated by the following four laws:

0. Heat diffuses from hot to cold; temperatures become uniform in thermo-
dynamic equilibrium (TE).

1. Heat is a form of energy and is as such part of the energy budget.

2. Transformation of one sort of energy into another does not always occur.
Entropy increases in a closed system. In open systems allowed transfor-
mations are characterized by a decrease in free energy.

3. There is an absolute zero to the temperature T (which is −273.15 C).

Let us remark that entropy is a precise negative measure of the complexity of
macroscopic structures; the less information needed to to specify the state of
something the, the higher the entropy associated with it. With this in mind,
alternate formulations of the 2nd law may be written

• Time proceeds in the direction things wear out.

• The precise formulation of the entropy S is such that dS = dQ/T , where
dQ is the heat added to a system and T is the temperature.

Statistical mechanics

Consider the example of a shot on the billiards table or of the coffee cup falling
and breaking on the floor. They seem at first sight to involve few objects but
in fact involve (very) many. For example, as balls are struck and move around
the table they experience a change in heat content — the molecules they
consist of are energized and spread their kinetic energy through collisions —
and friction — energy and momentum is passed to the table and to the air.
These in principle be reversible processes are indeed not: Organized complexity
on large scales tends to be replaced by complexity on small scales until theere is
statistical uniformity on large scales and unresolvable structures on the smallest
scales.

Statistical mechanics involves the statistical treatment of a large number of
particles. These particles travel in phase space which is a 6-dimensional space
consisting of the three position coordinates and three momentum coordinates.
A microstate is the specification of the position of every particle of the system
in phase space. A systems macrostate is a statistical description of the distri-
bution of particles in phase space. There are a vast number of microstates for
any (most) macrostate.
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The basic postulates of statistical physics are

a) In an ensemble of systems of N particles, all possible microstates compat-
ible with the constraints on an isolated system are equally likely. Let W
represent the number of different microstates which correspond to a given
macrostate. The state of TE is the macrostate that has the maximum
value of W consistent with the constraints (it i.e. on the energy, volume,
and number of particles). When N is large, the number of microstates W
corresponding to the TE macrostate constitutes the vast majority of all
possible microstates.

b) The entropy of a macrostate is

S = k lnW.

Since the logarithm is a monotonic function S attains its maximum value
when W does.

The key to understanding systems not initially in thermodynamic equilib-
rium is that they in some sense are trying to attain such a state, through
whatever obstacles the Universe puts in their way.

Thermodynamic behavior of matter

Systems where external inputs of energy may occur, of fixed entropy, tend to
seek out macroscopic states of least energy.

At low T ; material systems prefer more binding energy. At high T ; material
systems prefer spatial freedom and unbound particles.

For example raising the temperature of H2O gives the following sequence
ice → liquid water → water vapor → dissociation to atoms of H and O →

ionization of atoms to a plasma of electrons, protons and oxygen atoms

Perfect Gas

When molecules/particles are separated by distances large compared to their
sizes (and this is almost always the case in astrophysical applications) we may
consider the gas to be a perfect gas. The distribution of random velocities
v in a perfect gas in TE is described by the Boltzmann distribution which is
proportional to

exp(−mv2/2kT )4πv2dv. (1)

This equation describes the number density or probability of finding particles
in the region v to v + dv of phase space.

The pressure of any gas is the force per unit area that it exerts on a real or
imaginary wall. This force per unit area equals the momentum transferred per
unit time per unit area form the gas to the wall:
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momentum transferred across area A in time t =
[ total number of particles ]·

[ average momentum per particle in x–direction ] =
[(number density)]· volume ]·

[ average x–momentum per particle ] =
[n(Avxt)] · [px] = nAvxtpx

The momentum transferred by one particle is 2px but only 1
2 of the particles

are moving towards the wall. To get the pressure P = momentum transferred
per unit time per unit time per unit area, divide by t and A. Then P = n〈vxpx〉.

For an isotropic distribution of particles

〈vxpx〉 = 〈vypy〉 = 〈vzpz〉.

Thus the general coordinate-free expression for the pressure must be

P =
1
3
n < vp >,

where vp = v · p = vxpx + vypy + vzpz. Considering the Boltzmann distribution
we find that the pressure of a prefect gas is

P = nkT (2)

while the internal energy is

E =
3
2
nkT (3)

Equation 2 and equation 3 are found by by calculating the average 〈mv2〉 = 3
2kT

from the Boltzmann distribution 1, remembering that the average of a quantity
x over function f is

〈x〉 =
∫

xf(x)dx∫
f(x)dx

.

Acoustic waves and the speed of sound

The property of compressibility allows a gas to transmit signals known as sound
waves or acoustic waves. An acoustic wave will propagate through a medium
with the speed of sound cs which for a perfect gas is related to the pressure and
density through

c2
s =

5P

3ρ
=

5kT

3m

where m is the mean molecular mass of the gas.
Note that we can write the perfect gas law in the form

P = ρkT/m with ρ = mn.
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Real gases, solids and liquids

Solids contain molecules that are rigidly locked into place in a crystal lattice.
Liquids contain molecules tightly packed together. Individual molecules

can still move and twist. Liquids are incompressible.
Van der Waals pointed out that incompletely canceled electric forces have

an attractive-repulsive duality. For example in water, the bonding electrons
are shared unequally by the nuclei: The molecule contains a small excess of
positive charge near the hydrogen atoms and a small negative charge near the
oxygen atoms. When pushed together H2O will orient themselves such that
the H2 aligns with the O of other molecules. Clearly, there is a net attraction
between the molecules (which can result in a phase transition from water vapor
to liquid water when the vapor is compressed). When the cool attractive part
of van der Waals force dominates thermal motions a crystal lattice (ice) will
form. The repulsive component arises if the molecules are pressed hard enough
together that the electron orbitals overlap, this causes a very strong repulsive
force. The combination of attractive and repulsive forces makes water almost
incompressible.

In Gases we find space between the constituent molecules and gases are
compressible.

Macroscopic Quantum Phenomena

Quantum effects will become noticeable at macroscopic scales when the occu-
pation numbers of quantum states becomes high (sparsely occupied states will
give statistics described very well by the Boltzmann distribution) this happens
at high densities ρ or low temperatures T .

There are two major effect that arise with quantum mechanics: In quantum
mechanics particles are indistinguishable (i.e. there is no way of distinguishing
between the interchange of any two particles). This reduces W by a factor
N !. Note that this reduction is nearly the same for all macrostates with low
occupation numbers, so the probabilities of these states will have the same
relative amplitudes. In particular the difference in entropy between two states
will be unaffected by using the wrong counting procedure.

In addition an absolute (as opposed to the relative scale in classical ther-
modynamics) scale for the entropy is established such that when T → 0; S =
k ln(W ) = 0, where W = 1 in a perfect gas, i.e. in a gas with no intermolecular
forces.

Quantum particles come in two types fermions (half integer spin) and
bosons (integer spin). These have distributions for fermions given by

nf =
(2s + 1)

exp[(E − µ)/kT ] + 1
(4)

and for bosons

nb =
(2s + 1)

exp[(E − µ)/kT ]− 1
(5)
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for bosons. E = p2/2m is the kinetic energy of particles, µ is the chemical
potential, and s is the particle spin. The probability of finding particles in
the region between p and p + dp in phase space is found by multiplying the
distributions by h−34πp2dp. Note that h3 is the minimum size of a measurable
cell in phase space according to Heisenberg’s uncertainty principle.

The presence of the +1 or −1 in equation 4 and equation 5 is insignificant
at high T or low densities.

Thermodynamic Behavior of Radiation

Photons have negligible interactions with each other and may be treated as a
perfect Bose-Einstein gas. Second photons fly at the speed of light; they possess
zero rest mass. The statistical description of photons is therefore very simple.

Photons are bosons with a chemical potential µ = 0 (easily created and
destroyed) Even with a spin of 1 they only have 2 spin states, since photons are
massless and travel at c only two spin states can manifest themselves physically.
Thus (2s + 1) is given the value 2. As written before, photon energy is E =
hc/λ = hν and photon momentum is p = h/λ.

Astronomers wish to measure the specific intensity (radiated energy per time
per wavelength through area into solid angle). The number of photons crossing a
unit area into solid angle dΩ is nc/4π where n is the number density of photons.
We may therefore rewrite the Bose-Einstein distribution as Planck’s law: The
distribution function for photons in TE in terms of the specific intensity

Bλ(T ) =
2hc2

λ5

1
exp(hc/λkT )− 1

• The distribution is characterized only by the temperature of the source.

• A given T gives a certain specific intensity.

• The distribution is isotropic.

• The radiation is not polarized.

Fairly straightforward consequences of this expression for the Planck black
body radiation are Wien’s law for the wavelength of the maximum of the
distribution

λmaxT = 0.0029 mK

and Stefan-Boltzmann’s law for the energy flux escaping from the surface of
temperature T

f = σT 4

Keep in mind the difference between the energy density in a photon gas E = aT 4

and the energy flux from the surface of a body f = σT 4. What is the relation
between these two?
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Exercises: Thermodynamics & Statistical Physics

1. The average person has 1.4 m2 of skin at a skin temperature of roughly
33 C (306 K). Consider the average person to be an ideal radiator standing
in a room at a temperature of 20 C (293 K).

(a) Calculate the energy per second radiated by the average person in
the form of blackbody radiation. Express your answer in watts.

(b) Determine the peak wavelength λmax of the blackbody radiation
emitted by the average person. In what region of the electromag-
netic spectrum is this wavelength found?

(c) A blackbody also absorbs energy from its environment, in this case
from the 293 K room. The equation describing the absorption is the
same as the equation describing the emission of blackbody radiation

L = AσT 4.

Calculate the energy per second absorbed by the average person ex-
pressed in watts.

(d) Calculate the net energy per second lost by the average person due
to blackbody radiation.

2. Consider a model of a star consisting of a spherical blackbody with a
surface temperature of 28 000 K and a radius of 5.16 × 109 m. Let this
model star be located at a distance of 180 pc from Earth. Determine the
following for the star

(a) Luminosity.

(b) Radiant flux at the star’s surface.

(c) Radiant flux at the Earth’s surface (compare with the solar constant).

(d) Peak wavelength λmax.

This is a model of the star Dschubba, the center star in the head of the
constellation Scorpius.

3. Derive Wien’s displacement law

λmaxT = 0.0029 mK

by setting dB/dλ = 0. Hint: You will encounter an equation that must
be solved numerically, not algebraically.

4. Written in terms of frequency ν = c/λ Planck’s blackbody distribution is
written

Bν(T ) =
2hν3

c2

1
exp (hν/kT )− 1
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(a) Find an expression for νmax at which Bν attains its maximum value.
(Warning: νmax 6= c/λmax).

(b) What is the value of νmax for the Sun?

(c) Find the wavelength of light wave having frequency νmax. In what
region of the electromagnetic spectrum is this wavelength?

5. We have shown that the pressure in any gas may be written

P =
1
3
n〈vp〉. (6)

In a classical perfect gas p = mv, and 〈mv2〉 is just twice the average ki-
netic energy due to thermal motions. The temperature T in the statistical
mechanical derivation of the Boltzmann distribution is defined so that for
a perfect gas, 〈mv2/2〉 = 3kT/2. Use the above to find the pressure in a
classical perfect gas.

The general expression given in equation 6 may also be used to derive the
pressure in a photon gas, where v = c and p = E/c. (Hint: nrad〈E〉 is, by
definition, equal to the energy density in a photon gas.)

6. Let us now derive the average kinetic energy of a particle in a Boltzmann-
distributed gas. The average 〈mv2〉 associated with the Boltzmann distri-
bution is by definition

〈mv2〉 =

∫∞
0

mv2 exp(−mv2/2kT )4πv2dv∫∞
0

exp(−mv2/2kT )4πv2dv
.

Prove that 〈mv2〉 = 3kT . (Hint: Transform variables in both integrals by
defining x = mv2/2kT , then integrate the top integral by parts.)

7. The wavelength λ, period τ and acoustic speed cs of a sinusoidal wave
satisfies the relation λ = csτ . This equation is often written as a dis-
persion relation which gives the radian frequency ω = 2π/τ , in terms of
the wavenumber k = 2π/λ. Show that linear acoustic waves satisfy the
dispersion relation

ω2 = k2c2
s.

In a self-gravitating homogeneous medium of density ρ, the propagation of
acoustic waves is modified by the gravitational attraction of a compressed
region for its own center. This attraction reduces the natural frequency
which the increased pressure would otherwise like to reexpand the com-
pressed regions. The modification enters the dispersion relationship in the
form

ω2 = k2c2
s − 4πGρ.

Since negative values of ω2 imply exponentially growing disturbances, ar-
gue that disturbances of sufficiently long wavelength (sufficiently small k)
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in a self-gravitating homogeneous medium are unstable with respect to
gravitational collapse. Derive the critical wavelength to be

λJ = (π/Gρ)1/2cs

(with J for Sir James Jeans who first derived this result). Compute the
numerical value of λJ for air of standard temperature and pressure and
compare this with the thickness of the Earth’s atmosphere. Is the effect
of self-gravity important for terrestrial acoustic waves of frequency, say,
2π × 440 Hz? (Hint: Compare 4πGρ to ω2.)
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